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Preface 


In this monograph we present univariate and multivariate classical analysis 
advanced inequalities. This treatise relies on author’s last thirteen years related 
research work, more precisely see [15]-[61], and it is a natural outgrowth of it. Chap- 
ters are self-contained and several advanced courses can be taught out of this book. 
Extensive background and motivations are given per chapter. A very extensive list 
of references is given at the end. 

The topics covered are very diverse. We present recent advances on Ostrowski 
type inequalities, see Chapters 2-9; on Opial type inequalities, see Chapters 10-16; 
Poincare and Sobolev type inequalities, see Chapters 17-20. Also we present Hardy- 
Opial type inequalities, as well as Ostrowski like ones, see Chapters 21-22. Then we 
present some work on ordinary and distributional Taylor formulae with estimates 
for their remainders and applications, see Chapters 23-24. Finally in Chapters 25-29 
we study Chebyshev-Gruss, Gruss, Comparison of Means inequalities. 

Our book’s results appeared for the first time in our published articles men- 
tioned above, and they are mostly optimal, that is usually our inequalities are 
sharp and attained. They are expected to find applications in many areas of pure 
and applied mathematics, such as mathematical analysis, probability, ordinary and 
partial differential equations, numerical analysis, information theory, etc. As such 
this monograph is suitable for researchers, graduate students, and seminars of the 
above subjects, also to be in all science libraries. 

The preparation of book took place during 2008-2009 in Memphis, Tennessee, 
USA. 

I would like to thank my family for their dedication and love to me, which was 
the strongest support during the writing of this monograph. Also many thanks go 
to my typist Rodica Gal for an excellent and on time technical job. 


January 1, 2010 

George A. Anastassiou 

Department of Mathematical Sciences 
The University of Memphis, TN 
U.S.A. 
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Chapter 1 


Introduction 


Here we describe the material contained in this monograph. 

Our results are mostly optimal, i.e. sharp, attained inequalities. We give also 
applications. 

The exposed results are brought for the first time in a book form. 

CHAPTER 2: Very general univariate Ostrowski type inequalities are given, 
involving the || - ||.. and || - ||p,p > 1 norms of the engaged nth order derivative, 
n > 1. In establishing them, several important univariate identities of Montgomery 
type are developed. 

CHAPTER 3: We generalize Ostrowski inequality for higher order derivatives, 
by using a generalized Euler-type identity. Some of the produced inequalities are 
sharp, namely attained by basic functions. The rest of the estimates are tight. 
We give applications to trapezoidal and midpoint rules. Estimates are given with 
respect to L.. norm. 

CHAPTER 4: We present a general multivariate Euler type identity. Using it 
we derive general tight multivariate high order Ostrowski type inequalities for the 
estimate on the error of a multivariate function f evaluated at a point from its 
average. The estimates are involving only the single partial derivatives of f and are 
with respect to || - ||p, 1 <p < co. We give specific applications of our main results 
to the multivariate trapezoid and midpoint rules for functions f differentiable up to 
order 6. We prove sharpness of our inequalities for differentiation orders m = 1, 2,4 
and with respect to || - |l.o. 

CHAPTER 5: Very general multidimensional Ostrowski type inequalities are 
presented, some of them are proved to be sharp. They involve the || - ||,> and || - ||p 
norms of the engaged mixed partial of nth order n > 1. In establishing them, other 
important multivariate results of Montgomery type identity are developed. 

CHAPTER 6: The classical Ostrowski inequality for functions on intervals is 
extended to functions on general domains in Euclidean space. For radial functions 
on balls the inequality is sharp. 

CHAPTER 7: The classical Ostrowski inequality for functions on intervals es- 
timates the value of the function minus its average in terms of the maximum of its 
first derivative. This result is extended to functions on general domains using the 
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Lo. norm of its nth partial derivatives. For radial functions on balls the inequality 
is sharp. 

CHAPTER 8: Here are presented Ostrowski type inequalities over spherical 
shells. These regard sharp or close to sharp estimates to the difference of the 
average of a multivariate function from its value at a point. 

CHAPTER 9: The classical Ostrowski inequality for functions on intervals es- 
timates the value of the function minus its average in terms of the maximum of 
its first derivative. This result is extended to higher order over shells and balls of 
R',N > 1, with respect to an extended complete Chebyshev system and the gener- 
alized radial derivatives of Widder type. We treat radial and non-radial functions. 

CHAPTER 10: Here we generalize Opial inequalities in the multidimensional 
case over balls. The inequalities carry weights and are proved to be sharp. The 
functions under consideration vanish at the center of the ball. 

CHAPTER 11: Here we give Opial type weighted multidimensional inequalities 
over balls and arbitrary smooth bounded domains. The inequalities are mostly 
sharp. The functions under consideration vanish on the boundary. 

CHAPTER 12: Various L, form Opial type inequalities are given for Widder 
derivatives. 

CHAPTER 13: Various L, form Opial type inequalities are presented for a linear 
differential operator L, involving its related initial value problem solution y, Ly, the 
associated Green’s function H and initial conditions point xp € R. 

CHAPTER 14: Various L, form Opial type inequalities are shown for functions 
valued in a Banach vector space. We give applications in C. 

CHAPTER 15: Various L, form Opial type inequalities are given for semigroups 
with applications. 

CHAPTER 16: Various L, form Opial type inequalities are shown for cosine 
and sine operator functions with applications. 

CHAPTER 17: Various L, form Poincaré like inequalities, forward and reverse, 
are given for a linear differential operator L, involving its related initial value prob- 
lem solution y, Ly, the associated Green’s function H and initial conditions at point 
zo ER. 

CHAPTER 18: Various L, form Poincaré and Sobolev like inequalities, forward 
and reverse, are presented involving Widder derivative. 

CHAPTER 19: Various L, form Poincaré and Sobolev like inequalities are given 
for functions valued in a Banach vector space. We give applications on C. 

CHAPTER 20: Here we present Poincaré type general L, inequalities regarding 
semigroups, cosine and sine operator functions. We apply inequalities to specific 
cases of them. 

CHAPTER 21: Various L, form Hardy—Opial type sharp integral inequalities 
are derived involving two functions. 

CHAPTER 22: A sharp multidimensional integral type inequality is presented 
involving nth order (n € N) mixed partial derivatives. This is subject to some basic 
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boundary condition satisfied by the involved multivariate function. 

CHAPTER 23: Important estimates of the remainder in Taylor’s formula are 
given. We treat both univariate and multivariate cases. 

CHAPTER 24:We derive a distributional Taylor formula with precise integral 
remainder. We give applications of it and estimates for the remainder. 

CHAPTER 25: Here we present Chebyshev—Griiss type univariate inequalities 
by using the generalized Euler type and Fink identities. The results involve the 
functions f,g, f(™,g™,n €N, and are with respect to || - llp1<p<oo. 

CHAPTER 26: Here are presented Griiss type multivariate integral inequalities. 

CHAPTER 27: Here we give Chebyshev-Griiss type inequalities on R% over 
spherical shells and balls by extending some basic univariate results of Pachpatte 
[206]. 

CHAPTER 28: We present tight multivariate Chebyshev—Griiss and comparison 
of integral means inequalities by using a general multivariate Euler type identity. 
Our results involve the functions f,g and their high order single partials and are 
with respect to || - ||p,1 <p < oo. 

CHAPTER 29: We describe a general multivariate Fink type identity which 
is a representation formula for a multivariate function. Using it we derive general 
tight multivariate high order Ostrowski type, comparison of means and Griiss type 
inequalities. The estimates involve L, norms, any 1 < p < ov. 

Our presented results are expected to find applications in many areas of pure 
and applied mathematics, such as mathematical analysis, probability, ordinary and 
partial differential equations, numerical analysis, information theory, etc. 
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Chapter 2 


Advanced Univariate Ostrowski Type 
Inequalities 


Very general univariate Ostrowski type inequalities are presented, involving the 
|| - ||oo and ||+||p, p > 1 norms of the engaged nth order derivative, n > 1. In proving 
them, several important univariate identities of Montgomery type are given. This 
chapter follows [24]. 


2.1 Introduction 


In 1938, A. Ostrowski [196] proved the following important inequality: 

Theorem 2.1. Let f: [a,b] — R be continuous on [a,b] and differentiable 
n (a,b) whose derivative f': (a,b) — R is bounded on (a,b), i.e, ||f'lloo := 
SUP re(a,b) Lf’ (t)| < +00. Then 


b 2 abby 
ral. P(t)dt— M(x) s 1 oe] -(b—a)||f'llo, (2-1) 


for any x € [a,b]. The constant + is the best possible. 


Since then there has been a lot of activity around these inequalities with impor- 
tant applications to Numerical Analysis and Probability. 
This chapter is greatly motivated and inspired also by the following results. 


Theorem 2.2 (see [16]). Let f € C"*1({a,b]), n € N and z € [a,b] be fixed, such 
that on =0,k=1,...,n. Then it holds 


fiw eee ee a ee, (2.2) 


Inequality (2.2) is sharp. In particular, when n is odd is attained by f*(y) := 


(y—x)"*!.(b—a), while when n is even the optimal function is 
fy) = ly-al"**-(b-a), a>1. 


Clearly inequality (2.2) generalizes inequality (2.1) for higher order derivatives of 
f. 
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One of the goals of this chapter is to give a generalization Theorem 4.17, p. 191 
of [85], see here Theorem 2.13 later. We would like to mention that result. 


Theorem 2.3. Let f: [a,b] — R be continuous on [a,b] and twice differentiable 
function on (a,b), whose second derivative f”: (a,b) — R is bounded on (a,b). 
Then 


an f(6) = f(a) (,,_ ate 
peo : pat Y= 10) (,_ 28) 
ea (a — 44)? i] 4 
=o) | (aap * 4) 19 
(b—a)?-||f"lloo < 1 esp a)?, for all x € [a,b]. (2.3) 


In this chapter we present very general Ostrowski type inequalities in the one 
dimensional case. Involved integrals here are also of Riemann-Stieltjes form. Along 
the way to establishing these results, we show several important side univariate 
related results, generalizing Montgomery’s identity ((188], Ch. XVII, p. 565), see 
Section 2.2. 


2.2 Auxilliary Results 
We present the following results we need, which by themselves are of independent 
interest. 


Theorem 2.4. Let f: [a,b] > R be n-times differentiable on [a,b], n © N. The nth 
derivative f\™: [a,b] > R is integrable on [a,b]. Let x € [a,b]. Define the kernel 


yea ags<r, 
P(r, 8) = 

3— 

i=) r<s<b, 


where r,s € [a,b]. Then 


b 
nif) Gay f flores 


n—2 (k) CANE 
=p po ya! A o). ion f P( (x, $1) [Pts - ds,ds2 
0 


k= 
Aoi es 1)th—integral 


--dSk41 = [ eas of P(a, 81) Tl P(si, sina) f(sn)ds1ds9 -++d8y 
oe i=1 


=: O2n- (2.4) 
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=. 0 
Here and later we make the conventions that [] e=0, [J e=1. 
k=0 i=1 


Proof. Applying integration by parts twice we obtain Montgomery identity ([188], 


Ch. XVII, p. 565) 
1 b b 
af tend +f Pess"ordds. 


Doing the same for the derivative of f we have 


b b 
(31) = —/ f'(sa)dsa +f P(81, 82) f" (s2)dsq. 
That is 
f(b) = f(a) 


—-a 


b 
f(s) = +f P(s1, 82) f"(82)dse. 


Similarly for f” we get 


£0) = #£@) 


a) ea ae 


b 
+f P(s2, 83) f'” (s3)ds3. 
And in general we obtain 


foc FEA =fO MG) se 2) 


GO Via) = — 2 


We observe that 


ih Pe a= (0) [ Pla. s0as 


b pb 
+f | P(a, 81) P(s1, 82) f" (82)dsodsy. 


yf fone i (o) i. Pleads: 
+f [ PeesiPlor, 90) f" o2)dsxdon. 


Next we see that 


b b 
Jf Pees Plo. s2)f"(ca)dsods: 
/ _ fl b pb 
= (a) | / P(a, 81) P(s1, $2)ds2ds1 
b b b 
+f i i, P(x, 81)P(81, 82) P(s2, 83) f’”" (83)ds3dsods1. 


Ds fp P(8n-1, $n) f \ f) (sn)dsn. 


That is 
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Hence we get 


reo graf tens UES a O) ['Ptessias 
- (EL) ff rato mde 


i 
2 fff Pe siPlor,92)Plo2.88)F" ss)dssdoudsy 


Therefore in general we derive 


- = i Fie (ff) [ Hist 

: (a) [ [Pee snr bor sa)dsads 
Gere oe =a ‘yf [ i: P(x, 81)P(s1, 82) P(s2, 83)ds3dsds, 
(LOR) FP Pf rtesnptevnPtn ss Padded 


(m2) b) — (n— Va n—2 
(eee ) f a ee Pia [| PGi. si¢1)dsn—1 +++ ds 
—a 
i=1 


b b n-1 
+ ’ . f P(a, $1) Il P(8i, 8:41) f™ (8n)d8n +++ ds1. 
a a i=1 


nth—integral 
The last equality is written briefly as follows 


pea ge fs f(s) yn + 5 (PE) 


| ea nh P( (x, $1) TL Plsssivabendsa dou 


Guna ae 1)th—integral 


+f + f P(x, 81) II P(si, Sint) f™ (Sn)dsidso -++d8n. (2.5) 


So we have proved (2.4). 


A special very common case follows. 


Corollary 2.5. Under the assumptions and notations of Theorem 2.4, additionally 
assume that 


f(a) = f(b), k=0,1,...,n—-2; when n> 2. 
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Then we get 
1 b 
bn = f(x) - —— d 
in =f@)~ paz f floras, 

b b n—-1 
=e | P(x, 81)- |] P(si, sisi) f(Sn)ds1-++d& =O2,n, (2.6) 

a ¢ i=1 


forneéN, «€ [a,b]. 


Proof. Directly from (2.4). 


Next we generalize Montgomery’s identity for Riemann-—Stieltjes integrals (see 
also in [102] a related but different result). 


Proposition 2.6. Let f: [a,b] > R be differentiable on [a,b]. The derivative 
f’: [a,b] — R is integrable on [a,b]. Let also g: [a,b] > R be of bounded variation, 
such that g(a) 4 g(b). Let x € [a,b]. We define 


g(t) — g(a) 
G(by— aay’ ax<t<@, 

P(g(x), g(t)) = ij ' 
ge) — 9 
Ose 

Then 
1 b b ; 
fo) = ay | foaat+ f Plole).a)F'at. 2) 


Proof. Here f is continuous on [a, 6], and g of bounded variation on [a,b]. Then 
f is Riemann-Stieltjes integrable with respect to g, and it holds 


b b 
/ f(a)dg(a) + / a(a)af («) = f(0)g(b) — fla)g(a). 


Also it holds that g is Riemann-Stieltjes integrable with respect to f. Here f is 
differentiable on [a, 6]. 
By the above we obtain 
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Also we have 


So we have established (2.7). 


For twice differentiable functions we obtain the following general Montgomery 
type identity. 


Proposition 2.7. Let f: [a,b] — R be twice differentiable on [a,b]. The second 
derivative f": [a,b] — R is integrable on [a,b]. Let also g: [a,b] > R be of bounded 
variation, such that g(a) 4 g(b). Let x € [a,b]. The kernel P is defined as in 
Proposition 2.6. Then 


1 ? 1 
ie) = Gea) [ IG) + Cag) 


b b 
, ( / P(g(2),9(t)) «) , ( / ryan) 


b b 
+ ff Pe).9)-Plo.al)- fF" h)and. 28) 


Proof. Apply (2.7) for f’, we get 


! = 1 i ! Ys " 
£0= yay [ Meat) + f Plo. aly r"eaes. 
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Therefore it holds 


e b 
Sieh soem 
| mata aa" f' (t1)dg(t1) + w P(g ie toe a dt 
+ [ Poe).s ae P(g aad dt 
b 
7 GH (/ ead (/ Hyatt) 


b b 
+ ff Plole).a0)- Platt). a(ty)f"(eatrat 


Using the last equality along with (2.7), we have proved (2.8). 


At the greatest generality it holds 


Theorem 2.8. Let f: [a,b] — R be n-times differentiable on [a,b], n € N. The 
nth derivative f\™: [a,b] + R is integrable on [a,b]. Let also g: [a,b] > R be of 
bounded variation, such that g(a) 4 g(b). Let x € [a,b]. The kernel P is defined as 
in relacikaate 2.6. Then 


b b 
Jef Po o).g(o1)) TL Pls), 965141) dsidsa dois 


N y i=1 
(k+1)th—integral 


+f [Po 8a) T] Plo(@o) alsein)) Fn) davdane (29) 


i=1 


Proof. Similar to Proposition 2.7. 


Another important special case follows. 


Corollary 2.9. All as in Theorem 2.8. Additionally suppose that 


b 
if fF) (s1)dg(s1) = 0, k=0,1,...,n—2; when n> 2. 
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b b 
= fof Pea), aon) TL Pts). 965i) (5m) dards 


=: Mon, (2.10) 
forneéN, «€ [a, }]. 


Proof. From Theorem 2.8. 


A similar multivariate result comes next. 


Theorem 2.10. Let Q be a compact convex subset of R®, k > 2; #:= (x1,..., 2%) 
and O := (0,...,0) € Q. Let f € C'(Q) and suppose that all partial derivatives of 
f of order one are coordinatewise absolutely continuous functions. Then 


af k 1 1 of 
=| Feehan + Ya f | hg, eutan)dh dea 
+Odae [ i (ip? Hae) u ee dat (2.11) 


w=1 j=l 


Note. Parameterized integrals as above are met in Radon Transform Theory and 
in Computerized Tomography. 


Proof of Theorem 2.10. Set gx(t) := f(tx), x := (x1,-.., vn), 7 € R*, k > 2, 
0<t<1. Then g,(0) = f(0), gce(1) = f(a). eee by parts we obtain that 


Here we have 


k 
gift) = Soave" (ta) 
i=1 7 
Therefore 
1 k 
Of (tx) 
| sleayar+ f 103 Dn, a 
So that 
; “ft (af(tix) 
fey) a a F(a) ae (2.12) 
Next apply (2.12) for 24 to obtain 
k 1 
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Hence 


O 1g e ictus 
bgetha) <4 f Fetal) yt + Seta ty OS heat) 


j Fa Oxj;OX; 


Furthermore it holds 


"Of (tia) ; " of 
| ae a - | ty @) FE (tatie)ats) dt, 


+ [Dt ([ fue a.) diye. (2.13) 
0 a2) 


Consequently by (2.13) we obtain 


k, a k; 1 pl 
Of (tix) of 
haf Ce) hh ee 
j=l 


j=l 


1 2 
fe) f (titer) 
i tg ————dt t 
‘afd ita, (/ 2 anon, 2) dty 
k 
Soa if i Ae (titer) )dtodt, 
j=l 
x eo zit ts t a 
+S°Sea; nf He £3 ty — todty. (2.14) 
j=l i=l 
At last combining (2.12) and (2.14) we have established (2.11). 


Corollary 2.11. All as in Theorem 2.10. Additionally suppose that 


ee ’ 
ty ——(titex)dt, dts = 0, all la 1, sey k. 
0 Ox; 


Then 
»-f f(tix)dty =SYae, f [ tts ss J ahaa, (2.15) 
t=1 g=1 


for anyxE€ Q;,0EQ. 
We will use the next 


Lemma 2.12. Let f: [a,b] > R be 3-times differentiable on [a,b]. Assume that f’” 
is integrable on [a,b]. Let x € [a,b]. 


Define 
s—a Seek 
b—a’ ae 
P(r, s):= 
$— 
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Then 


a 


— (ea Zi) [ P(x, 81) P(s1, 82)ds1dsq 


= if : i P(a, 81) P(s1, 82) P(s2, 83) f’" (s3)dsidseds3 =: 02.3. (2.16) 


Gi =F ag ff ion Sasi = ae [ Peesvass 


Proof. By Theorem 2.4. 


2.3. Main Results 


We present an Ostrowski type inequality. 


Theorem 2.13. Let f: [a,b] — R be 3-times differentiable on [a,b]. Assume that 
f’” is bounded on [a,b]. Let x € [a,b]. Then 


oreo nota (BETO) (== (2) 
oe cere a (coca | 


rm 
< ——_.-A 2.17 
where 
ba les 1 3, 9 2.3 1 3,9 
A := |abx* — -a*b’x + -a’ba* — ab*x? — -a’b*x 
3 3 3 
+ eee + a7b? x? — a*ba? aie ee 
3 2 2 
1 3 3 1 2 
+508 saat = ba! na 4 ade3 
2 1 5 
as i aS a ps ea ee 
3 x 50 aa + 5 
1 2 1 1 a® b 
{o-oo at Se 2.18 
i ig Ge ee ee) 
Inequality (2.17) is attained by 
f(z) =(@- a)? + 6-2)’, (2.19) 


in that case both sides of the inequality equal zero. 
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Proof. Since || f’”||oo < +00, by (2.16) we obtain 


b b b 
191.3] = [02,81 <IIF"lloo / ‘i / P(e, 81)| « |P(#1,2)| -|P(ea, 93)|dsrdsadsy 


m b b b 
coal plan) ( J ils) ( | p(s.) is) ds, 


(2.20) 
where 


(r,s) S—-a, axcs<r, 
r,s) i= 
aula s—b, r<s<b r,8€ [a,d. 
We see that 


b 2 2 
829 —a)*+(b-—8s 
/ Ip(s2, 83) |ds3 = Se 
Furthermore we find with some calculations that 


J oles,50) (BPO) a, 


Consequently we have 


ptt ma 
|O1,3| < Hs A, 


aa (2.21) 
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[ Peesiass = (: es (*)) (2.22) 


Furthermore we obtain 


b pb 
J [Pees Plo s2)dsids 
1 


Next we find that 


= 5 [le + (0407) (atte - SEES) 228) 
Therefore we derive ; 
3 = f(x) - oe aoa | flonan 
(#2) (2) (Cee 
; te? + (a+ 6)?) —(a+d)a2 — | ; (2.24) 


is 
So we have established inequality (2.17). 


We have an interesting special case. 


Corollary 2.14. All as in Theorem 2.13. Additionally suppose that f(a) = f(b), 
and f'(a) = f'(b). Then 


b 
gaa [ fevdn - fe) 


Other Ostrowski type results follow: 


LF lloo 
aan A. (2.25) 


Theorem 2.15. All as in Theorem 2.4. Additionally assume that || f\"||oo < +00. 
Then 


b b n-1 
inl < NF lleo ‘| aa / [P(x 81) [] [P(si, sisi) ids1++-dn. (2.26) 
¢ @ i=1 


Theorem 2.16. All as in Proposition 2.6. Additionally suppose that || f'||oo < +00. 


Then 
1 b 
CORTON / Fé)dgte) — 


Theorem 2.17. All as in Proposition 2.7. Additionally assume that || f"||oo. < +00. 
Then 


| <[lf"lleo- fv \P(g(a),g(t))|dt. (2.27) 


f@-a 2 cata ff f(t)dg(t) 


Fgh yt) (hee 
< tthe: (f i, Plate) af) [ala aa). (2.28) 
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Theorem 2.18. All as in Theorem 2.8. Additionally suppose that || f™||s. < oo. 


Then 
8 8 bees ‘ (k+1) (g 2 
0) — Gagan J, 1044S) — GEG ef (s1)d9(63) 


k 


b b 
(/ - f P(g(x), 9(s1))- [] P(g(si), g(sina))ds1 +++ dsp 


i=l 


b b n-1 
< [Flos ( Jf Po. 91.) TL PWG). 9s) Ia ts) | 


(2.29) 
Theorem 2.19. All as in Theorem 2.10. Additionally assume that 
0? f — 
Vij = Sioa: ge for all i,j =1,...,k. 


Then 


k 1 pl af 
»-f f( t,x) dt, — ya; | | tig, (eataw)dtadta 
j=l 


kok 
1 
= 5 “ibe |x,| - vs] : (2.30) 

i=1 j=1 


Next we present L,, p > 1, Ostrowski type results. 


Theorem 2.20. All as in Theorem 2.4. Additionally assume that ||f ||) < +00, 
p> 1. Here p,q: at ; =1. Then 


\O1.n| < sy fi [ |P( wv, 81) (HT [eee Si, Si41) ) 


-||P(Sn—1, ©) ||qgdsids2--+dsp_1. (2.31) 
Theorem 2.21. All as in Proposition 2.6. Additionally assume that || f’||p < +00, 
p> 1. Here p,q: wa - =1. Then 


1 ' ; 
io i Gana | He) <|lf'llp- IP(9(2), 9) lat: (2.32) 


Here || - ||q,z means integration with respect to t. 


Theorem 2.22. All as in Proposition 2.8. Additionally assume that || f"\|p < +00, 
p>1. Here p,q: ae =1. Then 


ye wocae ft 04010 - Tay 


| ( | Fone ( / Prt | 


< If"llp [Po tI P@@), gtvlla.ts + a. (2.33) 
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Theorem 2.23. All as in Theorem 2.8. Additionally suppose that || f||p < +o, 
p> 1. Here p,q: Soh - =1. Then 


1 e 1 
y ©) ~ Gagan f, 10040) - Gaya 


| ( 4 "£1 a)datn) , ( :) a / POO GED) 
Daly, ue 
P 


CO Co re ne) 


b b n—2 
< isle [ff Pots: (11 Plats).ats)) 
-|P(g(8n—1),9(8n))llasn “A81ds9 -- tna | (2.34) 


Finally we present Ly, Ostrowski type results. 
Theorem 2.24. All as in Theorem 2.4. Additionally suppose that || f ||, < +00. 


Then 
aol 1 (f [Peon (Trine are i) 
-||P(Sn—1, ®)|loo + dsidsq - + dna). (2.35) 


The interested reader can consult with [10], which is a further study on this 
basic chapter. 


Theorem 2.25. All as in Proposition 2.6. Additionally assume that || f'||1 < +00. 
Then 


<MF'la PC), 9) loot. (2.36) 


1 b 
9) - goa i f(t)ag(t) 


Here || + ||oo,z 18 taken with respect to t. 


Theorem 2.26. All as in Proposition 2.8. Additionally assume that || f’’||1 < +00. 
Then 


© Goa mf 10 490 - Gay 
| 


fens ‘) Ei) 


<|f"lh- ( [oe IP(g t))|- }P@@), ator a) (2.37) 
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Finally we give 
Theorem 2.27. All as in Theorem 2.8. Additionally suppose that || f ||, <+oo 
Then 


fe =a ah Molo) - GEG 


(fron) (Eo Loe 
TP (si), Pea 


db n—2 
< [Fh ( i, of |Plu(a),9(s1))I) (11 Plats.ats) 


‘\|P(9(Sn—1), 9(Sn))lloo,sn -dsy°° -dSn_1). (2.38) 
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Chapter 3 


Higher Order Ostrowski Inequalities 


We present a generalization of Ostrowski inequality for higher order derivatives, by 
using a generalized Euler-type identity. Some of the produced inequalities are sharp, 
namely attained by basic functions. The rest of the estimates are tight. We give 
applications to trapezoidal and midpoint rules. Estimates are given with respect to 
Loo norm. This treatement is based on [35]. 


3.1 Introduction 


We mention as motivation to our work the great Ostrowski inequality [196]: 


ray hf ie Fi Cet 


EY) o—a)lf'le, 8.) 
(b= a)? 
where f € C’([a, |), x € [a,b], which is a sharp inequality, see [16]. Other motiva- 
tions come from [10], [24], [16], [98] and [121]. 
We use here the sequence {B,(t),k > 0} of Bernoulli polynomials which is 
uniquely determined by the following identities: 
B,(t)=kBp-a(t), k21, Bolt)=1 


and 
By (t+1)—B,()= kt" 1, k> 0. 


The values B, = B,(0), k > 0 are the known Bernoulli numbers. We need to 
mention 


i 1 
Bo(t) =1, Bit) =t—>5, Bat) =t? —t+é, 
B3(t) =t - a ee Bat) =t- 26 +P - ee 
? Oe eae 30° 
5 5 1 5 ? 1 
Paar a Sr Het d Behe =3F 4 FS Ss 
5(t) 5 3 5 on 6(t) 3 5 2° 


Let {Bg(t),k > O} be a sequence of periodic functions of period 1, related to 
Bernoulli polynomials as 


Bx(t)=B,(t), O<t<1, Be(t+1)=Be(t), teR. 
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We have that Bj(t) = 1, By is a discontinuous function with a jump of —1 at each 
integer, while BZ, k > 2 are continuous functions. Notice that B,(0) = B,(1) = Br, 
k>2. 

We use the following result. 
Theorem 3.1. Let f: [a,b] > R be such that f"-), n > 1, is a continuous 
function and f(x) exists and is finite for all but a countable set of x in (a,b) and 
that f™ € Li({a,b]). Then for every x € [a,b] we have 


b n-1 a k-1 r— 
f(z) = — al f(t)dt + s- (b a B, ( ; Juere = fF-V(a) 
° k=1 ; 


a 
— a 


fe ar. (=) = B(F=5)] mea (3.2) 


The sum in (3.2) when n = 1 is zero. 
Proof. By using Theorem 2 of [98], Exercise 18.41(d), p. 299 in [158] and Problem 
14(c), p. 264 in [224]. And that f("-") as implied absolutely continuous it is also 
of bounded variation. 


If f("-» is just absolutely continuous then (3.2) is valid again. Formula (3.2) is 
a generalized Euler type identity, see also [171]. We set 


b 
An(e) = fle) —— | feat 


na | a)k71 L-a 
Deere Bu (F=*) UW) — 2M, #€ [a,b]. (3.3) 


) 
An(2) = meee LB. (F=*) = B,(7—*)| f(t)dt. (3.4) 


In this chapter we give sharp, namely attained, upper bounds for |A4(x)| and 
tight upper bounds for |A,,(a)|, n > 5, x € [a,b], with respect to L.. norm. That 
is generalizing (3.1) for higher order derivatives. High computational difficulties in 
this direction prevent us for shoming sharpness for n > 5 cases. 


3.2. Main Results 


We give 


Theorem 3.2. Let f: [a,b] — R be such that f"-), n > 1, is a continuous 
function and f(x) exists and is finite for all but a countable set of x in (a,b) and 
that f( € Loo([a,b]). Then for every x € [a,b] we have 


(b—a)”1 ie xL-a ~{x-t (n) 
< ——_ in - dt ca |e : 
JAn(a) <P — (PB (F—") — BF Jat) IF eo (85) 
Proof. By Theorem 3.1. 
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Performing the change of variable method in the integral of (3.5) we derive 


Corollary 3.3. All assumptions as in Theorem 3.2. Then for every x € [a,b] we 
have 


An(a)) < =" ( 


Note. Inequality (3.6) appeared first as Theorem 7, p. 350, in [98], wrongly under 
the sole assumption of f( € L({a,b]). Also in the rest of [98] the complete 
assumptions of our Theorem 3.2 are missing, whenever it applies. 


b-—a 


Bolt) — Bu( $=") [at) [fos m2. (3.6) 


Using Cauchy—Schwartz inequality we find that 


: —a : ea Me 
‘, B,(t) - Ba(Z ) la a (/ Gz - B,( )) ) 
0 b—a 0 b-a 
(n!)2 L-a 
=4/+——|Bon| + B? >1 
Cpl ena ete A 
the last comes by [98], p. 352. 
We give 
Corollary 3.4. All assumptions as in Theorem 3.2. Then for every x € [a,b] we 
have 
b— a)” !)2 - 
An(z)| << SO" (Op, | + B3(2=2) | pln, mE 8) 
n! (2n)! b—a 
Here we elaborate on (3.6) and (3.8). We introduce the parameter 
Aw, a<azK<b. (3.9) 
b-a 
We see that 
A=0 iff c=a, 
A= if «=65, 
and 
a+b 
= iff = 
aN iff x 5 
Consider 
pa(t) = Balt) — Ba(d) = t* — 20 +47 — 4+203 — 07. (3.10) 


We need to compute 


nay = f alOiae ee ea (3.11) 
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Lemma 3.5. We find 


16\° 14 1 
—— — 744+ = - 1? 4+ — CSN 21/2 
5 f 3 . 30° SAS 1/2, 
I4(A) = (3.12) 
16>, 26 
cence Sa -—, 1/2<A<1 
ra RO TSA ae W2sAs1 
which is continuous in » € [0,1]. We obtain 
1 
L =14(1)=— 
4(0) = 40) = 3, 
1 7 
Iy{-)=—. 3.13 
‘i (5) 240 (319) 


Proof. Here all calculations are done by Mathematica 4. The equation p4(t) = 0 
has four real roots, 


ry =1-A, T2 = 2, rs = 


(1— V1+4\— 422) 


Nl rR 


and 


ra = =(14+ V14+4\-4)2). 


1 
2 
We find the following orders: 

i) if0<A<1/2, then 


rg <0 <r <r <1l<ra, 


and 
ii) if1/2<<1, then 


73 <O< ry < rg <1 < 14. 


So we have p4(t) = (t — r1)(t — r2)(t — r3)(t — ra), t € [0,1]. We easily derive that 
when 0 < A < 1/2, p4(t) is greater equal zero over [A, 1 — A] and smaller equal zero 
over [0, A] and [1 — A, 1]. 

Similarly when 1/2 < A < 1 we get that p4(t) > 0 over [1 — A, A] and pa(t) <0 
over [0,1 — A] and [A, 1]. Therefore when 0 < \ < 1/2 we have 


0 1-rA 1-A 
I4(A) =| paldae [ paltiae+ [ pa(t)dt, 


while when 1/2 < \ < 1 we have 


r r 
nay= pa(dat + | paltiat +f pa(t)dt, 


—x 1-A 


proving (3.12) after the computations are done. 
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Using basic calculus we obtain 


Lemma 3.6. 


1 3 5 
in J, =I,{(-)=h1{|-|]=— —0.01 12 14 
spyner-n()=n($)=sSy-onmamn, ay 
and 
1 
Ty(r I4(0 Iy(1 — = 0.033333. 3.15 
max, a(A) = I4(0) = L4(1) 30 (3.15) 


Consequently by Lemmas 3.5 and 3.6 we get 


Theorem 3.7. Assumptions as in Theorem 8.2, case of n = 4. For every x € [a, }] 
it holds 


(b—a)* 
Aa(2)| $ LOAF Iloe, (3.16) 
where I4(A) is given by (3.12) with X = ==". Furthermore we have that 
b—a)* 
Aa(2)| < POD OH, vee (a,b) (3.17) 


Optimality is achieved in 


Theorem 3.8. Assumptions as in Theorem 8.2, case of n = 4. Inequality (3.17) 
is sharp, namely it is attained when x = a,b by the functions (t — a)* and (t — b)*. 


Proof. We have 


A4(a) = Aa(b) = (Henin) _(b=a) , 


So by (3.17) we have 


= (b—a)* 
|A4(a)| = |Aa(d)| < 720 


Let f(t) = (t—)* or f(t) = (t—6)4, then 


LF loo. (3.19) 


—aq)* 
Ag(a)| = |A4(6)| = & =) = R.HS.(3.19), 


proving that (3.19) is attained. That is proving (3.17) sharp. 


The trapezoid and midpoint inequalities follow. 


Corollary 3.9. Assumptions as in Theorem 8.2, case of n=4. It holds 


($0210) 0 ror 5 5 [ 108 


2 


(b= a)? 
~ 720 
the last inequality is attained by (t — a)* and (t — b)*, that is sharp. 


IDaSpalle (3.20) 
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Furthermore we obtain 


(SF) S20 -ry- Sf tow 


ae i (4) 
< pag b- a)41F lc. (3.21) 


Remark 3.10. We do obtain the trapezoidal formula 


Ada) = As@) = Agle) Sapa) = SO EID) PSO oe eas 


2 12 
as b 
+ C= Fo) — gaa f Fae (3.22) 


We also find the midpoint formula 


As (SE) = a0 (2) = 1 (2) 4 Sr) 
- eM rm — sa) — A, [soe 28 


Using (3.8) and Mathematica 7 we get 


Theorem 3.11. Assumptions as in Theorem 8.2, cases of n = 5,6. It holds 


|As(a)|, 
(b—a)’ | (5) 
<P ca 3.24 
a(24)| Serr olf | (3.24) 
and 
1 101 
A eee eee eee |G ao ae wy) 
Aca) < of (b= a) If loos (3.25) 
with 


a+b 1 [7081 
A SF EAPO cs: 2 
| o( 2 \l< a5 aap OD) IPI 3:28) 


Chapter 4 


Multidimensional Euler Identity and 
Optimal Multidimensional Ostrowski 
Inequalities 


We develop and establish a general multivariate Euler type identity. Using it we 
derive general tight multivariate high order Ostrowski type inequalities for the esti- 
mate on the error of a multivariate function f evaluated at a point from its average. 
The estimates are involving only the single partial derivatives of f and are with 
respect to ||-||p, 1 <p < oo. We give specific applications of the main results to the 
multidimensional trapezoid and midpoint rules for functions f differentiable up to 
order 6. We show sharpness of the inequalities for differentiation orders m = 1, 2,4 
and with respect to || - ||.o. This treatment relies on [38]. 


4.1 Introduction 

We mention as motivation to this chapter the great Ostrowski inequality, see [196], 
[16], [21], [24]. 

Theorem 4.1. It holds 


(c— 3) 


fe) - raz [soa <|7+ e.| (6— a) fle, 


where f € C*({a,b]), x € [a,b], which is a sharp inequality. 
The author proved also in [17], [21] the following result: 


Theorem 4.2. Let f € C"'({a,b]), n € N and x € [a,b| be fixed, such that 


f(x) =0, k=1,...,n. Then 
FF |L00 (g—a)"** + (6— a)?” 
Fa f tow -se| soe (Ae) 


The last inequality is sharp. In particular, when n is odd it is attained by f*(y) := 
(y—2)"t!-(b—a), while when n is even the optimal function is 


fly) = |y—a2|"**.(b-—a@), a>. 


Recently the author in [35], proved 
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Theorem 4.3. Let f: [a,b] > R be such that f("-), n > 1, is a continuous 
function and f(x) exists and is finite for all but a countable set of x in (a,b) and 
that f(™ € Loo([a,b]). Then for every x € [a,b] we have 


An(ay|< So (/ Bn(F—*) — 5; (7=*) | noe 


n-1 4, k- r—-a 
-> eH (=) [FOP (b) — f° Y(@)], 2 € [a, 8), 
k=1 


with B,(t) the Bernoulli polynomial of degree k > 1. Here {Bz(t), k > 0} is 
the sequence of periodic functions of period 1, related to Bernoulli polynomials as 
Bi(t) = B,(t), O<t<1, Be(t+1) = Bet), tER. 

We give also 


Corollary 4.4. All assumptions as in Theorem 4.3. Then for every x € [a,b] we 


anf << P=" ( fl ay(t) - Ba(Z=2) at) IPI 


Note. The last inequality appeared first as Theorem 7, p. 350, in [98], wrongly 
under the sole assumption of f(”) € L.({a, 0). 

Theorem 4.3 and Corollary 4.4 along with [35], [98] are the greatest motivations 
for the Euler identity method we use in this chapter. Further motivation is given 
by (see also [17], [21]) 


have 


=| 


Theorem 4.5. Let f € C! fk [.bl), where a; < bj; aj,b; € R, 7 = 1,...,k, 


Il 
ua 


a 


and let @ 9 := (x01,---, ox) S. [a;, bj] be fixed. Then 


|= 


1 


rem hs f- Cf Hess s2n)den den = FB) 


(bs — aj) 
= (oi — ai)” + (bi — Zoi)~ =< a;)? (0; = Zoi)” 
~ rs — aj) = 


The last inequality is sharp, here the optimal function is 


ee 
Il 


“a 


Co 


k 


Ff Gye, 26)= ‘> |z4 — Xo: 


i=l 


eee a; >. 
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Theorem 4.5 generalizes Theorem 4.1 to multidimension. 
We also mention (see [17], [21]) 


Theorem 4.6. Let Q be a compact and convex subset of R’, k > 1. Let f € 
c™+1(Q), n € N and &o € Q be fixed such that all partial derivatives fa := ol 


k 

where @ = (Qi, ..+, 0%), EZ", 1=1;.:.,k, |a| = Soy = 7, FH 1,2 2.4 fulfill 
1=1 

fo( #0) =0. Then 


1 Ss => Dniilf) Bes 
Vol@) [ie ~ f(#o)| $ mrivarey [ll ~ Bolla)"az, 
where 
Dasalf) = max [lfallec 
a: ljalj=n+1 
and 


k 
2 - olla = dol — aoil- 
i=1 
As a related result we give 


Corollary 4.7. Under the assumptions of Theorem 4.6 we find that 
1 =>) = => 
— dz — 


1 k F) n+1 - 
<aoraa L|(S- xl) ile 


Furthermore, the last inequality is sharp: when n is odd it is attained by 


f(a, sey Zk) = Soa > xi)", 
i=1 
while when n is even the optimal function is 
k 
f(z, nage Zk) = > | z5 = ey, a; >I. 


Theorems 4.5, 4.6 and Corliss 7 motivate this chapter in the multivariate 
setting. Here we develop a very general Multivariate Euler type identity, see The- 
orems 4.14, 4.15, 4.18, 4.21. Based on this identity we prove some general tight 
multivariate Ostrowski type inequalities, see Theorems 4.32, 4.33, 4.34, 4.35, 4.60. 
Then we give lots of specific and important applications of Theorems 4.32, 4.33, 
4.34, see Corollaries 4.36-4.59. There are produced many multivariate Ostrowski 
type inequalities for differentiation orders m = 1,...,6, mostly related to multi- 
variate trapezoid and midpoint rules. When we impose some basic and natural 


boundary conditions, then inequalities become very simple and elegant, see Corol- 
laries 4.56 — 4.59. The surprising fact there is, that only a very small number of sets 
of boundary conditions is needed comparely to the higher order of differentiation of 
the involved functions. 

At the end we establish sharpness of the inequalities with respect to || - ||. and 
for differentiation orders m = 1, 2,4, see Corollaries 4.61—4.69. 
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4.2 Background 


We will use 


Theorem 4.8 ({171, p. 17]). Let f € C”([a,6]), nEN, x € [a,b]. Then 


b 
fla) = gf Hltdt + bn-1(2) + Rola), (4.1) 


where form €N we call 


™ (b—a)k-1 L— a 
dm (0) = YP (F=*) g0-008) — pM Ca) 


k=1 


with the convention oo(x) = 0, and 


Ry (x) = 2-9 fi [B:(F—) - Bo (F—")] Forcnae (4.2) 


Here B(x), k > 0, are the Bernoulli polynomials, By, = B,(0), k > 0, the Bernoulli 
numbers, and Bi(x), k > 0, are periodic functions of period one, related to the 


Bernoulli polynomials as 

By(x) = B(x), O<a <1, (4.3) 
and 

By(xt+1) = Bex), «eR. (4.4) 
Some basic properties of Bernoulli polynomials follow (see [1, 23.1]). We have 


Bo(a) =1, Bila) =a2- . Bo(x) = 2? —2 + -, 

and 
Bi (x) = kBy-i(z), KEN, (4.5) 
B,(a +1) — By(x) = ka®-1, k> 0. (4.6) 


Clearly By =1, BY is a discontinuous function with a jump of —1 at each integer, 
and By, k > 2, is a continuous function. Notice that By,(0) = Ba(1) = Br, k > 2. 
We need also the more general 


Theorem 4.9 (see [35]). Let f: [a,b] —~ R be such that f"-), n > 1, is a 
continuous function and f(x) exists and is finite for all but a countable set of x 
in (a,b) and that f( € Ly({a,b]). Then for every x € [a,b] we have 


2 (b— a)F-1 LG 
fee) = ae f ttodes SP a (2) w - MW) 
k=1 : 


cs 


The sum in (4.7) when n = 1 is zero. If f("~) is just absolutely continuous 


then (4.7) is valid again. Formula (4.7) is a generalized Euler type identity, see also 
[98]. 
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4.3. Main Results 


We make 
Assumption 4.10. Let f and the existing xf all@=1,...,m; 7 =1,...,n, be 
j 


continuous real valued functions on [J [ai, bi]; m,n EN, aj, bj € R. 
i=1 
We give 
Proposition 4.11. All as in Assumption 4.10 form =n = 2, x; € [ai,b;], 7 = 1,2. 
Then 
1 by be 
f (#1, £2) = ———___—___ / f (81, 82)dsids2 | + To(v2) + Ti(21, 22), 
(b1 — a1)(b2 —@2) \ Ja, Jas 


(4.8) 


where 


Te a ey ete (/ Cosi Hevea) 


1 


(bz — az) bi be © — ag . {2 — 82 a? f 
2(b; — a1) Toney | iD b= Gs. cue bo — ag ax2 a3 ($1; $2) ds\ds2, 


(4.9) 
and 
eC ES (2 =") (Fb. ~ f(ar,22)) 
(by _ a1) by vy— ay ef] 41 4 oO’ f 
oa. (m(#=2) ices )) aia 
(4.10) 


Proof. By Theorem 4. ie we have 


1 
F(w1, #2) = b P* Flssaaydes + BB =) (4(01 00) = fleas) 
17 ay by — ay 
(by — a1) i, v— ay - x {1 — $1 orf 
. 2 ay = by — ay B, by — ay Ox? (s1,a2)ds1 
1 - 
aa, foe teas taldea a (ay aa): (4.11) 


And also we obtain 


b2 
f(s1, 22) > : 


5 f (81, $2)ds2 + By i 22.) (f(b — f(s1,a@2)) 
2 — a2 2—a 


(bz — i. ie LQ — a2 a2 — 82 \\ 0?f 
pie ae 2 B slip : 
af 2 Lo Nig as =a) poe 5 (1, $2)ds2. 


(4.12) 
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Thus we derive 


by bo 
f (21,22) = — | ti : f(s1, 82)dse 


1 2 ~ 42 Jas 


+ Bi (P=) (s(o1.ba) - Morea) 


bz — ag 


proving the claim. 
We continue with 
Proposition 4.12. All as in Assumption 4.10, casen = 3 andmeEN, a; € [ai, bi], 


i=1,2,3. Then 
by bo b3 
a i a F(s1.59.58) ds ,dsods3 


f (x1, 22,23) = 


x Sat 
a 
T3 


+ 13(x3) + To(x2, 23) + Ti(x1, v2, 23), (4.14) 
where 
m-1 
1! (bs — a3)* (= =) 
T3 := T3(x 
3 3( 3) (by — a1) (be _ a2) > k! bs “ts 
bi bo ok- lf ok-1f 
«(f - (ort Roi Flncsab) ~ Sf («1 22.09) end) 
ae Nee eee Pn (Z=*) 
ml(b; — a1)(b2 — a2) leas 
—Br, 3 — $3 Le Oe (4.15) 
b3 — a3 Oxy 
T> = 
= = b k-1 
1 (bz — az)" 1 (==) inc f 
To(x ov eae a ee % b a 
2(@2, 23) (by — a1) ae k! k; bo — ap - aak1 | 1, 02,23) 


ak-lf (bs = ag)"-1 by be LQ — ay 
z Oak! (ease)) + Fale): [ i Bn (# — =) 


a 6, (F 22) ) SF smi ds1, (4.16) 


Oxh, 
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33 
and 


eG a) T1 — ay 
T) = 71 (41, 12,43 = S- kl B b i 
k=1 ; Ly tree 


ok-1 ok-1 
(Fehr) A atloueam)) 
1 1 


+ Crary? [ Bh ape et One 
m! ay me bj — ay se 


d. 
a da (81, 22, 23)ds1. 
(4.17) 
When m= 1 then the sums in (4.15)-(4.17) are zero 
Proof. Applying Theorem 4.8 we have 
1 
f(x1, 2, %3) = er f (81,2, 23)ds; + Ti(@1, £2, 3) (4.18) 
ay 
Furthermore we find 
i 
f (81,22, £3) = f (81, $2, %3)ds2 
bz — a2 ao 
m-1 
ee 3 Be (P=) okt ok-1 

4 s ,b 7. $1, 42,2 

ee bz — a2 dak gre) dak gees) 

(bg = ag)" : e wv — ag v2 — 82 on” f 
ee Bs — B* (51, 89,23)d 

m! as bo — a2 ig bo — ag Oxy? (s1 2 v3) ra 
(4.19) 
and 


1 "3 
f(S1, 52, £3) = 


f (s1, $2, 83)ds3 


81, 82, 83)ds 
Began (81 $2» 83) 3. 


: : £3 0x3 
9 (Ces) ees) 
m! a3 - b3 — a3 we 


(4.20) 
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Putting the above together we derive 


1 bi 1 bo 
f(z1, £2, %3) = a f(s1, $2, 03)ds2 
ay a2 


by — ay bz — ag 


ok-1 


a you aeay p, (B=) (Ts b #s)- Lee a v2)) 
ve be — a2) \ dak! oe dak-1 oes 


fs (b2 oar B t2 — a2 
m! a2 bz — ag 


_ gm 
— BY po? Lh ree es ds, + T, (4.21) 
be — ag Ox 
1 by bo 
ee 81, 82,23)dsod 
(b; — a1) (bo — ag i Ft 1,82 £3) S$2a81 
m—-1 = b k-1 
1 (bz — az)* 1 (==) t 0 f 
+————~ ——_——— B;,| ——— —— (581, be, x3)ds 
(b; — a1) > kl *\ be—aa) \ Je, aust ae 
b1 ak-1f (by = ay)™-1 by b2 xq — ag 
— —— (51, d2, 43) ds ee! / Bn (2) 
- aak=t| 1,42, 23) , mOKaa) - i as 
rq—8 o” 
— Ba (2=*) st (ssa) ds, + Ty}. (4.22) 


So far we have 


f (x1, £2, x3) 


1 bi pba 
= (by — ay)(be — ag ') F (81, 82, #3 )ds2ds1 + To(v2, 23) + T1 (x1, £2, 23). 
(4.23) 
Finally we conclude that 
f (a1, £2, £3) 
1 bi be 1 b3 
~ (61 — a1)(b2 — aa) 81, 82, 83)ds 
(by — ay) (bz — az) [ [ b3 — a3 Ja, f(s1, $2, 83)ds3 
m—-1 
(b3 _ as)? r3 — a3 ort g ak-lf 
4 Ws 63) 7 
2 il t\ By mas ) \agbet (17 92 a) — Boer (81, #245) 


Pe ee aie i‘ p. (232383 
m! a3 ue b3 — a3 


(= = *)) Q One. $2, st dsods1 + T> + Ty (4.24) 


Oxy 
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bi bo b3 
= =), If. f(s1, $2, 83)dsdsods3 + T3 + T> + Ti, (4. 25) 
Li (b; — a:) 


proving the claim. 


We further present 


Proposition 4.13. All as in Assumption 4.10, case of n = 4 andmeEN, x; € 
[a;,b;], 2 =1,...,4. Then 


1 
f (#1, %2,£3,%4) = ——— |, f (81, $2, 83, $4)ds1ds2ds3ds4 
TL (6: — a4) ~ Hho" 
i=1 
4 
+S°T;. (4.26) 
j=l 
Here 
1 m b = k 1 _ 
EN (b4 — a4) p,{ 242% 
k! bs — a4 


=1 

ok-1 ok-1 

(= Sa Suh Ftleivsn se) detads) 
4 4 


- Gra f(g, (e281) 
TI [ai,bi] ba — 4 
- i=1 


i=1 
* t4— 8 a” 
= Be (# = )) a (s1, $2, 83, +) ds dsyds3dsq, (4.27) 
m-1 
1 (b3 — a3)! F303 
Ts -= T: = 7 a We —{, —8 
3 3(£3, £4) (by, — a1)(be — az) », k! b3 — a3 


bi pbe ak- dep gk-1 
“Ut [ (ae k-1 (51, 82, b3, £4) _ — 
xv 
_ be Uae _-- PE Ee x3 — 03 
ml (by — a1)(b2 — a2) Ts ar)( )(b2 = a2) bs — a3 


‘m eee DE desea) ds, dsods3 }, (4.28) 
bs — a3 Oxy" 
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T2 := T2(x2, 03, £4) 


1 m-1 (by _ aa)*-? Xo — ag 
=> ————__ Siete A Ey ©) 
cae ki! (ZS) 


k=1 


bi k-1 rae 
7 (/ Caen Ser Hloren.25:20)4 
ba = a2)" “(f° (2 2 — ag 
m! (by = a1) bo =e 
— om 
= rl 2=8)) ha ind), (4.29) 


oS Ty eae 
m— 


(by — ai = ok-1 
+o : oy a(# St) (FF (tn ates) 


by — ay art : 


and 


er (by = ayes bi 1 — a4 
7 —— = Bn 
On. = ‘i m! [ (? =) 


t1— $1 of 
_ Be cae i . | 
G = *)) oat (1, 2, 03, 04)d5y (4.30) 


When m= 1 then the sums in (4.27)-(4.80) are zero. 
Proof. By Theorem 4.8 we have 


1 by 
f (x1, 22,23, 04) = er _ P61, 22,83, 2a)dsy 
m-1 
(by — zi ~a,\ (arf 

+ ae = Say ane? T —— (b1, 2, 13, £4) 

k=1 

ok-1 (b _ cee an by = 
a =i f (a1, %2,%3, £4) . at) rf Bm T1— ay 

oe ay by — ay 

t1— $1 of 
— B* Our | 
at =) | Bae ra (4.31) 
1 bi 
= (Gacy A ) f ($1, 22, %3, v4)ds1 + T1 (a1, 2,03, 04). (4.32) 
1— 41) Ja, 
Similarly we obtain 
1 be 
f (81,22, 23,24) = f(s1, 82,23, 24)ds9 
be = ag as 
m-1 
(bz — az) t2 — ag Out 
’ k=1 ki i‘ bz — a2 ons? ae ey 
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ory (bg = ag)™—1 be X2— ag 
- —— —_—— Bm 
on * Ras 1) z m!) [ G # =) 


- gm 
ma ——* ee re (4.33) 
be — ag Oxh? 
1 Hs 
f ($1, 82, ©3, £4) = b f(S1, 82, $3, v4) ds3 
3 — a3 
m-1 
(b3 — a3)! x3 —a3\ (O*—'f 
——___——_ B;,| ———— } | —— b 
Oey (b3 —a3)™1_ r3 — a3 
- — SET Bm 
One? (s1 82,4244) ae ml [ (Z=*) 
-— By za OE Gnas aeades (4.34) 
bz — a3 /) } Oxt 
and finally 
1 Me 
f ($1, 82, $3, £4) = b f(s1, 2, $3, $4)ds4 
4 — a4 
m—-1 
(b4 — os ta—aa\ [ OF f 
b 
+ oD ca ae — Bu (Fea) ( Floste, 4) 
ak-1f (b4 = aa) ba yay 
- — ———— Bm 
ae) + ml i. (f=) 
t4—8 o”™ 
= Bs; (#5 2)) a $2, 83, 4) ds4. (4.35) 


Consequently, by using the above we derive 


f (£1, £2, £3, £4) 


1 by 1 be 
apn) — a1) i (bz — a2) Ja _ «Flea, $2, 03, 4)ds9 
a1 
m— ai yk 1 k-1 
bz — 2) 2 — a2 Ont f 

ve s 1b 5 U 5 U 

De po( 2282) (en 2» 3, 4) 

eee | (by _ ayn! be © — a2 
aa Be 

dxk-l a, ao at [ (F==) 


= gm 
Be a 2 CU Gis ea eae, 
bg — ag Oxy? 


ds, + Ti (4.36) 
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by phe 
“oar, J © F(s182.3.24) sda) 
m-1 
ite i L— ag ont f 
oa ee Br iscaas i Bgeat (ots bas Bas Fa) 


k=1 
ee (bz — az)” ee Lz — a2 
eae d 
dak} (81, 2,23, £4) ane oh no 7at eee ml (y= a4) +f , (2 n(Z=*) 
, (2-8 o”™ 
_— wa (#=*) Fa Sts. tad dsa + Th (4.37) 
1 by be 1 bg 
— ae a Ae, ’ ’ ’ d 
(by i a1) (bo _ a2) [ i bs ares A. f(s1 §2,53 x4) $3 
m—- 1 
(b3 — a3)! 13 — a3 \ ( O*1f 
te Ne ae b 
> il k ara Qgkat (St 82s 3,04) 
haar (bs — a3)™—1 (f° x3 — a3 
> Sar (61 82:05,29)) i ic B Bn (# = =) 
a or al a ode 
— Bi, eae Bay oh) 82, 83, x4)ds3 ds,dsy | + 75+ T;. (4.38) 
That is, we found that 
1 3 
f(@1, 2,23, £4) = 3 ie f (81, $2, $3, 4)ds1dsods3 + yor: (4.39) 
TL (6; — a4) * Elon? i 
At last we observe that 
f (v1, £2, £3, U4) 
1 a a 
— =—}, (; f (51, $2, 83, S4)ds4 
TY (bs — a5) {Blood P= 94 Jo 
1=1 
m-1 
(b4 — a4)*-1 v4 — a4 ory Ov te 
ate AES SAYS py ft NS a (es se eaeet 
», k! k b4 — a4 ark (51, 52, $3, b4) dak 1 (51, $2, $3, a4) 


ba — a4 i=1 
1 4 
= 3 J. f (51, 82, $3, $4)ds,dsods3ds4 + S- Tj, (4.41) 
TT (0; — a) ° Hes m= 
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proving the claim. 


We finally give the following general Multivariate Euler-type identity in 


Theorem 4.14. All as in Assumption 4.10 for mn € N, a € [a,b], i = 
1,2,...,n. Then 


1 n 
f(1,2,..., tn) = =—————_ iP f (81, $2,--+; 8n)d81dsq +++ dS, + STs 
I] —_ ai) II [ai bi] got: 
(4.42) 
where for j =1,...,n we have 
m— ci ges 
Ty = Tylejpiayer ye) = —— {Fu Gna) 9 (B=) 
(II (b; a ai)) net : : 
i=l 
ok-1 
«(fo (TFs say. spas byte) 
eed rs 
ok-1 
5 Fa Si Sao 2 BFE Ay OG Es eee ))as ds;—1 
Pd 
= ob ,— a; 
m!( II (b; = ai) lees : ? 
i=l 
. (tj —8j)\\O"F 
=B. (2) Bagge CP 82) eae 55,7541, te ») ds\ds2 28 ash 
(4.43) 


When m= 1 then the sum in (4.48) is zero. 


Proof. Theorem 4.14 is true for n = 3,4, see Propositions 4.12, 4.13. Assume 
that Theorem 4.14, is true for n, see (4.42), (4.43). Then we prove it forn+1,n EN. 
We have 


1 
PGi, 825-5 8a, Sey) = —— |, f Sigiies Six Waa Osis «cS 
TH (0s — a9) “four 
T;, for 7=1,...,7, 
1 


j= 


where 
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m 1 
(b; _ -1 
Tj = Bests tutus) = GY OO on 
(II (i= ai) #1 


Lv; — a; Oro sf 
B,| ie (Faeroe osiabin pie OA sthy: 
(ZEB) ( TE fas.bi ax® 7 ($1 G-11 99s Vj+1 +1) 
ok-1 
= ot (ao sienti tion tertne) an as.) 
j 
rf Qa a ((2 (=) 
j-1 ar iee'b; ™\ bj — a; 
m it ai)) HL los,bal J , 
. [Xj - $85 Oo” f 
- 9, (BoB) (sie oniaitnentitna} |e} 


But it holds 


1 bn41 
/ TASig24- Si Sq ond Sea 
a 


S1..-,8n,0 Se eee 
PC ; Ns nti) (On41 — On41) 


n+1 
= _ ye-4 aK 
a2 D br+1 — B, En+1 nm+1 
bn41 — An+1 
k-1 
ar Pp Bape Sup Onsa) 0 f 
ne = ena SE I 81,--+,8n,4n41 
Onn 1 Tn4d 
m—-1 b 
(On+1 - An+1) eae In41 — An41 
ea emt Br | ——— 
mm. Qn41 bn+1 — Ant+1 
Int1 — Snt1 OM f (Si) +++) $n) Sn41) | 
|) sn 1. 
+1 


m 
Orr 


Thus we get 


f (1, 22, eo itera) 
bn41 


1 1 
= _—— |, ——/ Pi Sigess, Bas Snea) Osis 
TE (b: — a4) 7 Hi lasted [nt — anti) Janis 


i=l 


m—1 
(On41 _ nea In+1 — An+1 
eS pe A 
7 » k! bn+1 — G@n4+1 


OF TF (Sikhs 38a Onda) - OFF eins | 
k-1 k-1 
Orn 41 Oln1 
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4 (On4+1 — Anti)” + < p. ( Seti 7 ant 
m! je \ Ont — Ont 


n+1 
Lnt1 — Sn4i\ | Of (S1,---5 Sry Sn4i) Ie 
3 ds,...,d8, + T;. 
(= —Gn41 ) da™,, +1 1 d j 
Hence 
1 ntl 
five sti) = = fies f(51,---, $8n41) d81...d8n4i4 + S- Tos 
I (bj _ ai) aus lac.bs] g=1 
where 
m— a i ) BAA is oe 
Tn41(@n41) = Troi = ——— _1_| ee bn41— a ep ( a“ - 1) 
I (b; — a;) (k= n+l — On+1 


‘elmign dC Reo ees eee Ore 
te Peetu be “mnt 
I] [a,b] tn+1 Trtl 
+ (bn41 — Gn41)™* 1 |. pei — st 
ie Oa: m+1 — Ant 
mt( @ = «)) tee) ‘i : 


Il 


i=1 
n+l ~~ en+ om 
_ ps ( Batts Sav Lied Penne rene Fe teat: Stee 
bn+1 — Ant+1 On) 


Thus is proving the claim. 


Next we rewrite the last theorem. 


Theorem 4.15. All as in Assumption 4.10 for mn € N, a € [a,b], i = 
1,2,...,n. Then 


E (21,285 tn) = f (vi, @9;.. : Bn) 
1 
ener i: f(s). )dsy 
[Gea Bleed 
w=1 


—~ S04; = 508; (4.44) 


42 ADVANCED INEQUALITIES 


where for j =1,...,n we have 


m—-1 
(b; =a: -1 Ut; —As 
Aj = Aj 872k 5 Ea) ra a a Gaal», (Z=2) 


orf 
x ie ( k= ay (81 S25 ve A Ope ag ee) 
O 
II [ai,b i] v; 
i=1 


ok-lf 
— ST (8158050024 8)-as jsp tyson) Jy 25-4 5 (4.45) 
J 


and 


b, —a;\™—-1 Lj — aj 
B; = De By Det inns Lay) ~tea | |. ((20 (=) 
m!( J] (bi — ai)) IT faz.bs] ie 


i=1 


‘ aa ee 
= By, (2) ee ae vs} 


(4.46) 
When m=1 then Aj =0, and T; = Bj, j =1,...,n 
Remark 4.16. Notice above that T; = Aj + Bj, j =1,...,n. Also we have that 


|EF @iy ways 404)|< |B, (4.47) 


Also by denoting 


Rox ce fe Fees Sadar don (448) 
) “IT [aids] 


[] (hi — a 
i=l 


we get 


n 


SD |A;| + |B;|). (4.49) 


Later we will estimate A;, B;. 
A general set of suppositions follow 


Assumption 4.17. Herem €N, j =1,...,n.We suppose 


n 
1) f mit [a;, b;] > R is continuous. 
2) ag are existing real valued functions for all j =1,...,n; 2=1,...,m—2. 
j 
3) For each j = 1,...,n we assume that ; La, Lay RG 15 SLi AG be VR) ISG 


continuous real valued function. 
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4) For each j =1,...,n we assume that g;(-) := = ZL (a1, nf hey ye RS OH) 
exists and is real valued with the possibility of being infinite only over an at 
most countable subset of (a;,b;). 

5) Parts #3, #4 are true for all 


n 
Big 2 ee a cede, a I a 4 

t=1 

tAj 


6) The functions for 7 = 2,...,n; €@=1,...,m—2, 


j-1 j-1 
—_—~\. af 
qj ae ae aan My ty Vip LG415 +++) En 
j=l n 
are continuous on [J [ai, bi], for each (xj, 2j41,---,%n) € [] [ai, dil. 
i=1 t=j 
7) The functions for each j =1,...,n, 
j J j 
——_ a" f [| —~ 
5 re me = stata tt ty VIF 1g ey Un Ely (I-51). 
a i=l 
n 
for any (@j41,---,%) € TI [ai bi). 
i=jtl 


We present 
Theorem 4.18. All as in Assumption 4.17. Then (4.42) and (4.44) are true again. 


Proof. Use of Assumption 4.17, Theorem 4.9 and it is similar to the proof of the 
so far results of this chapter. 


Remark 4.19. The results of Propositions 4.11, 4.12, 4.18 are still valid under 
Assumption 4.17 for their cases. 
Some weaker general suppositions follow. 


Assumption 4.20. HeremeéeN, 7 =1,...,n and only the Parts #1, 42, #6, #7 
of Assumption 4.17 remain the same. We further suppose that for each j =1,...,n 
and over |a;, bj], the function 


om 


agratt(m, sey Uj—-1,°,Uj41,--- Cn) 
is absolutely continuous, and this is true for all 


(Liye (LLG Dippy Cave [a;, bj]. 


: 


ee 
AK II 
Qe 


We give 
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Theorem 4.21. All as in Assumption 4.20. Then (4.42) and (4.44) are still true. 


Remark 4.22. The results of Propositions 4.11, 4.12, 4.18 are again valid under 
Assumption 4.20 for their cases. 

We proceed with the estimates of our remainders in (4.42) and (4.44). 

We need to make 


Remark 4.23. We are operating under the Assumptions 4.10 or 4.17 or 4.20. We 
observe for j =1,...,n that 


Bl <Tj, (4.50) 
where 
ry (/, By (HEM) — my, (B=) 
= a; 4b; ; — a; —-a 
m!( J] (bi —aj)) Hl ail i ; 
w=1 
x Begin P19 8209 Sr Es4ay 4B) tay). (4.51) 


Here we assume 


Thus we obtain 


pee eS (/, 
“4 Jet ' ay b; 
m!( II (b; = ai)) Ht é 


i=1 


for any (@)41,---,2n) € J] [ai, bi], any x; € [a;, b5]. 
i=j+l 
Li — a; Lj — 8; 
Gas) a) = +) 
ON f oa x 


Som [So BHI 9 (4.52) 


J EH) 
oo, [J [ai,b:] 
i=1 


_ bj ayn (p 
7 m! a 


dum a nr os ea) (4.53) 


j 
oo, [J [a:,b:] 
i= 


i= 


(by letting 


dj = A; (aj) = 2 (4.54) 


Multidimensional Euler Identity and Optimal Multidimensional Ostrowski Inequalities 45 


we have) 
_ (0b; — a;)™ 
- m! 
: ame [AY 
’ - |Bm(A;) — Br(t;)|dt; Ox™ Tt ys LG41,+++5Un (4.55) 
j j 
oO, II [ai ,bi] 
<=1 
< (bj — aj)™ 
= m! 
se. \ OE [s 
4 ce, TI [as bi] 
(using [98], p. 352 we get) 
_ (bj) = 4; 
= m! 
J 
(m!)? vj — aj) \ \O"F [ SN 
. ——|Bo,,| + B2, (= SE ete I 
( (am)! 2 | + mG) dx™ »Uj+1; 7 v 


oO, 1H fas.bu 
(4.57) 
We have established 


Lemma 4.24. Suppose Assumptions 4.10 or 4.17 or 4.20. Let B; as in (4.46). In 
particular suppose that 


Cig es ! 
™ Tt sLi41,+++5Un € Loo (Ils. ’ 
Ox ries 
jor ony. (eeu te oes A lee bil all eS Ae Then for any 
i=j4l 
(@j,Lj41,---;Un) € T] [ai, bi] we have 
ij 
(bj a)” 
Bj] = |By (wg, @j+1) +++) @n)| S$ A 
Oo” f ae 
orm »Uj+1, Un , (4.58) 


seit [ai bi] 
i=l 
for all j =1,...,n. 
We continue with 
Remark 4.25. Continuing from Remark 4.23. Let p;,qj; > 1: > + = =1; 
J Ma 
j=1,...,n, with the assumption that 


o” f j 
Bare (Pitta) 6 De (Iie. : 


i=1 
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n 


for any (aj41,---,2n) € T] [ai, bi], xj € [aj, bj]. From (4.50) and (4.51) we get 


L;— a; 
Bun J J 
; Ca) 


t, —s.\ |? 1/p; 
— Be, (f=) ds, ds; 
i — 4; 
. 1/4; 
o”™ H 
f [a;,bi] Fan Stoo Soe :In)| dsi-+- ds; (4.59) 
b o = j-1 1/p; bj 
ie ( i i) (II -«)) i: Bm (Aj) 
m!([] (bi — a:)) =2 4 
i=l 
/Pj 
t;—S8 Pj om 
7 Bn (# j is) Fat BHA Ba)|] (4.60) 
5 4; Py 4511 [ai.bs] 


(4.61) 


We have derived 


Lemma 4.26. Suppose Assumptions 4.10 or 4.17 or 4.20. Let B; as in (4.46) and 
Pid > 1: 7 + = =1;j=1,...,n. In particular we suppose that 


aes e In) € L (I n) 
Damo ei tles ssa tn Cr; 49 U4 ’ 
Ox; ae 
for any (@j41,---,2n) € JT] [abi], for all 7 = 1,...,n. Then for any 
i=j+1 
(©j,Lj41,---;Un) € T] [ai, bi] we have 
ij 
|B;| = |B; (xj, 2j41,-.-,2n)| 
m— j-1 —1/4; 
Ss Cay (bj — ai) i Bn (P=) 
m! mar, 0 b; — a; 
Pj 1/p3 om 
= Bry (tj) at) age GPa) F; (4.62) 
ng 95+ 11 [aa,b:] 


i=1 
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When p; = qj = 2, then we obtain 


eft =1/2 
a) < B= (TT, 0) ( 


2,11 [asst 


i Pan| +28 (G—*L)) 


(4.63) 


The inequalities (4.62), (4.63) are true for all j =1,...,n 
At last we make 


Remark 4.27. Continuing from Remark 4.25. Assume for j =1,...,n that 


gm Jj 
oA pegay ess an) ely (Tis. ; 


j i=1 


for any (2j41,---,2n) © [Tiijyi lai, bi], any xj € [aj,bj]. Then from (4.50) and 
(4.51) we obtain 


——(S1,...,8j,Lj41,---, Ln) 


ds, eke is) 
==) acre 9 
bj — a; 65 — 43 / \ho0,fa5,bs1 


oo, [a;,b;] 

om 
ax™ (+: (LeETs etn) : (4.65) 

j 1, I le bi] 

m!(TI (b; — ai) aa, Ba 
w=1 

om 
muna Uj+1) Ln) . (4.66) 
Ox" 1TH fasb 


From [98], pp. 847-848 we have: 
i) case m = 2r, r EN, then 
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[Pato ~ Ba( GDI [Pro B=) | 
bj ,[0,1] by — a; oo, [0,1] 


2-2" Bo, _ Bo, (# = “1 


j — 4; 


= (1—277")|Bor| + 


: (4.67) 
ti) case m = 2r +1, r EN, then 
Lj — a; Lj — a; 
[Pat Boe) gg 7 [Pr =a] 
i ~ 25 S \o0,[0,1] i ~ 95 S Noo, [0,1] 
) 


2(2r +1)! Li — Gj 
< carne Poe) is 


tii) special case of m= 1, then 


[Pato aoe) I PO GB)| 
bj — a; ,[0,1] bj — a; co, [0,1] 
7» a; +b; 
(sto) oy 


Lemma 4.28. Suppose Assumptions 4.10 or 4.17 or 4.20. Let B; as in (4.46), 


We have proved 


j=1,...,n. In particular we suppose for 7 =1,...,n that 
anf d 
an” ¢ ss »Uj+1, dows ,Ln) € Ly (Ii. 1) 5 
for any (@j)41,---,2n) € IT] loeb. Then for any (@j,%j41,---,Un) € [] [ai, bi] 
i=j+ i=j 
we have 
(b; _ aot om 
|Bj| = |By (ej, @j41,---,En)| < a = ry agin 1 BitLy +++ En) j 
m\( TT (bi — i)) : 1 IT lessbs] 
vj 
x||Br(t) — Bn at (4.70) 
5 ~ 9% F \Io0,[0,1] 
The special cases follow: 
1) When m = 2r, r EN we have 
(b; —a,;)?"-1 oO?" f 
aS Baar be BI+ls +++ Fn) j 
(2r)!( nt (bj — ai) 1, I] as.bs] 
—2r —2r Lj aj 
x ja-2 Bal + Bay — Bar( )I| ; (4.71) 
b; = a; 
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2) When m = 2r+1, rE N we obtain 


(bj — aj)" erry 
|B;| << a — Dgartd e+ Bitdy Gn) : 
(2r + 1)!( I (b; _ ai)) J 1, H [a,b] 
2(2r+ 1)! eee 
TORE aon te ee 4.72 
x 3 — 9=2r) + | 2 al® =e ( ) 
3) When m=1 we get 
1 of 1 ay +b; 
Bi) << | SEC ete) ‘ at o-(% :)| : 
(6-0)! 1 i ost or. 
i=l 
(4.73) 
We need 
0 
Definition 4.29. Let @ = (1,-.-,20) € JT] [ai,bi], 0 © N, where |Z Z|: 
i=l 


Vait::-+23. Let F: I [a;,b;] > R be continuous. We define the (first) modu- 
lus of continuity of F bay 


w1(F, 5) = sup IF(@)- FW), (4.74) 
0 
all @, YET] [ai,b:], 
4=1 
with ||@—Y||<d 


for all 6 > 0. 


Notice 4.30. Under Assumption 4.10 we have valid that 


Ons 
On 


ok-1 j 
< wy ae ee valk = 1 WOR = hee gm, 


(Sites ny S yay Op Beets Ee) ae (S13 .o55 S315 GFT etn) 


We give 


Lemma 4.31. Suppose Assumption 4.10. Let A; as in (4.45), j =1,...,n. Then 
for any 


(25,0541, ees ,Ln) e [[le:. bj] 


50 ADVANCED INEQUALITIES 


we have 

m-1 
(b; — a;)*-} ts — As 
|Aj| = |Aj(@j,Uj41,---,%n)| < S- ik as By ae 
k=1 o] j 

ak-1 j 
“Wy een “he Ppp Ly 0 oes Bn), 05 — ay) for all j =1,...,n. (4.76) 
Jj 


Putting together all these above auxilliary results, we derive the following mul- 
tivariate Ostrowski type inequalities. 


Theorem 4.32. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef(a1,x2,...,2n) 


as in (4.44) and A; for j =1,...,n as in (4.45), m EN. In particular we suppose 
that 


OFS i 
dar | ani ty 4192 6 34@y) € Lx (Ii. ’ 


J i=l 


for any (@j41,---,%n) € [] [ac, bi], all j =1,...,n. Then 
i=j+1 


(4.77) 


(Eeiyew ta) 


i 
oo, [J [a:,b:] 
21 


Proof. By Theorems 4.15, 4.18, 4.21 and Lemma 4.24. 


Next comes 


Theorem 4.33. Suppose Assumptions 4.10 or 4.17 or 4.20. Let E},(a1,...,2n) 
as in (4.44), mE N. Let pj,q; > 1: 1+ 
assume that 


= =1;j3,=1,...,n. In particular we 
tJ 


any 1 
oar sey Ujtlysss , fn) € Lg, (I.-5 ’ 


for any (@j41,---,%n) € J] [ai, bi], for all 7 =1,...,n. Then 
i=j4l 
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ene ey cms aff Lj — a; 
f paces ee en ame i as J J 
\Zf(x1,-..,¢n)| < yl a5) (II «)) (/ Bn (P=) 
j=l 1=1 
Pj 1/p;5 anf 
—B,,(t;) at) and ee eee ey j | 
Ox} > ue [ai ,bi] 
(4.78) 


When pj; = q; =2, allj =1,...,n, then 


(4.79) 


Proof. By Theorems 4.15, 4.18, 4.21 and Lemma 4.26. 


Finally we have 


Theorem 4.34. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef, (x1,...,2n) 
as in (4.44), m EN. In particular we assume for j =1,...,n that 


ce yen (11 1) 
Dam ki Lit1s +++ Un 1 a4, OF ; 
Ox" pe 
for any (@341,---)%m) © T]j-5411@s, 0s]. Then 
bel (oa 
PE Gtesncta)| x -— 
m ) ytn)| > val = 
j=l (11 (i —aj)) 
Ort L;—-a 
feo, )lo-n( 322) 
v5 1, TL [aida] i —~ 25 / loo, [0,1] 
sei, 


The special cases are calculated and estimated further as follows: 
1) When m = 2r, r EN, then 
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Z 1 {ay — a; ae 1 Oo?" f . 
= lalatacey On 
jJ= 


1, ten 


(I (i — aj) 
pa 
iemene ail =) (4.81) 
j 
2) When m= 2r+1,réEN, then 
aa Ln)| 
oe orr+l f 
(2 1 ca aa = 5 (| tists) j 
(2r + ie a Ox; 1 asst 
(II 
2(2r+ 1)! | (G=*)]| 
x Tp DFET =D Bor+i é (4.82) 
cE e222") bj — aj 
And at last 
3) When m = 1, then 
of 
|E{(e1,...,2 ye — [FEC epens--ot) j | 
Ci@msany ul rues 
t=1 
1 i +b; 
x 5+ m= (2*)| \ (4.83) 


Proof. By Theorems 4.15, 4.18, 4.21 and Lemma 4.28. 


The final general Ostrowski type estimate follows: 


Theorem 4.35. All as in Assumption 4.10, m,n EN, x; € [a;, bi], 7=1,2,...,0 
Here B; is as in (4.46), for j =1,...,n. Then 


1 
PLE loie gy) i, f(s1,82,-.-,$8n)ds1ds2---d 
TT (6; — a1) Jf, loom 
i= 
n n m—-1 (b ei ) = 
jj 
= FS sls m Br 
j=l j=l Lk=1 


See | 
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Estimates for B; are given by Lemmas 4.24, 4.26, 4.28. 


Proof. By Theorems 4.14, 4.15 and Lemma 4.31, see also Remark 4.16, (4.48), 
(4.49). 


4.4 Applications 


Here we apply Theorems 4.32, 4.33, 4.34. We give 
Corollary 4.36. Suppose Assumptions 4.10 or 4.17 or 4.20, case m= 1. 
J 
i) Assume PL. yp Das dy) S Liss (11 ([ai, bb) , for any (@j41,---,%n) € 
; 1 


i= 


II [a:,b:], all j =1,...,n. Then 
i=j+l 


1 
f(v1, 22, tn) —— |, f(81,---,8n)ds1 +++ dsy 
I] (6 — a) Ty loi.bl 

; xy — a; 1 2 
cs or : bj —a; 2 

j=l 

O 
a Pee | (4.85) 

v5 oo, I] [as,bs] 


ii) Let p;,q; >1: > + = =1;j=1,...,n. In particular we suppose that 
‘J J 


for any (@j41,---,%n) € J] [ai, bi], for all 7 =1,...,n. Then 
i=jtl 


1 
Fle1,225..+52n)— =—— |, f(S1,---,$n)ds1--- dsp, 


i=1 
n j-1 ae 1 fake Pj 1/p; 
S De (bj -a)F/ (6:— a)) (/ (F “2 — tj it;) 
j= jel ) bj — a; 
0 
x ih ae ,Ln) ‘ (4.86) 
Ox; a3. TI [ai.bi] 
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iii) Here assume for j =1,...,n that 
of : 
pai ++) Uj41,-- aba) € Ly (I. n) ; 
i=1 
for any (@541,---,2n) € [I [ai, bi]. Then 
i=j+l 
1 
f(x1,- en) ~—— |, f(81,---,8n)ds1 +++ dsp, 
TL (: 2 ai) TI leebal 
i=1 
” 1 of 
Se || st j | 
JUL (T] (bi — a) Bo? ee 


(34) “ 


Notice 4.37. We have for 7 = 1,...,n: 


Lj — ay 


Aj Secs =e iff Lj = aj, 

Aj = 1 iff Li = bj, (4.89) 
1 ; + 6; 

Aj = 3 iff Xj = i 


We continue with Corollaries to Corollary 4.36. 


Corollary 4.38. Suppose Assumptions 4.10 or 4.17 or 4.20, Case m = 1, all 
tj =aj,j=l,...,n. 
i) Assume 


Multidimensional Euler Identity and Optimal Multidimensional Ostrowski Inequalities 55 


Then 


1 
Hei 00) ee fa f(81,---,$n)ds1 +++ dsy, 
4) ay [a:, bi] 


: | \ (4.90) 
oe, IT [as.bs] 


of 
Bay staan) 


ii) Let p;,q; >1: +e=1j=1 
of Z 
ne. +5 Ajt1,+++,@ ye Liq; ia i 
J i=1 


for all j =1,...,n. Then 


1 
(a Teen f(s1, )ds,---d 
Ie: — ai) H lei.) 
j-1 F 
n [(b;—a;) % (TT i = ai) /45 
< — 
- >| (pj + .1)1/P3 
of 
Seg ee } (4.91) 
J 911 [abs] 


n, then 


When p; = q; = 2, allj =1,..., 


O 
x Eee Agapivengan) | 9 (4.92) 
vj 2, [I [a:,bi] 
t=1, 
iii) Here assume for j =1,...,n, that 


Oi se Bjttyoeey Gn) Ely (Ii. n) : 


Ox; 


Then 
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1 
f(ai, ysl) ~~ Ay | fiSis ,8n)ds1 d8y, 
Th, — a3)” foots 
TC} (b; -— a; +1) 
< Elta a J vas 1+, Aj41,+++5An) \ (4 93) 
j=l (b =a) j 1, |] [ai,b:] 


Corollary 4.39. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 1, all 


2j=bj,7=1,...,.0 
i) Assume 


for all j =1,...,n. Then 


(a) “1 
v3< of 
< 3) (b; a;) Bash bitte: bn) 3 . (4.94) 
j=l v5 oo, IT [as,bs] 
ad) f= 1, n. In particular we assume that 


for all j =1,...,n. Then 


1 
f(h1, On) Ay he f(s1, , 8n)ds1 dS8y, 
I] (b; - ai) ile Pal 
i=1 
tie L fot =r 
< Yo] oj + 9-0; - a5)" (TT O:—a)) 
j=l i=l 
fo) 
et Ge. GAdouaoba) (4.95) 
Ox; aj TI as,bs) 
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When p; = qj = 2, allj =1,...,n, then 


f 
(05 Data e cosy Oy, 
a »4¥9+15 ’ ) 


ee 
(4.96) 
iii) Here suppose for j =1,...,n that 


Then 


\ (4.97) 
1, Il [ai ,bi] 


i=1 
Next come the ee midpoint rule inequalities. 


Corollary 4.40. hes Assumptions 4.10 or 4.17 or 4.20, case m = 1, all 


aj = Ps, eel 
i) Assume 
Of aj41 + bj44 An + bn s . 
—|...,-————.,..., ——_ Lec ii] |, all j =1,..., 
wth, 28) er (fn). n 
Then 


nt bn 1 
fe -~—— |. Pl gyn ede dey tes dy 


: b, ntod 
a | OE EE (4.98) 
Ox; 2 oo, I fash i] 


j=1 
ii) Let p;,q; >1: re + ae =1;j=1,...,n. In particular we suppose that 


Of Qj41 + bj44 Qn + bn, : 
a Liq; 45 b; ; 
Ox; & 9 ’ ’ 9 c qj [[le ] 


i=1 
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for all j =1,...,n. Then 


nr n 1 
eee) nes (OE 
I] (: — ai) TI [ai,be] 
= | _ 
1 i 8 , 
: 24 (pj41) 7 (bj — a3) | [] i — a) 
j=l il 


‘ | 


When p; = q; = 2, allj =1,...,n, then 


Of Aj41 + b541 Gn + by 
on 2 ee a 


’ | : (4.99) 
qi» I] la bi] 


“sab / I] -») 


E(.., aj4i + b541 a | (4.100) 
2 2 2, TT [ab] 
iii) Here assume for j =1,...,n that 
Of Aj41 + bj44 an + bn ! 
a eee SS eee SS — L 45 b; . 
pe (ER € fi ( [Tes 
Then 


s+( Aj41 + b541 An + ~) 


; 2 ; 2 
AUNT ba) 
i=l 
(4.101) 
Next we treat the case of m = 2 and only for the norms || - ||.o, || - |l2, and 


specifically for A; = 0, 1, 5, y= We oe 


.,n. The multivariate trapezoid rule estimates 
follow immediately. 


Corollary 4.41. 


Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 2, all 
tj =aj,j=1,.. 


nalts 
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i) Assume 


allj7 =1,...,n. Then 


K. | ee et) 
2 = Fo eeeeQNQ0K)HH au. lvl 
2 
1 
-~—— |, f(81,---,8n)ds1---dsy, 
T] (0: — as) 7 Ble 
i=1 
ig 1 
a) Ds G1.) fist (F (81, $25 +. + 585-150j,0541, +++ 0n) 
rE CTT — ay) Ufo 
i=1 
== Fer eentitetntetoe tnd} MY 
1 i ef 
I 7; Y[e- ay Rao Ginter An)|f |} (4.102) 
=> Ox; 00, TT [ai,bs] 


ii) Suppose 


ae J 
Bgz be Gitty-++1 Gn) € Le ia ; 


Jj 


allj =1,...,n. Then 


Ko 


Of 


Bayz Bitty +7 n) 
Jj 


? (05 — a5)” (Te. -«)) a 


i=l 


1 
ae 


J 


2; oT ! 


(4.103) 
We continue with trapezoid rule estimates. 


Corollary 4.42. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 2, all 
Xj =6b,j= Lissa 
i) Assume 


Of j 
Bete A Rien) he [Tle ; 
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Ao 
= et rte) Nf ise n)dsn eed 
2 r (bi — aj) TI fas.ba 
i=l 7 

lJ 1 
So = a 1B (Ff (81, +. +5 83-15 bj, 0341, -++ 1 On) 

2|4 gt. TI [a:,di] 

j=2 (T] (bi — ai) wan 
w=1 


a f(si, as 5 87-1, 07,0541, pes .,0n))ds1 eae asa} \ 


O° f 


—s5(...,0;41,.--,bn 4.104 
Ba? | 1%j+1) ’ ) ( 04) 


1 n 
< — y b; —a;)* 
~ 9,/30 205 i) 


j 

oo, |] [ai,d:] 
i=1 

ii) Assume 


of g 
Bgz Bitty -++1bn) € Le ] [le bd ; 


j i=1 
allj7 =1,...,n. Then 


eS ee eee (4.105) 
) x ( 94941) Un E i} 
i 2, II [o:,bs] 


The multivariate midpoint rule estimates follow. 


Corollary 4.43. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 2, all 


oj = MEG =1,...,n. 
i) Assume 
OF Aj41 + b541 Gn + by d 
Sol SS Me ee A Be € Ligo is Oj ’ 
sa ( 2 2 [I< | 


allj7 =1,...,n. Then 


ay +b, An + bn 
Moz := es 
2 r( 2 ’ ’ 2 ) 
1 
-~—— |, f(1,---,Sn)ds1 +++ dsy 
T] (6; — as)? Tle Pad 


arf aj4i t+ b541 an + by 
p= og ae 


\ 
06) 
hes 
oN 
—“——aN 
Me 
— 

P aa, 

oa 

S 

a 

QS 

“ 


oo, tl ” 
i=l 


(4.106) 
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ii) Suppose 


Sr (. Stet an ar (Iie. i), 


2 
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Oa* er 
allj7 =1,...,n. Then 
1 got —1/2 af 
My bj — a; a bs -a:)) 
aj+1 + bj41 ae (4.107) 
art 5 a athe ; 


We continue with trapezoid and midpoint rules inequalities for m = 3. 


Corollary 4.44. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 3, all 


tj =aj,j=l,...,n. 
i) Assume 


allj7 =1,...,n. Then 


Kao f(ai,...,@n) + f(b1, a2,.--, Gn) 
See 2 
1 
ee 7 f(81,---,$n)ds1-+-dsy, 
[[ (bi — ai) U [as,be] 
i=l 
1 “(bj — ay)h7! 
- > j-1 > k! B,(0) 
j=1 eae = 
path Joba IL ai) = 
OPT 
x ee (Faeroe sictby aint sete) 
i=l ns bi 
ok-1 
i Foleo tet aaae- ot) nsdn) Yh 
2. 
oe (bj; — a; 7 e2e5 Onidgexe5 Gn) j 
210 | Ox; oo I [a,b 
ii) Assume 


(4.108) 
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all j =1,...,n. Then 
1 n / jal —1/2 
K3 < bj — a) ( ba) 
rome C J (TG: — a) 


repeater a) 


oF 


3 
Ox; 


(4.109) 


i] 
2, [I [ai,bs] 
i=1 


Corollary 4.45. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 3, all 
Xj =b,7= 1,...,n. 
i) Assume 


Of J 
Ox (fay Opie vay On) € Loo [[le:.60 ; 
allj7 =1,...,n. Then 


Rese eres 
30 SS 
2 
1 
-= i f(81,---,8n)ds1-+-dsy 
(b; — aj) * U1 lovPal 
i=1 
n 2 
1 (bj — a;)*"* 
SA Ni > —— By (1) 
j=1 eo = 
with j= IG ai) a 
ok-1 
a ( (SE 61.805. 8)-as bj dpstys oes bn) 
ee 
ok-1 
a Si (815 8055554 8)-104j Bj sty. o-4n) ds : dss) \\ 
4 
1 n OoF 
Es Dg) Nes Beeps bee 4.110 
< va (05 — a5)" peal ia Datta a 
j=l z ere 
ii) Suppose 
O° f d 
ga Bitty ++ +1bn) ce 1 (Iles 7 
j i=1 
allj7 =1,...,n. Then 
1 n j-1 —1/2 af 
A3 < by — ya bi — a) — 
Bygne ava 2 f ) a;) II ai) Ox: 
Ci Bad aecbollt< (4.111) 
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Corollary 4.46. ei Assumptions 4.10 or 4.17 or 4.20, case m = 3, all 


Xj => oaths rs = 13 
i) Assiiine 
O° f aj41 + Oj41 an + bn c 
— |..., - ">... , Liss oe b; ; 
Oa ~ ; 5 > & it ] 


all j =1,...,n. Then 


ay +b An + bn 
M3 := p( SEH, aoe) 
1 
=f Bist es n)dsy od 
[I (6: — as) * low? 


Lf (bj)-45) (/ (2! 
+— ee — 
ni 5 = ag) WV Eilesa 2% 


BX: b 
cen ar eh, atte) 


Of ajqi + Oj41 an + bn 
ee ae ds, --+-ds;_, 


0° Cr aj4i t+ b541 An + bn 
an8 ge a ae aC : . 


= mm 0-4 


(4.112) 
ii) Suppose 
Of Qj41 + bj44 an + bn j 
—; |..., ————_......, ———_ L i, bj] |, 
Bet (oe Se a AM) ta ( [Iu 
allj7 =1,...,n. Then 
1 n -1 —1/2 
M3 < bes all b; — d) 
8S =|" aj) I ai) 
3 : 
a |e ees ca (4.113) 
Ox? 2 j 
2, [] [a:,b:] 
i=1 


Next we present trapezoid and midpoint rules inequalities for m = 4. 
Corollary 4.47. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 4, all 
Xj =aj,j=l,...,n. 

i) Assume 
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all j =1,...,n. Then 


co (oe ete) 


I] (6: — ai) 
1=1 
n 2 
1 (bj — aj)*+ 

- fete 

ie es I] (6: — a4) eet 

ok-1 
x B,(0) (s (SFr 8iasdinaptise sn) 
Lee SS 

ok-1 

= KE (18a ie +, Sj-1,47, 4741, oie 00) ds, ae as) WW 
my) 
1 = OF 
< em d|” — aj)*\]a(..-,@j41)---54n) |] | (4.114) 
24,/630 ra Ox; 60, FI laste 
i=1 
ii) Assume 
ot z 
pil Giths Gn) € Lo [[les,64 . 
allj7 =1,...,n. Then 
1 n j-1 —1/2 af 
Ke < bj a)" ( ba) D4 
(...,@j41,-++;@n) j | (4.115) 
2, TT fai.bil 


Corollary 4.48. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 4, all 
Xj =b;,j= 1,...,n. 
i) Assume 


otf j 
rs a [Tle ; 
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all j =1,...,n. Then 


Ag = (See tec) 


1 
-~—— |, f(81,---,8n)ds1 +++ dsy 
TI (& — a) Ty loi.bil 


i=1 


ii 2 
1 (b; — a;)*-1 
4 ae 
(with j=k¥1) ( IT (b; ai) 
ok-1 
x B,(1) c= bi] (S=Hls1se ibs » 85-1, 05, bj 41, cabs , bn) 
ja [Oi Ot ; 
ok-1 
= Hs $2,+++,57-1, 45, bj445 sey bn) ds Sad is] i 
j 


<= 3 (6; - a3)' | (4.116) 
~ 24/630 os nis : ; 


gt Bitty +++ bn) 
j=l j 


ii) Suppose 


otf ll 
—7(...,0;41,---,0n) € Le [a;, b4] i 
Ox; i=1 
allj7 =1,...,n. Then 
1 n Jj-1 -1/2 otf 
tas sctegg S|t0,—-04"" (Hho. e0) I 
38 DA |" a;) mK ai) On! 


ar nearer 


; | (4.117) 
2, I] [abe] 


ry 


Corollary 4.49. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 4, all 
aytbp 
r= j=Hl,-.ean. 


i) Assume 


of aja + b541 An + by j 
— |...,-—,...,—__— Lies i, dj : 
dx; ( ; 2 ee te OD ) : iG 
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all j =1,...,n. Then 


ay + by An + by, 
m= |1( 5} oo Ee) 


f(s, nk ., 5n)ds1 a -d8n, 


i=l 


LJysJ_ 6; ~a;) ( (2 
yl j j—1 AR | 817823 469 SFT 
a (TI i — aj) nae Oa; = 


t=1 
ajt1 + b541 An + *) 


ore 
T] (%: — ai) I [ai,b:] 
i=l 


bj i 
J? 2 ’ ’ 9 


Of aj41 t+ bj41 an + bn 
— FE (sissaj-asgy EH, Ee ds, +--dsj—-1 


( aj41 + b541 ie bs) | a 
‘ 2 oO, tl [ai ,ba] 
41. 


ii) Assume 


orf aj4i + b544 Gn + bn 
Fa (oo 2 eae ae a E Lo [ [lei bd ; 


i=1 


allj7 =1,...,n. Then 
1 107 {~— j-1 -1/2 
< ——=\/— 7/2 rain 
Ms S 1750 \ 35 {=| aj) uc «)) 


w=1 
| . | \ (4.119) 
2, II [ai ,bi] 


Also we present trapezoid and midpoint rules inequalities for m = 5. 


dy aj41 + b541 an + by 
dxt 2 a ae ee ee 


S 


Corollary 4.50. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 5, all 
tj =aj,j=l,...,n. 
i) Assume 


OF 


Jj 
Bgb 11 Giddy +1 An) € Ligo (Ii. ; 


Jj 
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all j =1,...,n. Then 


Smaart Cee ee 
IL —ai)° i M1 laa,be] 


- o 1 (bj — aj)" 
j=l (TI (: = ai) kE{1,2,4} ki 


(with j=k1) ea 


ok-1 
By(0) We Seg (Sie ees sang) 
UL lead \ Os 


ok-1 
. rs sey Sj—-1,47,Qj41,--- ) ds, ed a.) \\ 
Jj 


x 


= \V 462 S- a eek eee Peer j |} 
<a mpaer Ox; oo HI [a,b 
(4.120) 
ii) Suppose 
af J 
= ( Qj+1; ’ ye ta vb) 
Ox} d Il 


allj7 =1,...,n. Then 
1 5 n ‘ jal -1/2 
9/2 
Ks S 799 \ a62 513 ~ 43) (II -0) 
| | \ (4.121) 
2, TT [ab] 


Corollary 4.51. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 5, all 
= bj), 7 Sly. ,n 


Bye Gitte +1 Gn) 
J 


i) Assume 
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all j =1,...,n. Then 


1 
-~—— |, f(S1,---,8n)ds1-+-ds 
IL 7 ai) HU leibal 


(bj — a)" 
k! 


bj — ai)) td 2,4} 


ok-1 
' Pa el et Opis OO pagees 3 On) 


=1 
ok-1 
— Ts oa + 85-1, 45, 0541,. : =) ds, oe aj.) WW 
j 


x 
& 
col 
ae 
3 
ee 
. 


Sn Eri 
] cog UgtTyy ssa Un j . 
S 799 j=l ipsa oe, IT [as.b] 
(4.122) 

ii) Suppose 

oF J 

=F bj41, 1b ) € Lg (Iie. ) ’ 

y i=1 


all j =1,...,n. Then 


As S aoa) C — a;)°? (IIe - «)) en 


- | . | \ (4.123) 
2, tl [ai ,bi] 


i=1 
Corollary 4.52. eis Assumptions 4.10 or 4.17 or 4.20, case m = 5, all 


aj+b; Fi 
ne ae ee 


af 
a ee eee 
Ba | »YG+1) ’ ) 


i) Asin 


OP f aja + b541 An + by : 
EF (ge ee kt dpe eA = RN 
da? ( : 2 peere =D ) € iG ] 
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all j =1,...,n. Then 


a, + by at) 


Ms := wish 
5 ( 2 ’ ’ 9 


1 
-~—— |, f(81,---,8n)ds1--++dsy, 
TI (6: — a) ~ Hosea 


- 3 =) > (bj — aj)" 
j=l (TI (:- ai) ke {2,4} ki! 


x 


| PS j j n + On 
B(5) ( (3 mi Cee) 
nus [a,b] ae; 
Ch aj41 + 0; an + by 
~ Feet (om £6 8§- 1 jy os 5 ) ds, ---dsj-1 


1 “ OF 
ery eee ee Fad | ad 
= 720V ms (0) — a) a 
j=1 J 
| |} (4.124) 
oe IT [as.bs] 


ii) Assume 


fol | Qj41 + bj44 an + bn j 
=. | ee ete ed | | e b; ; 
Ox} ( : 2 : : 2 ) : ie 


i=1 


allj7 =1,...,n. Then 


Ms S Via f Daa (Te. =) 


af aj41 + b541 An + by 
Or ( he a sey 5) 4 . (4.125) 

J 2, [] [ai,bi] 
t=1 


Finally we present trapezoid and midpoint rules inequalities for m = 6. 


Corollary 4.53. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all 
tj =aj,j=l,...,n. 
i) Assume 
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all j =1,...,n. Then 


-~—— |, f(81,---,8n)ds1 +++ dsp, 
II [ai,b:] 


1 bj —a;)*4 
= a 3 (hay 


lediad aay (IT (bj — kE{1,2,4} 
ok-1 
x B,(0) s (Fo encased tm 
UL lee \ 25 


ok-1 
= rs anes +, 57-1, 47,4541, Ceres ) ds, sre ts] \\ 
J 


1 / 101 fe O° f 
<< —1/ sma 6 = a)? SG ey ya yes eG, : 
~ 1440 >| em) 3,0 »Aj+1;+++)n) a | 
j=1 J oo, II [abe] 
(4.126) 
ii) Suppose 
O° f Jj 
Bo it1y-++9An) € Le (ita : 
J i=1 
allj7 =1,...,n. Then 
1 101 n jal —1/2 
Kee oe Se N12 bards 
°= Ta40 V ape C a) (II ai) 
Of f 
Se oe ; |} (4.127) 
. 2,1] [ai ,bi] 


i=1 
Corollary 4.54. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all 


gp = bj, 7 = 1,:.0)n- 
i) Assume 


allj7 =1,...,n. Then 
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A a f(b1,---,0n) + f(ar, bo,..-,0n) 
# 2 
1 
-=—— |. f(81,---,$n)ds1--++dsy, 
(b; — az) * loa 

t=1 

a 1 (bj — a;)** 
1 il 
gH an (b; = ai) kE{1,2,4} 
(with j=k1) j=Zl 4. 
orl f 
x B,(1) (J. (Fen oss sb 
HU lov.) va 

ok-1 

= Psi seey Sj-1, aj, bj445 ey 2) ds, sia is) ! | 
“7 
1 101 J 6|| OFF 
< Tm saa S| 6a Bq be bitty -+1 bn) c : 
j=l j om LI lessba] 
(4.128) 


ii) Assume 


allj7 =1,...,n. Then 


1 101 i ie j 1/2 
pe nets gene Sead aes Saupe 
As S 7799 V 30030 d, (bj — a5) (IIe. «)) 
06 f 


Se (hee Diy pO 
x aa | »%F+15 ’ ) 


| | \ (4.129) 
2, TT [ab] 


Corollary 4.55. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all 


ajt+b; . 
j= sy j=l... 


i) Assume 


oO°f Aj4i + bj44 An + bn j 
eh 5 Fi Lies 4, 05 , 
sae (SE OP) te ( [lob 
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all j =1,...,n. Then 


ay +b Qn + by 
Ms => ( 1 2 g peg ae 
1 
-~—— |, F(s1,--+;8n)ds1 +++ dn 
[I (6: — ai) * Hi loe Pal 
i=1 
7 . 1 (bj — aj)*~* 
j71 k! 
j=l ( I] (%: - ai) ke {2,4} 


x 
& 
> 


1 Ory aj41 + bj44 An + bn 
3 j—1 ho Sigh Opt aye) I 
loon 3a 


a 


uate f QAj+1 t+ by44 An + bn 
= Set (sieeeeesi ray, SEM, HED) ds, -+-ds;_ 
1/7081; 
Sa ee 
~ 46080 a> 


4= 
as Per y ee 
«| oe(. Se She) |} (4.130) 
vj 0°, I] laid) 


ii) Suppose 


Off aj41 + b541 Gn + bp ! 
mil 2 ues op Je 2 las, by 


i=1 


(bj — a;)° 


allj7 =1,...,n. Then 
1 7081 | — 
Nie ag 
> = 46080 Ts 
| 


= ( Aj41 + b541 a 
At the end we give a simplified special case of Theorems 4.32 and 4.33. 


(bj — aj)? (Te. a «)) - 


t=1 
| | \ (4.131) 
2,T] [ai ,bi] 


i=1 


ax® 2 pee 2 


Corollary 4.56. Suppose Assumptions 4.10 or 4.17 or 4.20. We further assume 
that 
OF = Of 


Sey Dgpe8) SG (ef OG jes 4.132 
dat 9”z? ) Bat 15, )s ( ) 


for all 7 = 1,...,n and all € = 0,1,...,m—2. Here m,n € N, a; € [ai, bi], 
$1, 2) Me 
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i) In particular we assume that 


oO” f j 
Boge HAY 9 En) € Loo (Iie. , 


for any (@j41,---,%n) © J] [a,b], all j =1,...,n. Then 
i=j+1 


as (Ree) 


| |} (4.133) 
oe, [I [axsba 


true V(x1,..-,2n) © [J [ai, by]. 
1 
ii) Suppose 


o™ j 
Fo Cones iptty esta) € Lo (Iie. : 


i=l 


true V(x1,...,2n) © [] [ai, bi]. 
i=i 


Proof. Clearly here A; = 0, 7 =1,...,n. Then proof is obvious. 
Similarly as in Corollary 4.56 we obtain 


Corollary 4.57. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all 
Lj =aj,j =1,...,n. Also assume 
Of f orf 
—>Z(...,0;,@j41,---,@n) = —G(.--,4;,0j;41,---,4n), 4.135 
Bat | » 97, Aj+1) a ) Bat Aj, 4541 a ) ( ) 
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for all j =1,...,n, and all 2=0,1,3. 


i) Assume 
fa J 
paler 5An) € Loo (I-5 ’ all 7 = 1, »n 
i=1 
Then 
1 
Flay---4an)-=—— |, Ff (81,.++,8n)ds1 +++ dsn 
[I (i — a4) * LL leal 
i=l 
1 101 ” 08 
< 7 ATC S- (b; — a;)° ag enn Cig sets Ga) j | 
1440 V 30030 aa a's co, FL faut 
(4.136) 
ii) Suppose 
fal J 
St sine bisa € Le (Ile. , all j=1,...,n. 
By i=1 
Then 
1 
Flaizecesn)— > fe Fleas senda don 
IL (i a ai) HT leis] 
_ j-1 -1/2 
1 [101 ane 
4 Saran \ Bacon (bj — a;)'/?( [] (b; — aa) 
1440 V 30030 = ne 
as 
x os (Sus earcite) |} (4.137) 
d 2,11 [ai ,bi] 


Proof. By Corollary 4.53. 


Corollary 4.58. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all 
xj = bj, 7 =1,...,n. Also assume 


aff 


b;, 0; b oF ;, b; b 4.138 

auth Pe ee) mn) = aoal-- 105 tL sees n)s (4. ) 
j j 

for all j =1,...,n and all €=0,1,3. 


i) Assume 


A° f 
Base Bitts+++1bn) € Loo [ [leo ). all g=1,...,n. 
vy 
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Then 


(b; — ay) % Ula 


1 
F0bis-050n) == fe Flsty ep sn)dsn ods 
t=1 


1 101 = 
< —~4/—— 4 S| (bj — a)° 
= 7440 V 30030 ) 2 f a) 


j=l 


Of 
gg er one) 


ae 
(4.139) 


ii) Suppose 


os f d 
Bpo Bits -++1bn) € Le [ [lai bd ° allj =1,...,n. 


Then 


[I (05 — ag) ° TL te] 
t=1 
n j—1 -1/2 
1 101 nat) 
KO ep -— a. or i 
= {440 V 30030 » C a;) I]e ai) 
O° f 


x 


Saale Beet sba)f |} (4.140) 
J 2,1] [ai,b:] 


= 


Proof. By Corollary 4.54. 


Corollary 4.59. Suppose Assumptions 4.10 or 4.17 or 4.20, case m = 6, all 
t= oaths j=l,...,n. Also assume 


OF i aj41 t+ b541 Gn + bn OF i aj41 + b541 Gn + by 
ax! i a a a re ar aaa on 5 , 


(4.141) 
for all j =1,...,n and €=1,3. 
i) Assume 


Oo f Qj41 + bj44 an + bn j 
hr Lies iy b; 5 
Bae (SES ee) ed ( Tle 


i=1 
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all j =1,...,n. Then 


(2 2 carte) tf f(S1,---,$n)ds1 +++ dsp, 
fjovoa 


2 2 can 


1 /7081J,< 
Ei. ge ae BG 
~ 46080 apy 
y JOE aa t bie an thn 
an nate, 5 sakes 
ii) Suppose 
oof Qj41 + bj44 an + bn, u 
hh L i, Oj 5 
ma ptt, ee) ea ( [Tle 
allj7 =1,...,n. Then 


/(25.... cote) tf f(s1,..-,8n)ds1 +++ d8q 
II 


7 


(bj — a,)° 


| | \ (4.142) 
00, [I [as.ba 


2 ’ ? 9. (b; = aj) : leebel 
: A 
1 7081 | — 
a tee 
= 46080 V a> 


. | O° f ( aj41 + 541 ay + 3) 
Proof. By Corollary 4.55. 


7 


ae ee (Te. 2 «)) 


t=1 
| | \ (4.143) 
2, I] [a,b] 


S 


dx? 9 peg 2 


Ps 
Il 


One can apply similar conditions to (4.132) for the cases of m = 2, 3, 4, 5 and 
simplify a lot the results of Corollaries 4.41, 4.42 and of Corollaries 4.44 — 4.52, 
exactly as we did in Corollaries 4.56—4.59 for general m € N and m = 6, etc. 


4.5 Sharpness 


We need to include 


Theorem 4.60. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef, (x1,...,2n) 
as in (4.44), m EN. In particular we assume that 


amp [AQ : 
Huan | Bde en € Doo (Iles). 


j i= 1 
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for any (aj41,---,2n) € JT] [ai Oi], all j =1,...,n. Then 


i=j+l 
ly ; tj aj 
om 
x Dyin (+29 Lit+1s+++5 Ln) F : (4.144) 
J 00, IT [aide] 


Proof. By Remark 4.23, see (4.55). 
We give the important 


Corollary 4.61. Suppose Assumptions 4.10 or 4.17 or 4.20. Let Ef,(a1,...,%n) 
as in (4.44), mEN. In particular we assume that 


ain ee (l !) 
pre Tt yD Gt dye in a;,b 4 
Ox’ Sj 
n m 
for any (%)41,---,2n) € J] [a,b], all j = 1,...,n. And also suppose _ € 
i=jtl j 


Loo( TI ai, AN Pa ieee rey cet Call 


Dm(P) = ms. {lose 


ran 


(4.145) 


Then 
Delf) . i Uj aj 
EE Giusti) |= bj; — a;)™ Bm( — ) — Bm (t;) dt; } | - 
| vn(L1; 7 & )| <= m! y | J aj) ( - bj — 4; (tj) J 
(4.146) 
Comment 4.62. We observe that (see also [98]) 
1 1 (ea (44%) 
Ty(A;) = |B,(A;) — Bi(t;)|dt; = - + +S SF", (4.147) 
; 0 : Hise eal (bj — aj)? 
where \jy = 2“, j = 1,...,n. Notice that 
1 
L L hd = 4.14 
max, 1i(Aj) = (0) = (1) = 5, (4.148) 


i.e. when 2; = a; or b;. 
Thus we have 


Corollary 4.63. All here assumed as in Corollary 4.61 when m= 1. Then 


Fle1,..44%0)-z—— J, f (Sigcwy Si asin -ds,, 
iB (b; 4 aj) H levbal 
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< PED (50, -a;)). (4.149) 


j=l 
Inequality (4.149) is sharp, that is attained by fi(s1,-..,5n) := >> (8; — aj) when 


Lj; = aj, 7 =1,...,n, and by fo(si,...,8n) = > (b; — 83) when x; = bj, 7 = 
j=l 
1 


ore (7 


Proof. i) Case of a; = a;, j = 1,...,n. Then 5h aa a ae ee en BY 


eal = land D,(f1) =1. Clearly then we have 
1 n 
L.HS.(4.149) = R-H.S.(4.149) = 5 S 5 (0; — a3), 


proving sharpness. 


ii) Case of x; = bj, j =1,...,n. Then $2 = -1, j =1,...,n, ie. 52 


and D,(f2) = 1. Clearly we have 


=1 


Ie 


1 n 
L.HS.(4.149) = R.H.S.(4.149) = 5 S 7 (b; — a3); 


j= 


BR 


proving again sharpness. 


Comment 4.64. We observe that ([{98]) 


‘: 8 if... 
1n(A;) =| |B2(Aj) — Bo(ts)|dty = 34; (®) — 67(a) + 5: j=l,...,n, (4.150) 


where 
aj+b; 
xj - 
6;(@5) = ol x3 € |a;, 5). 
Also from [98] we have that 
1 


i.e. when 2; = a; or b;. 
We continue with 


Corollary 4.65. All here assumed as in Corollary 4.61 when m= 2. Then 


|ES (x1,...,%n)| < == S7(b; - 4;)?. (4.152) 


Inequality (4.152) is sharp, that is attained by f1(s1,---,8n) = >> (sj; — aj)? when 
j=l 
aj, j = 1,...,n and by fo(si,...,8n) = ai (383 — b;)° when x; = bj, 
shit 


w= 
j=l... 
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Proof. i) Case of x; =aj;,j =1,...,n. Then ait = 2(s; — a;) ah = 2, and 


> 
0x5 


SF ll. = 2, with Do(f) = 2. Clearly then we have 


1 
L.HS.(4.152) = R.H.S.(4.152) = = S "(bi — a)’, 


j=l 
proving sharpness. 
Dy 
ii) Case of a; = bj, 7 = 1,...,n. Then ae = 2(s; — b;) oe = 2, and 
ae = 2, with Do(f) = 2. Clearly again we have 


1 n 
L.HS.(4.152) = R.H.S.(4.152) = ¢ S > (bi — a;)?, 


i=1 


proving again sharpness. 


Comment 4.66. By [10] we have that 


max I3(A;) = I3 (= 4) = Iz (= 4) ue (4.153) 


0<\;<1 6 6 36” 
where 
1 
I3(A;) =| |B3(A;) — Bs(t;)|dt;, = 1,...,n. (4.154) 
0 
Consequently we have 


Corollary 4.67. All here assumed as in Corollary 4.61 when m= 3. Then 


|Ef(a1,...,2n)| < Ne aa (4.155) 


j=1 


Comment 4.68. We call 


1 
Tn(’s) = ff [Bn(2s) — Balt lat, (4.156) 
where Aj := rare j=1,...,n,m EN. In [35] we found that 
1 
Ig(d; [ Ig(1 —. 41 
mex, 140) = 10) = (1) = = (4.157) 


So we give 


Corollary 4.69. All here supposed as in Corollary 4.61 when m= 4. Then 


ice pe $< (bj — a;)* } . (4.158) 
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Inequality (4.158) is sharp, that is attained by fi(s1,.--,8n) := >> (sj; —aj)* when 
j=l 


Zi = aj, j =1,...,n and by fo(si,...,8n) = >> (8; —6;)* when a; = b;, 9 = 


j=l 
Ly ses 
Proof. Case of x; =a;, 7 =1,...,n. Then 
Of, O? fy OF fy O* fy 
oa A(sj — a;)°, da? 12(s; —a;)’, das ~ 24(s; — a5), oat 24, 
with || 2-4 || = 24 and D4(f) = 24. Clearly then we have 
lfc , 
L.H.S.(4.158) = R.H.S.(4.158) = = Dabs =a 
proving sharpness. 
ii) Case x; = 6), 7 =1,...,n. Then 
Ofe 3 OP fe 2 OP fe O* fo 
See A(s; — b;)”, On? = 12(s; — b;)°, Out = 24(s; — bj), Ont = 24, 


with D4(fo) = 24. Clearly again we have 


1 
L.HS.(4.158) = R-H.S.(4.158) = 3 S-(b; —a;)* }, 


j=1 


proving again sharpness. 


Comment 4.70. Inequality (4.144) is sharper than (4.77), however the integral 
Im(A;) (see (4.156)) in its right hand side, is difficult to compute and find its 
maximum value for m > 5. That is why (4.77) is more practical, also less restrictive, 
and we used it extensively here in the applications. 


Chapter 5 


More on Multidimensional Ostrowski 
Type Inequalities 


Very general multidimensional Ostrowski type inequalities are established, some of 
them prove to be sharp. They involve the || - ||.. and || - ||, norms of the engaged 
mixed partial of nth order n > 1. In establishing them, other important multivariate 
results of Montgomery type identity are developed and presented. This chapter 
relies on [23]. 


5.1 Introduction 


In 1938, A. Ostrowski [196] proved the following inequality: 


Theorem 5.1. Let f: [a,b] — R be continuous on [a,b] and differentiable on (a,b) 
whose derivative f’: (a,b) — R is bounded on (a,b), é.e., ||f’|lo = sup |f’(t)| < 
tE(a,b 


+oo. Then ; : ; (o — 248)? | 
az f tod- so) < F+ SF] 0- aisle, 64) 


for all x € [a,b]. The constant + is the best possible. 
Since then there has been a lot of activity around these inequalities with impor- 
tant applications to Numerical Analysis. 
This chapter is greatly motivated by the following results: 
k 
Theorem 5.2 (see [17]). Let f € C! (11 [ai, ul). where a; < bi; aj,b; € R, 
i=1 
k 


i=1,...,k, and let &o := (x01,---, ox) € [] [ai, bi] be fixed. Then 
i=l 


= [- Cf flere sender den = 10) 


Loi A (b; — X0i 
so (Sacer) las 


i=1 


(5.2) 


Co 


81 
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Inequality (5.2) is sharp, here the optimal function is 


ay 


», a, >I. 


k 
Pf Ziciy ee) = S- |z5 — Loi 
i=1 


Clearly inequality (5.2) generalizes inequality (5.1) to multidimension. 
We also would like to mention 


Theorem 5.3 (see [122]). Let f: [a,b] x [c,d] — R be a continuous mapping on 
[a, | x [c,d], fry = aot exists on (a,b) x (c,d) and is in Lp((a, 6) x (e,d)), te, 


1/p 
b d 62 x, Pp 
isan ( fo [ |S) aeay)  <400, p>, 


[ [ sHe.pasae 


d b 
7 C A) / f(,t)at + (d—e) ‘ H(s,y)ds — (d—0)(b- oe] | 


Then 


zg [eae eee ele [grams @-yr 

= qt+1 GFL 
for all (x,y) € [a, 6] x [c,d], where s+ ; =1. 

In this chapter we develop more Ostrowski type inequalities in the multidimen- 
sion, some of them are sharp. Along the way to establishing them we produce 
important side related results. Among others, one of the purposes of the chapter is 
to generalize Theorem 5.3, as far as possible, over x?_,,[a;, bi], n € N, where we have 


1/q 
| le 63) 


involved 2A") ~The main results are Ostrowski type inequalities involving 
the norms || - ||. and || - ||». Reference [62] provided us with important analytical 
tools. 


5.2 Auxilliary Results 


The following results are also by themselves of interest. 
We give 


Theorem 5.4. Let f: [a, A] x [b, B] x [c,C] — R be a continuous mapping on 
[a, A] x [b, B] x [c,C], and fr. = wae exists on |[a, A] x [b, B] x [c,C] and is 
integrable. Let also (x,y,z) € [a, A] x [b, B] x [c, C] be fixed. We define the kernels 
p: [a, AJ? — R, q: [b, B]? — R, and @: [e, C]? — R: 


s—a,s€ [a,2| 


p(x, 8) = ay E (a, Al, 
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— t—b,t€ [b, yl, 
a= {9 Bre GB 


eee 

hen : = 
ae = - i [> (x, s)q(y, t)O(z LV) fe (St, 7)dsdtdr 

(B—(C-9- Ha} [(B-9(C-9 f fone 
+(4-a(0-9 f setnars(a-g(B—o fr ae 
+ [ico (ae f(s 8, 2)ded 4 (B=0) [Of sownasa 
LAS G [ is flxt,r)atar] 
[fp is f(s,t,r)dedtdr =: O03. (5.4) 


Integrating by parts repeatedly we obtain the following eight equalities: 
ce py z 
/ | / (s — a)(t — b)(r —c) f0",,.(8, t, r)drdtds 


= (x—a)(y— d)(z fau2)—(y-Ne— 0) f° Fls.yz)ds 
Gas [fo featadt—(e- ay) [ feennar 

+ (2-0) [ff tetarttas + y-0 [ [ teunaras 

Ge) ‘ee ee f(st,r)drdtds. (5.5) 


Similarly, we have 
at (s — A)(t — B)(r — C) f(s, t, r)drdtds 
(A-2)(B-y(C— 2)f(2,y,2) — (B- yl o=af f(s.y.2) 
pane anette’ af 4 f(e,y,r)dr 
eS cna ff sotaqdtas+ (B- vf f Howe )drds 


B rc 


vanaf” [rennia ff" [reindraes 69 


Proof. 
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Furthermore, 


ie a [fe — a)(t— b)(r — C) fxi,n(s, t, r)drdtds 

= (x-a)(y-)(C-2)f(e if nite 
ition )dt — (x — a) Piet 

Si aoe )dtds + (y off f(s 

ss yarar— f° ff sto r)drdtds. 


— 


5.7) 
Also, 


i, [oe — A)(t— B)(r — 0) fst,r(8, t 7)drdtds 


A 
= (A-2z)(B—y)(z—oe)f(z,y,2z) —(B-—ye-o&) / f(s, y, z)ds 
B Zz 
- 2-9 f flet2)at—(A=2)(B-y) f slaynar 
A B A Zz 
( -o) f / f(s,t, z)dtds + (B -y | ‘| f(s,y,r)drds 


4+(A-2) ie [ teatarae— f° [ f(s,t,r)drdtds. (5.8) 
Next we find, 
[[ fe \(t— B)(r — C)ft%,(s,t, n)drdtds 
= (« — a)(B—y(C - 2)f(e,y,2) - = 2) [ f.weyd 5 


y(C — 2) f fets )dt — (a — a)(B- uf’ the r)dr 
a cea f [hee z)dtds + (B — vf f sor )drds 
y 
+(a—a) fof sewn njdrat— ff rk f(s,t,r)drdtds. (5.9) 
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Also, 


i: i [o — A)(t — b)(r — 0) f4,,,(8,t,r)drdtds 
= ayy — bz - c)f( (z- c) fon (s, Y,4 
—(A-2\(z- Saeann (A—2) iy ene 


4 off sow r)drds + (z “of fae )dtds 
+(A- seal f novo r)drdt — [ff 1600 r)drdtds. (5.10) 


= (= (B= Wle-ofen2)- B= e-9 f fo.v2)ds 

— a)( —6) f flet2ydt— (ea) f° slayrr 
(Cae eee #(6,4,2)dtds + (By) ‘a a faunas 
+(e-a) | : [ setnarat — f° i . [ fstnaratas. (6.11 


Finally we have, 


is is [e — A)(t — b)(r — C) fl", ,.(8, t, r)drdtds 
= (A—2z)(y—b)(C — 2) f(x on) [Hos 
as) “often \dt — (A—2) -» f° eed 
. of free gery of fn r)drds 
-of'f f(a, t, r)drdt — re f(s,t,r)drdtds. (5.12) 
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Adding all the right-hand sides of (5.5) — (5.12), we derive: 


A 
Big R.H.S. = (A—a)(B — b)(C — c) f(a, y, z) — (B — b)(C —c) | f(s, y, z)ds 


B C 
-(A-a(c-o) f flat, 2)dt—(A~a)(B 0) | Fania 
(Ose) a iis F(6%, aide (B=) an Ge tpailear 


(ama) ff setnatdr— f° f° J ptost.rydratas 


(5.13) 
Adding all the left-hand sides of (5.5) — (5.12), we find 
A pB pC 
Big L.H.S. = | | fl p(x, 8)q(y, t)O(z,r) fy), .(s,t, r)drdtds. (5.14) 
Clearly we have 
Big L.H.S. = Big R.HLS. (5.15) 


We have established (5.4). 


In general we state 


Theorem 5.5. Let f: x? [ai,b;] — R be a continuous mapping on xt, [ai, bi], 


and On" f(e1,- tn) 


8; — a4, 8; € [ai, 25] 
(04, 5;) = 
pil ie) i) e ==, bj, 8% E (x3, di], 


for alli =1,...,n. 
Then 


n O” f(s1 spake Sn) 
1, xn ea Il» (a s ) Os1 = 7,) S1 s 


Sn 


= iG _ «)) -f(@1,... | 


1250n) € 
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ee er eee oye oy nal a 


(6) a) | PSticcss Sykes Saas or das dop 
x4 [ai,bi] 


j=1 
: i 
+1" [ f(s1,.--, 8n)d81-++ dn =: 02,n. (5.16) 
x71 [ai di] 
The above @ counts all the (i, 7)’s, i < j andi,j =1,...,n. Also ds; means ds; 
is missing. 


Proof. Similar to Theorem 5.4. 


5.3. Main Results 


Here we present the consequences of Section 5.2. We have 


Theorem 5.6. Under the notations and assumptions of Theorem 5.4, additionally 
we suppose that || f0", ,|lo < +oo. Then 


8,t,r 


Il Fort rlloo 


[42,3] < aa -{((e—a)’ + (A—2)”)- ((y— 6)? + (B-y)”) 
‘((z—c)? + (C — z)”)}, for all (x,y, z) € [a, A] x [b, B] x [e, C]. (5.17) 
Proof. Notice that 


A B C 
asl = Paal < Uitte (f ptoniie) (| joo) ( | plait), 


Also observe that 


a 1 
J lle s\ids = {ea + (Aa), 


etc. 


The counterpart of the last theorem is 


Theorem 5.7. Under the notations and assumptions of Theorem 5.5, additionally 
we suppose that 


< +00. 


O” f(s1, seey Sn) 
Os vee O8n, 


| Co 
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[Eee tree rr 2 2 
am] < Soe Tee {TI i= ai)? +b; =) , 
for all (a1,...,%n) © X74 [ai, di). (5.18) 
Proof. As in Theorem 5.6. 


The Lp-analogues follow. 


Theorem 5.8. Under - notations and Co of Theorem 5.4, additionally, 
we assume that f%;, ,. p([a, A] x [b, B] x [c,C]), 4. 


tov=(f [fF 


where p>1. Then 


Ilfstsrllp 


ipa ie 
: ((z rs: oer air (C ae z)rtyay, for all (HY, 2) € [a, Al x [}, B| x [c, Cl; 
(5.19) 


O° f(x,y, 2) 


1/p 
7 OxOyOe De fa) < +00, 


[2,3] < soa) Ae (ig eye CB aye) 


where q is such that ae ; =. 
Proof. Notice that 


|02,3| = |91,3| a BRS DUET Taso 1) asaeee 


<[ i. Pa (x, s)| la(y, #)| 18(z, 7) |For (8, t, 7) |dsdtdr 


(by Holder’s inequality) 


<( if [ fu letras) 

3 ( i , | : | “eee itera) 
= Wille: { ( | : p(s) 3 ( i i loot) 

iter) ye 


= Iie {(Z a) 


q+1l 


(eee) (qaorteren sey 


qt+1 q+1 


1/q 
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The corresponding general L,-case follows. 


Theorem 5.9. oe the notations and assumptions of Theorem 5.5, additionally 


we assume that — € Ly(x,[ai, bil), ie. 
oO” NA S@, 
[Fe < +00, where p > 1. 
XY eee wn p 
Then 
| OP Porn) ll. 1/q 
\P2.n| < GRE {TI ri a;)tt" + (bj — =e} ; (5.20) 
i=1 
for any (@1,.--,%n) © XPy[a:, bi], and q: s+ - = 


Proof. Same as in Theorem 5.8. 


Remark 5.10. Equalities (5.4) and (5.16) can simplify dramatically, if for instance 
we suppose in Theorem 5.4 that there exists an (x9, yo, Zo) € [a, A] x [b, B] x [e, C 
such that 


f (zo, i) ‘) = f(-, Yo, ) = Gs 20) =0. 
Also in Theorem 5.5 we may assume that there exists an (x?,a$,...,79) € 
x, [a;,;] such that 


Fee toe ik re) iF (Wy ey ea, 25 alg Wt St Da eusy eyo.) = 0; 
for any (@1,..-,2n) € X#i,[a;, bj]. So in these particular cases we derive that 
62,3(Xo0, Yo, 20) = =f i fx f(s,t,r)dsdtdr, (5.21) 
and 
el Ce eee pa (-1" [ f(81,---,8n)ds1-+- dsp. (5.22) 
fer lac ,ds] 


Hence in these cases we have 


|42,3(20, Yo, 20)| = (s,t,r)dsdtdr} , (5.23) 


and 


|2,n(27, 29, eye ,2y)| = 


/ Fl Sixs.+4 Sn )dsi ods, 
x™ , [a:,bi] 


So piesa to Theorems 5.6 — 5.9 we get respectively: 


Ma, srlloo 


eps f(s,t,r)dsdtdr| < 


“fl 2-9) + (A — 20)*) - (yo — 6)? + (B — yo)”) - ((20 — €)” + (C — 20)?)} 
(5.24) 


90 ADVANCED INEQUALITIES 


and 


| pS) || 


< 
= Qn 


/ f(s1,.-+,8n)ds1-++dsy 
xTLy[ai,b:] 


Also it holds 


[OLE [eens 


| my 


serllp ; {[((xo - ajith 4 (A = to)¢t1) . ((yo ~. part + (B 3 yo)?*1) 


Pegler 
-((29 — o)*F1 + (C = 20) 1*1))/9}; (5.26) 
and 
| OP Porn) l. 
$1,-++,8n)d81+++d8,| < ote CEE ei UP 
= ae ' wee (q+ 1)r/4 
a 1/q 
{Tite - aoe + (0; — a! en] (5.27) 
i=l 


Finally we present the optimality of inequalities in Theorems 5.6 and 5.7. 
Theorem 5.11. Inequalities (5.17) and (5.18) are sharp. 


Proof. It is enough to prove that (5.18) is sharp. Here the optimal function will 
be 


F"(81,.--55n) =] [lsi—a8|*(i-— os), = a > 1, (5.28) 
where (2},2$,...,2°) is fixed in x”_,[a;, bj]. Notice here that 
f*(s1,--- ae ..-;8n) =0, for all j =1,...,n, and any (s1,...,8n) © XfL4[au, di]. 


Therefore by Remark 5.10, inequality (5.18) collapses to inequality (5.25). We see 
that 


O” f*(81,..-58n) on “ ; ; “ ; Oja—-1,; : 0 
eco ame (Ie.—«i) (iI i a 
and 


dO” f*(s1,...,8n) 
Os, a -O8n, 


=a". iG _ «)) . (11 33 — 29 |°- ' : (5.30) 


i=1 
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=Le7e=2) 


(Tome — 2? 2o — oye) ; (5.31) 


Consequently we find that 
oO” f* (s1, 124,58 
Os, °° -O8n 


i=1 
First we calculate the left-hand side of corresponding inequality (5.25). We have 


/ fie a reer n)ds;--- dsp 
ae 


71 [aide] 


I, - (b; ‘ . ee ds ,---d8y 
fer lai,ds] 1 i=1 


i= 


That is, = ie 
( The - a) “ +1 Oyatl 
L.H.S.(5.25) = ae (Th — aj)°*! + (6; — 2°) ) (5.32) 


And next we observe that 


an. (I (bi — a:)) - (II (max(b; — 2°, 2° — a;))*—?) 


{Theta +699}, (5.33) 


i=1 
Now let a — 1. We find that 


TI (i — a:) 
lim L.H.8.(5.25) = = ; ( 


2" i=1 
and 
A The 7 ai) - 0 2 
lim R.H.S.(5.25) = = - (Th — ay)? + (b; — 2°) ) 
That is, 


lim L.H.S.(5.25) = lim R.H.S.(5.25), (5.34) 


hence proving the sharpness of (5.18). 
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Remark 5.12. Another interesting case for (5.4) and (5.16) is to suppose that for 
specific (x, y, z) ((@1,.--,%n), respectively) all the marginal integrals of f are equal 
to zero. Then we find 


A B Cc 
62,3 = (A-—a)(B -—6)(C —c)- f(a, y, z) - ‘| / / f(s,t,r)dsdtdr, (5.35) 
and 


O2.n => (I = «)) : f(21, rear ,Ln) + (uf f(s1, i » 5 8n)dsy Lee ds». 


i=1 
(5.36) 
Hence inequalities (5.17), (5.18), (5.19), and (5.20) become again much simpler. 


Chapter 6 


Ostrowski Inequalities on Euclidean 
Domains 


The classical Ostrowski inequality for functions on intervals is extended to functions 
on general domains in Euclidean space. For radial functions on balls the inequality 
is sharp. This treatment relies on [56]. 


6.1 Introduction 


The classical Ostrowski inequality (of 1938) [196] is 


8) 
a [sw )dy — f(a)| < (i+ a )o-91F'e 


for f € C'([a,b]), x € [a,b], 
and it is a sharp inequality. This was extended from intervals to rectangles in R, 
N > 1, see [21], p. 507. For other recent results related to Ostrowski’s inequality, 
see [110], [126] and [199], [214], [231]. 
The extension to general domains in R is presented here. We deduce Ostrowski 


type inequalities on general bounded domains in RY, and the inequalities are shown 
to be sharp on balls. 


6.2. Main Results 


Let N > 1, B(0, R) := {2 € R®: |z| < R} be the ball in R% centered at the origin 
and of radius R > 0. Let SNY~! := {2 € R: |z| = 1} be the unit sphere in RY. 
Let dw be the element of surface measure on S%~! and let wy = Jgn—1 dw = 


N/2 
“(x . For z € R“ —{0} we can write x = rw, where r = |z| > Oandw = 2€ SN7?. 


2 
Note that [ BO _ — — is the Lebesgue measure of the ball. 
For fEc (B 5 


1 
fi = ToBO.R) = Foy, 
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and 


f f(rw)dw = d f(rw)dw 


WN JSN-1 


be the averages of f over the ball and the sphere, respectively. Here f can be real 
or complex valued. 
Let 


be the average of f(x) as x ranges over {y € R%: |y| =r}. Then 


N(f) = sup_|f(x) — f(r)| = IF - floc (6.1) 


«€ B(O,R) 


measures how far f is from being a radial function. More precisely, V is a seminorm 
on C(B(0, R)), and M(f) = 0 if and only if f is a radial function, ic. f(x) = g(r) 
for some function g € C((0, R]). 

We view how close f is to being radial by measuring N(f); the closer f is to 
being radial, the smaller M(f) is and conversely. 

Let 2 be a domain in R% and let 


Lip(Q) = {f € C@): |f(z) — f| < Klx—y| 
for some K > 0 and all z,y € Q}. (6.2) 


The Lipschitz constant of f € Lip(Q) is 
IIfllLip = inf{ A: K as in (6.2)}. 
Then X := Lip(Q) is a Banach space with norm 


f= [Iflloo + Flip = Ilfllx- 


Equivalently, X is the Sobolev space W1:(Q) (cf. [139]). 
We present 


Theorem 6.1. Let f € Lip(B(0, R)) = W'*(B(0, R)). Then for x = rw as above 


N+1 
fc) - f Flu)ds) <N(F) + oyllVilleo mt (FR -#)]. 
B(0,R) 


(6.3) 
The constants in (6.3) are best possible, equality can be attained for nontrivial radial 
functions at any r € (0, R]. 
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Proof. Let f € Lip(B(0, R)). Then 


J (a= f f(y)dy 


B(0,R) 
< se —Fool+| f sorwtyar Ay ff stout asa’ 
re 
<MA+ay f i Uflrw! ~ Ho 5%" di! 
oho 
< N(f) pmcaml ON sae 
= a i OF |lp~(B(0, a Snes al Get 7 x) MOE 


Then (6.3) follows since 


af 
[Z| <ivei. 


In es a stronger form of (6.3) actually holds in all cases, replacing ||V f||o 


by \|32 or vale Let r € [0, R] and g*(z) = |z —r|. We can view g* as a radial function 
on B(0, R). 
Then 
sign(z—r), z#r, O<r<R 
G(z)=¢ 1, r=0 
—1 r=R. 


Thus ||g*’||.. = 1. Therefore 


N f* Nd, - N-1 
L.H.S.(6.3) = |g*(z) — RN g*(s)s*~*ds| = ||z —r| — a | ls —rls ds 
0 0 
N QrNt1 R r 
etl — pw a haa Ges =)]| 
Also 


R.H.S.(6.3) = = ao if RS (SS = =)| ; 


Hence equality holds in (6.3) at z =r. 

Note that the function g*(z) = |z—r|, is in C1((0, R]) only for r = 0 and r = R; 
for 0 <r < R, g* € Lip([0, R]) — C'((0, R]). Of course for 0 < r < R, g* can be 
approximated by C! functions, namely gp(z) = |z —r|!+*. 
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Remark 6.2. A key step in the proof is the fact that we can evaluate exactly 
R 
Q(r) = if |s — r|p(s)ds 
0 


for 0 <r< R, where p is a nonnegative continuous function satisfying is p(s)ds 
1. In the Ostrowski case (N = 1), p(s) = %; in our N-dimensional case, p(s) 
N-1 


This works for many other cases including linear combinations of p(s) = 


I 


m 
>> a;s%, where a; > 0, q; > 0 (not necessarily an integer) and 


Rutt 


Dae Tqtl 1, 


j=l 


my 


p(s) = >> aje*8, where a; > 0, A; € R— {0}, 
j=l 


ee erik _ J 
dia (A) = 


j=l 
p(s) = sums of the form 
a,; sin(b;s + c;) + d; cos(ejs+ f;), 


where the coefficients are such that p(s) > 0 and ie p(s)ds = 1. 


The space Lip(Q) N Co(Q) consists of all Lipschitz continuous functions on 1 
vanishing on the boundary 02 of Q. Note that 


Lip(Q) N Co(Q) = {f € WE? (Q)N CQ): f =0 on AQ} 
(cf. [139]). 


Next comes a more general result when we consider functions over general do- 
mains. 


Theorem 6.3. Let f € Lip(Q) 1 Co(Q), where Q is a bounded domain in RN. 
Extend f by zero to F on B(O,R), the smallest ball centered at the origin and 
containing Q. Then for all x € Q, 


e i ty)dy] <.N(F) + A-= SCH an) | fs f tay 


N 2) wif <t |r| 
i Rw lV fllnca) “aa +R Na oN | (6.5) 


Proof. Let R:=inf{Ro > 0: QC B(O, Ro)}. Then 


0, az € BO, R)—Q, 
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satisfies 
F € Lip(B(0, R)) N Co(B(0, R)). 
Then for 7 € 2 
- frwra)|<|re)- f roral+| f roray- free 
) 


B(0,R) B(0,R) Q 


=At+dn, 


where 


and 


Ja = 


1 
topo B(0, R)) a ae ay) ft ia. 
By Theorem 6.1, 


N Biers R x 
KEME)+ pelle [pare TAT N) 


Vol(Q 
ae Lt oR B(0, a || feo 


This completes the proof of Theorem 6.3. 


and 


Remark 6.4. Note that \V(F) appears in (6.5). In this context, V(f) does not 
make sense. Also, V(F’) need not be small (of course, it is small if f is approximately 
spherically symmetric). 

Here is a simple example to illustrate that (Ff) can be large. Let ro € 9 and 
choose ¢ > 0, small enough so that B(ao,¢) C 2. Let f € C™~(Q) with f have 
support in B(xo,¢) and satisfy f(y) = g(p) where p = |y — xl, for0 < p<. 
Assume further that g is nonincreasing and g(0) = f(%o) = M > 0. Fix M, then 


0< f(eo) - f tlyty M =|[flleo ase 0+. 
Q 
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Chapter 7 


High Order Ostrowski Inequalities on 
Euclidean Domains 


The original Ostrowski inequality for functions on intervals estimates the value of 
the function minus its average in terms of the maximum of its first derivative. 
This result is extended to functions on general domains using the L°° norm of its 
nth partial derivatives. For radial functions on balls the inequality is sharp. This 
chapter relies on [57]. 


7.1 Introduction 


The classical Ostrowski inequality (of 1938) [196] is 


b 
—/ f(y)dy — f(z) 


Le ket ap)? ! 
Ss (1 oe (b—a)I|f’lloo, (7.1) 


for f € C'([a,b]), x € [a,b], and it is a sharp inequality. Further related work 
was done in [16]. Inequality (7.1) was extended from intervals to rectangles in RN, 
N > 1, see [21], p. 507. The extension to general domains in R% was done [56]. 

The resulting inequality was sharp, and equality was shown to hold for certain 
radial functions on balls. The right hand side included the factor ||V fll. The 
extension of (7.1) to high order derivative bounds on an interval was obtained in 
[21], p. 502. 

The purpose here is to extend the results of [56] and [21], p. 502, to the higher 
order case when ||V f||.. is replaced by pres ||D° f|l0o for W™* functions on balls 


and more general domains. The obtained inequalities are sharp on balls. 


7.2 Main Results 


Let N > 1, B(O, R) := {a € RN: |x| < R} be the ball in R% centered at the origin 
and of radius R > 0. Let SN~1 := {x € R%: |z| = 1} be the unit sphere in RY. 


99 


100 ADVANCED INEQUALITIES 


Let dw be the element of surface measure on S%~! and let 


i 7 N/2 
bears Wes o> TEND: 
For x € R% — {0} we can write « = rw, where r = |z| > 0 andw = 2 € SN}. 


Note that Ja R) dy = en R" is the Lebesgue measure of the ball. 


For f € C(B(0, R)) let 


1 
dy := ———__—— d 
f(y)dy Vol B(0.R)) Fig f(y)dy, 
B(0,R) 
and 
f f(rw)dw = a f(rw)dw 
eek WN JgN-1 


be the averages of f over the ball and the sphere, respectively. Here f can be real 
or complex valued. 
Let 


SN-1 


be the average of f(x) as x ranges over {y € RY: |y| =r}. Therefore 


N(f) = sup_|f(z) — f(r) = IF - flo (7.2) 


«€ B(O,R) 


measures how far f is from being a radial function. More precisely, V is a seminorm 
on C(B(0, R)), and M(f) = 0 if and only if f is a radial function, ic. f(x) = g(r) 
for some function g € C({0, R]). We view how close f is to being radial by measuring 
N(f); the closer f is to being radial, the smaller \V(f) is and conversely. 

Let 2 be a domain in R% and let 


Lip(Q) = {f ¢ C@): |f(z) — fF < Kle—y| 
for some K > 0 and all z,y € Q}. (7.3) 


The Lipschitz constant of f € Lip(Q) is 
| fllLip = inf{ A: K as in (7.3)}. (7.4) 
Let n € Z, = {0,1,2,...}. Define the Sobolev space W™*(Q) in the usual way: 
Ww™(Q) := {u: Q— C: the distributional derivative Du exists 
and is in L*(Q) for 0 < Jal <n} 
= {ue C0"! (): D°ue Lip(Q) for jal =n}. (7.5) 
This is a Banach space with norm 


= D* oo 7.6 
||| | ulln~@): (7.6) 
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(see [139]). Clearly W™°(Q) > C"(Q). 
The first main result is the following. 


Theorem 7.1. Let f @W™™(B(0, R)). Then for x =rw as above 


1 OPP EO) 4 
Don ie ee 


ml eal 
-(Beyore(e25) 


m=0 


4 llr(B(0,m)) “ (n dle 
ss n! » ("en ig N+n—-—m 


- i 3 (") coy) \ (7.7) 


m=0 


| = 


where n EN, By =0 or 2, according as n is even or odd. 
The constants in (7.7) are best possible, equality can be attained for nontrivial 
radial functions at any r € [0, R]. We remark that 


Of 
Or” 
and the larger bound ||D" f ||. replacing | ot lle gives perhaps a simpler version of 


the inequality (7.7). 
Proof. Let f ¢ W™°(B(0, R)). Hence 


< ||" foo = max |D* flee 


fe) f Fo)dy) <|fle)-FOl+] f slow de! 
B(0,R) SN-1 
R 
— Bead f(sw’)sN—1dsdu!’ (7.8) 
R 
eNO + gel f [ff Uw’) sous tas] aul] =U) +) 
: (7.9) 
We see by Taylor’s formula that 
n—1 of uu! 
Fou") — f(u") = S> TPO) 5 — yh + Ra-a(or8), (7.10) 


1ppk 
= k!Or 
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a a1 (tu!) a" F(ou!)\ (9-1)? 
° 0"? f (tw m—* F (pw s—t) 
Ee) ae ed ee Ae ee i BS eee ae 
for fixed w’ € SN! and all s,p € (0, R]. As in p. 500 of [21] we derive 
o” f 
Raa(p,3)| < Leelee — pl", s,p € [0, RI. (7.12) 


Consequently it holds 


= on f LE Fw 6 _ ak + Raa | a dus!| (7.13) 
ome k=1 
< | » 7 if Se (9k st] os 
if f ic TBs ojo’ (7.14) 
ae 
sea fo ™)(f"o-oremay 
_ lee Orr al B(0,R)) [ i= reas} cer a (7.15) 


To evaluate the integrals in (7.15) we use an elementary calculation as follows. 


Lemma 7.2. (i) 


A ones k “(k Eee 


(ii) 2 
n N+n-—m 
N-1 n n i enhy 
—r|"ds = -1 —_a 
fs |s —r|"ds es yr ae 
N+n 


— me (Ms, aan) 


m=0 
where n EN, By, =0 or 2, according as n is even or odd. 


Proof. (i) We see that 


R 
| s\—l(s—r)*ds 
0 


II 
om 
a 
DW 
2 
bi 
in 
Me 
Pie 
3 > 
ee 
| 
Nes 
3 
w 
ia 
3 
S 
3 
Se 
Q 
W 


k is R 
= S ( Jeane f gets 
m=0 mm 0 
k k RNtk-m 
~ e) ep) N+k—-—m 2°) 
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(ii) Using (i) twice, 
R r R 
p sN—1\5—r|"ds = if sN—li(r — s)"ds + fl s\—l(s—r)"ds 
0 0 r 
n N+n 
=-r ("eons 


m N+n-m™ 


n n ae RNt+n-m aes pN+n—m 
5S ee 


(") (1mm RNtn-m 


N+n-m 


Part (ii) now follows. 


Continuing the calculation in (7.15) 


n-1 


1 OF f(rw’) , , 
Lal f oe) 
2 k RNtk-m 
(Cores) 
lEaapeco. ts n iis RNtn-m 
a mt a ("in ’ N+n-—m™ 


ae 2 tie coy) \ (7.20) 


m=0 


by Lemma 7.2. Hence proving (7.7). 

Let n be even. Let f be a radial function so that f(a) = g(r). Then equality 
in (7.7) is attained by g(r) = (r — z)” for any fixed z satisfying 0 < z < R. We 
observe that g4)(z) = 0, 7 = 0,1,...,n—1 and g™(z) =nl, ||g™ ||. = nl. 

We look at inequality (7.7) evaluating the function at z: 


N R 
L.HS.(7.7) = => | (s—2)"s%~"ds 
R 0) 
(7.16) N a(n ge ues oe 
=" pw ("yn Ae arenes (7.21) 
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Because N(f) = 0 and 8, =0 the right hand side of (7.7) collapses to 


Me n N+n-—m 
RS) = ay » (”) coe) 


-x(S (Meo). cay 


That is equality holds in (7.7). Note that g € C"(B(0,R)) if z > 0, but g € 
Ww” ~(B(0, R)) — C"(B(0, R)) if z = 0. 
The optimal function in the case of n odd is 


g(r) :=|z-r7r|", O<r<R, zis fixed in (0, Rj. (7.24) 
Direct calculations show, for n odd, 
g™ (r) =n(n-1)---(n—k+1)|r— 2|/"*ag(r), (7.25) 
where 
az(r) = 1 if k is even, 


ag(r) =sign(r—z) if k is odd and r # z. (7.26) 


It follows that 
ge CO? (10, R)— {2c *((0,R)) 


and g™ € L*°((0,R)) with a jump discontinuity at r = z, whence g € 

w”~((0,R)). It follows that f ¢ W™*(B(0,R)). Moreover, g“)(z) = 0, for 

k=0,1,...,n—1 and |g (z+<¢)|  n! as e > 0 (with e 4 0). Thus ||g™ ||, = nl. 
The left-hand side of (7.7) is 


L.H.S.(7.7) = => |z—s|"s¥—1ds 
0 


7i7) N {a(n ciicn ee 
RN ( ("ya e N+n-—m 


2 3 (‘ore | (7.27) 


Since V(f) = 0 and n is odd, using the calculation on g given above leads to the 
conclusion that 


N I[ntf/Q(n Hom ie 
R.H.S.(7.7) = a a(> (") Ue aa 


= a> i cn) \ (7.28) 


Hence equality holds in (7.7). This completes the proof of the sharpness of inequality 
(7.7). The proof of the theorem is now complete. 


High Order Ostrowski Inequalities on Euclidean Domains 105 


Note that the extremal functions which give equality in (7.7) in the case of n 
odd are not in ae (0,R 
functions in C" (B(O, R) 0, R)), 


)). To find a sequence {f,} en of approximate extremal 
simply take f, (7) = g,(r), where 

g(r) = |z—- rrr, vEN. (7.29) 
Next we treat the case of r= R. 


Theorem 7.3. Let f © W™~(B(0, R)) such that $ ot ,k=1,...,n-1 vanish on 
OB(0,R). Then for all w € SN-}, 


Rll 5 ll (0,2) 


een (7.30) 


f( Ru) - f tly)dy| < Nf) + 


B(0,R) 


The constants in (7.80) are best possible, equality can be attained for nontrivial 
radial functions. 


Proof. Here from (7.7) we obtain 


f(Rw) — f fly)dyl <N) 


B(0,R) 
NR" aw (2)(-1)™ 
nt |lare cur =o, (ay 
: L=(B(0,R)) m=0 
since 1 — 6, = (—-1)”. 
Next, 
s- (") Cae ene? = ONE = Lye (7:32) 
m=0 ie 
by the Binomial Theorem. 
Integrate (7.32) over t € [0,1], the result is 
“(in (1) ; N-1 
————. = (- 1)” 1—t)"t’~ “dt 7.33 
Yo wien or fa-a (7.38) 
= (-1)"B(n4+1,N) 
nn(N — 1)! 
=(=1) (Nant (7.34) 
By (7.34) we derive 
n|| orf 
N-—1)! R lore late R)) 
NEP Cee =, 7.35 
(*) 1~(po,m) N+)! (N41) (N +n) oy) 


that is proving (7.30 
The function f(x 
or odd. 


oe 
arn 
). 
= 


g(r) = (R—-r)” gives equality in (7.30), whether n is even 
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7.3 Functions on General Domains 


The next result gives high order Ostrowski type inequalities functions on general 
bounded domains in RN. 


Theorem 7.4. Let f € W™°(Q) NC} 1(Q), where Q is a bounded domain in RX 
and Ci 1(Q) = {ue C"-1Q): D°u=0 on OQ for |al <n—1}. Extend f by zero 
to F on B(0,R), the smallest ball centered at the origin and containing Q. Then 
Few”@~(B(0,R)), and for alla =rwéeQ, 


fle)= ; study] <.N'UP) + (1 cma) | 7 Fu)ds] 


n-1 k 
N 1 OPP (ra). °| ke jaf He ee 
“ae Sal Ork iu!) » (Ren : (<<) 
k=1 gn-1 m=0 
||D” fll (a) n n yee RNtn-m 
. n! yy m epee N+n-—m 


— Bn 2 j) con) \ (7.36) 


m=0 


where n EN, By, =0 or 2, according as n is even or odd. Here 


|D” fll La) = alee |D° fll ta): (7.37) 


Proof. Let R:=inf{Ro > 0: QC B(0, Ro)}. Then 


Se (Fg? ae 2 
F(2) := " BOT ae (7.38) 


satisfies 
Few™~(B(0, R)) Ci '(B(O, R)). 
Then for x € Q 


Q B(0,R) 


a f F(y)dy — f tay =N+he, (7.39) 
Q 
where 


I= |F(a) = | F(y)dy (7.40) 
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and 


me =|(saaoR ao R)) saa = (wy 


= [1- anita 5 | [son Fy (7.41) 


Theorem 7.1 applies and we may replace i ae 


|D” fll t~(a 
The eek then follows. 


vallewec R)) by its majorant 
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Chapter 8 


Ostrowski Inequalities on Spherical Shells 


Here are presented Ostrowski type inequalities over spherical shells. These regard 
sharp or close to sharp estimates to the difference of the average of a multivariate 
function from its value at a point. This chapter relies on [47]. 


8.1 Introduction 


The famous Ostrowski’s inequality (1938), see [196], is 


b a — ot)? 
—/ f(y)dy — f(x)| < G+ | (b— a)|| floc, 


a)? 
for f € C'({a,b]), x € [a,b], and it is a sharp inequality. 

This was generalized from intervals to boxes in RY,N > 1 , see [17], [21], 
p. 507. Here we establish Ostrowski type inequalities over spherical shells. 

We present first the sharp results for the radial functions, then we move to the 
non-radial case. We use the polar method. 

The estimates in both cases involve radial derivatives of arbitrary order of the 
engaged function. 

At the end we give the connection of radial derivative to the ordinary partial 
derivative of the function. 


8.2 Main Results 


We make 
Remark 8.1. Let A be a spherical shell C RN,N > 1, i.e. A := B(0, Re) — 


B(O, Ri),0 <R, < Ro. 


Here the ball B(0, R) := {x € RX : |z| < R},R >0, where | - | is the Euclidean 
norm , also SN~1 := {x € R% : |z| = 1} is the unit sphere in R% with surface 
area WN I= Ao For « € RX — {0} one can write uniquely x = rw, where 


ps Vie oo, 
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Let f € C'(A). We suppose first that f is radial ie f(x) = g(r), where r = 
||, Ri <r < Ry. Clearly here g € C1([R1, Ra)). 

In general it holds || at lloo < || V flleo , with equality in the radial case. 

For F € C(A) we have 


Ro 
[Fe Jax = | F(rw)rs—'dr | dw. 
SN-1 Ry 


We notice that 


N ee ee 
PN _ pN “ds =1 8.1 
i aoRe is Meee (8.1) 
and 
N _ pn 
Vol(A) = ow Fa) (8.2) 
Let x € A. Then by using the polar method we derive 
Re N-1 
jo) — LaLa _ | ye Norn Une ewe" Pan) oy 
Vol(A) wy (RN — RN) : 
( pete {ini a =. ike (8.4) 
= |g(r) =| — Ss 
: wn (Re — a 
N Ra 
= |g(r) — (sar) | g(s)sN—1ds 8.5 
Ry = RN Ri ( ) 
N ie N-1 ne N-1 
=1( ss g(r)s as— [ g(s)s—*ds 
N Ra i 
= (a —) i (g(r) — g(s)) 8 "ds (8.6) 
N Re 7 
< (gear) ff lat) ate) Ys < 
N Ra 0 
(ara) Il f [pSalen tds (8.7) 
a ! N-1 = N-1 
= | RY RN I9'lloc i (r—s)s as+ [ (s—r)sX—!ds (8.8) 
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fe jp] any 
N+1 : 


So we have established the first main result. 


Theorem 8.2. Let f € C1(A) be radial, i.e. f(z) = g(r), Ri<r< Ro, cE A. 


Then 
Ja f(y)dy N a Ae 
— JATY)EY| a dit, 
Jn Vol(A) g(r) RY — RN] Jr, g(s)s s| < 
~ arN — (RN + RY) 
RN — RN IF loo |r A 
2 1 
RNt1 + RNt1 _ opN+l 
: faa (8.10) 
~ ae IV floc E ees 
2 1 
RN+1 4 RN+ _ olg|N+1 
: jh : (8.11) 


Optimality comes next 


Theorem 8.3. Inequality (8.10) is sharp. More precisely 
(i) it 1s asymptotically attained by g*(z) := |z—r|*, l<a<k, whenO<r< R. 
(ti) It is attained by g*(z) = (z— Ri), when r = Rj. 
(tit) It is attained by g*(z) = (2 — Re), when r= Ro. 


Proof. (i) We observe that 
g* (z) = alz — r|*~!sign(z — r) 
and 
lI" Ilo = a(mar{ Ry —r, r— Ri})°, 


along with g*(r) =0. 


We see that 
N a N-1 
L.H.S(8.10) = or | |s—r|*s\—"ds 
RY _ RY Ri 


a N AG 
os DN _ PN i |s—r|s%~"ds 
Ry _ Ry Ry 
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N rN — (RN + RN) RYT! + RY tt = arN41 


N N+1 
We also have 


N Se. 
R.H.S(8.10) = (oo) a(mar{ Re oe ve) (a Ry}) 2 


2rN — (RN + RY) BEERS eestor oN ana 
rv | OO _] + | — 
N Ne 


(ort = (RN + BN)) RP aR art (8.13) 
N N+1 aoe 


lim L.H.$(8.10) = lim R.H.S(8.10), 


proving sharpness for the case. 
(ii) We have g*(Ri)=0 and |l\g* loo = 1. 
Thus 


L.H.S(8.10) = (gc ar) f (s — R,)s%—1ds 


N Bets Res 
= (ata) — N41 -2 (2 = *) 


proving the attainability for the case. 
(iii) We have g*(R2) = 0, and ||g*’ lo. = 1. 
Hence 


= R.H.S (8.10), (8.14) 


Re 
L.H.S(8.10) = eee (Rz —s)sN—+ds = 
id. . RN — RN 2 


Ri 
N pr, (P2—Re Li ee 
RS Re N N+1 


proving attainability of last case. 


= R.H.S(8.10), (8.15) 


We would line to rewrite Theorem 8.3 for the equivalent inequality (8.10) in terms 
of f. We have 


Theorem 8.4. Let x € A. Inequality (8.10) is sharp as follows: 
(i) Let 0 < |a| < R, then it is asymptotically attained by 


f*(w) :=| lw lel [1 <ask. 
(ti) Let |a| = Ry, then it is asymptotically attained by 
f*(w) = |w| - Ri. 
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(wt) Let |x| = Ro, then it is asymptotically attained by 
f*(w) = |w| — Ro. 


We continue from Remark 8.1 into 


Remark 8.5. Now f € C"(A), n EN , again radial such that f(x) = g(r), where 
r= |al,2¢ A, Ri <r< Ry. Hence g € C"([Ri, Ry). 
Using the polar method we get again 


a f(y)dy N ye N-1 
— -— S| = | > or - ds}. 8.16 
B= [se - 42 Ol = (arma) [ff (or arses]. (6.16) 
Let s,r € [Ri, Re], then by Taylor’s formula we obtain 
n-1 (k) 
g(r 
a(s) — 9(0) = YOO — ny + Ry alrss) (8.17) 
k=1 
where 
Rea eae a (s°-@ _ g"-N(r)) (est) y (8.18) 
m—1\"> . 7 (n =. 2)! ‘ : 
As in [21], p. 500, we find 
(n) 
LRy-a(r,9)| < HP Hoot yg — ym, (8.19) 
Vs,r € (Ri, Rol. 
Therefore 
N Ra ( g(r) k N-1 
E= (yar) a > rl (s—r)" + Ry-1(7, 8) | 8° "ds (8.20) 


n-1) (k) Ro Ro 
« (getge) [OL | frente + [eae 
Ry — Ry k=1 Me ne ms 
n—-1 k 
N lg*(r)| k 
e —1)"r™ 
< (gran) » ki ey mJ" 
RYE — RET") goo fF at 
Ho —rl"ds|. 8.21 
( N+tk—m are he? Car el 


But one finds that 


Ro 
| ss —4|"ds 
Ry 
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. (") m n—m pee = Ree m Eee _ eencamill 
zs (| pr ase 
fm \m m+N N+n-—m 
(8 


Putting all the above together we have derived 
Theorem 8.6. Let f € C"(A),n EN, be radial, ie. f(x) = g(r),Ri <r < 


Ro, rE A. 
Then 


N RNtk-m RNtk-m 
< | a 
< (aay) 


— (k) “ (=Lyer 2 7 44 
WO item (NFR m 


n m m+N m-+N 
(n) (=1) n—-m {7 _ Ry 
+9 oo be m!(n — m)! . m+ N 
Re a pNtn—m 
SE — ——— 8.23 
bl ( N+n-—m ( ) 


OF f(x) S Girl (Ree = Re 
ork || 4 ml(k — m)! N+k—-—m 


(ate) {E 


en ay —4)m Ny gl rN _ RUN 
+ | solos : pl " ; 
T Iloo, 4 Lo ml(n — m)! m+N 
= RNtn-m _\|yr N+n-—m 
+ |" ee = )]}}- (8.24) 
We give 


Corollary 8.7. Let f €¢ C"(A),n EN, be radial i.e. f(x) = f(r), Ri <r < 
Ro, x € A. Suppose © aie. = g(rp) =0,i=1,...,n—1, for ro €[Ri, Ro], to = 
row € A, we SN-1, 

Then 


(n) 
= Nilo loo 
~ RY RY 
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prom tote 7 eee fe rm Rr 7 io (8 25) 
7 m+N Q N+n-—m , 
o” n 
_ N04 S- ae 
~ RN — RN A, m!(n — m)! 


m+N _ Rtn RNtn-m = N+n-—m 
|xo|"—-™ |xo| L + |vo|”” Rye = [eof ; (8.26) 
m+N N+n-—m™ 


We also have the extreme cases. 


Corollary 8.8. Let f ¢ C"(A),n EN, be radial ; f(x) = g(r), r € [Ri, Re], 7 € 
A,x = rw. Suppose that oie i = 1,...,n—1, are zero on OB(0, Ri), ie. 
g®(R1) =0,i=1,...,n—1. Then for x € OB(0, R1) we have 


Re 
= Soa = |o(Ri) — aye i, g(s)s"~'ds 


N n (al RNtn—m _ RNtn—m 
Oy ee ee ap) NE og try en So 
= (ea) Ig lhoe > m\(n —m)! + ( N+n-—m ear) 


m=0 
Ry — Ry a | RO m\(n — m)! N+n—m 
Another extreme case follows. 


fee) 


m=0 


(8.28) 


Corollary 8.9. Let f € C"(A), nEN, be radial; f(x) = g(r), r € [Ri, Re], x € 


barA;x = rw. Assume that FE) = 1,...,n—1, are zero on OB(0, Ra), t.e., 
g®(Rz) =0,i=1,...,n—1. Then for x € OB(O, Ro) we have 
1 f(y)dy N a N-1 
AE IEE SNS ee d 
se) ~ BEBO = lotta) — eae | als)s hs 


N n (-1)™ 7 RmtNn _ RUtN 
< (n) n—m 2 1 : 
- (oF uF) Ig Iloo > mln mi? ae (8.29) 


m=0 
_ N Oy “ (1) n—m oe z= Ae 
- (oc) IF Bea bs Gar ( m+N (830) 


Optimality follows. 
Proposition 8.10. Inequality (8.25) is sharp, namely it is attained by 
g(y):=(y-70)", y, To €[Ri, Re], when n is even. 
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Proof. Notice 


g*” (ro) =0, j=0,1,..., n—1 and lg" loo = nl. 
We observe 
L.H.S(8.25) ( al yf stig 
Al. : = | ————_—_| S—T1q)''s Ss 
ee Ry 

N n n RNtn—m — RNtnr—-m 
= ( ———_— Sg ———— ie 31 
(arta) |S (cone (SS @) 


Next we see that 


N 


x ("yy 


m=0 


pein _ i RE Fs i ee _ rrr 
m+N N+n—-—m™ 


m pN+n-m n—Mm pm+N 
ro Ry ro Ry 


| (8.32) 


ona N+n-—m m+N 
n+N - n m 1 1 
—1 ——_ — — ; 
The py ("yc ) aor sul} 28) 
“(ota )E Cor Ss 
RY — RN fore N+n—m 
7 er a z OR mie (Sead 
pe, ("yc ery (8.34) 
= N 3 n ( tog 
RB 7 | eae me N+n-—m 
n n RNtn-m 
_ = m,,m 1 ; 
Biel yng dF (8.35) 
n N+n—m _ pN+n-—m 
= ( = =) > (")a & Ry ) 
ky — Ry mao N+n-—m™ 
= L.H.S (8.25). (8.36) 


That is proving the claim. 
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The other optimal case follows. 


Proposition 8.11. Inequality (8.25) is sharp, namely it is asymptotically attained 
by g*(y) := |y—rol”'t%, y, ro € [Ri,R2], 1<a< T, in the case of n is 
odd. 
Proof. It holds g*)(ro)=0, k=0,1,...,n—1. 
Also we have 
(”) ont: 
g (y) =(n-1+a)(n—-2+a)--- (a+ 1jaly — ro|*~* sign(y — 10). 
That is 


4 () : a- 
ow) = | TI @-s+e)] y= rol, 
j=l 
and 
g(r 2 ; am 
| g MW as [[@ —j+a) }) (mar{R2— 10,70 — Ri})**. (8.37) 
oo jel 
Consequently, 
N Re —l+ta.N-1 avl 
N re N-1 
ne |s — ro|"s°\* ds (8.38) 
€; =< RN Ri 
N n n prtN = RUN 
pay — ym n—m 0 1 8.39 
Gr) Eon | (ar) 
Bee _ pre 
() | ———_—_—_—__ =! Ul. A 
an) ( N+n-—m™ . (e20) 


Next we derive 


n! 


Pay . m+N 0 N+n-™m 
(8. 


41) 
= (atm) {E(neor 


m=0 


m+N _ m+N N+n-—m™ N+n-—m™ 
pe OE) age (ae Oe (ea) 
m+N N+n-—m™ 


That is, D.H.S (8.25), R.H.S(8.25) — ju, proving asymptotic attainability and 
sharpness of (8.25). 
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Optimality of external inequality (8.25) follows. 


Proposition 8.12. External inequality (8.25) is asymptotically attained, that is 
sharp as follows: 

(i) when n is even, then optimal function is f*(w) := (|w| — |xol|)",w € A. 

(ii) when n is odd, then optional function is f*(w) :=| |w| — |ao| |?~1t*, 1 < 
a<T, we A. 

Similarly we obtain 
Proposition 8.13. Inequalities (8.23), (8.27) and (8.29) are asymptotically at- 


tained, therefore sharp, as inequality (8.25). 
A simple but general result follows. 


Theorem 8.14. Let 0 4 R be a convex bounded region of RN,N > 1. Let f € 
C'(R). Then 


Jy f(u)dy dl mile 


ae Vol(R ai |x — yldy,x € R. (8.43) 


fe) - 


Proof. We observe that 


diaaitonil voter) — fron 
= TaD 7 [ue o (8.44) 


< Tae rae I, [f(z y)|dy 


= (z belongs to the line segment from x toy) 


1 
ray [II @- leu (8.45) 


< pay f[IWF@Ile-wlew < FAS fe vlay. (86) 


Specializing on the shell and sphere we have 


Proposition 8.15. Let f € C!(A), or f € C!(B(O, R)),R > 0. Then 
(i) 


Je seam — ae oa [ seve 


NT(3) 


= InN/2(RN — RN) IV Flloo I ljz—yldy, «eA; (8.47) 
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also it holds 


(i 
nr(¥) Nr) 
eee ee ae yd 
Fo) sexe fo SOM S sexys Fl fit oly 
x € B(O,R). 


More precise Ostrowski type inequalities for general, not necessarily radial func- 


tions, follow. 
Theorem 8.16. Let f €C'(A), ce A,x=rw, r>0. Then 


fe) = sae < fee) 2 fous Aryl 


ey eee: Mie bce 
RY — RV Or |, 


Bee ee tig Neh 


E re 


_ T(4) en f(rw)dw 


N 
f(z) 7 N/2 a (aa) IV floc 


Q\ael\N — (RN N N+1 N+1 _ 9)4|N+1 
[i ( jel ~ (Ri AH), (4 + RS — 2/a ~ Ce 


N N+1 
Proof. Applying internal (8.10) to f(rw) we get 


stra) — (gear) f° How)e* as 


N N 
Ry > Ry Ri 


“(getgn) [te] (ose) 
ais freM _ RY Or co, r€[Ri, Re] ev 


7 — + BRT _) 


(8.50) 


N+1 


N of 2|2|" — (RY +.R2’) 
<(—y* 5) Yi) (PA 
Ry — Ry Or | oA N 


RN+1 4 RN+1 — alg |N+1 
+4 jo ; (8.51) 


N+1 
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Hence it holds 


Sgn 1 f(rw)dw N ee N-1 
WN ~ wy(RS — RN) = Ri a a 


< (aa) lar 
~ UURR — RN } || ar 


ANT RMT OlgiNtt 
+ es a ee ; (8.52) 


[i (eC) 


proving the claim. 


We continue with 


Theorem 8.17. Let f<eC"(A), neEN, xe A, x=rw, r>0. Then 


x TW )aW 
re) 7 aaa < i _ sella 


N rey (=. 
+ (arene) { sees te (/. 
2 1 k=1 SN=4 
oe rial" Re = Ree 
N+k-—m 
2 a ee gee = oe 
2s m!(n — my)! m+N 


m=0 


ss RNtn-m —lyr N+n-—m 
te ——ea| ! | 393) 


Proof. Applying internal (8.23) to f(rw) we obtain 


OK f 
Lr) | aw) 


orf 
Or” 


N Me N-1 
ie _ (ar) . f(sw)s” “ds 


N n—1 
< —S 
Gres 


Ree _ Reine Fé 
N+k—m 


OF f (rw) 


~ Ork 


~~ set a 
ew ale m!(n — m)! 
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m+N _ RUN RNtn-m sw N+n—m 
[ler (eS) i Garreredl| \. (854) 


Therefore it holds 
14) 1 
In N/2 = Frw)de — Ta) io 4 
Pt ee T(N/2) 3 | OF f(rw) 
= Ro = RY QnN/2 kel a1 Ork 
\ ale Here = Revie 
ame N+k-m 
aaa | haa m eee — RPT’ 
m+N 


m= 


yr _ lee eae 
m ee 8.55 
+2 > —s ? (8.55) 


Proposition 8.18. Let f €¢ C"(A), n € N, such that of. i=1,...,n—1, are zero 
on OB(0,70), ro € (Ri, Re). Then for xo € OB(0,7r9) we have 


Fro) BEAR < [pray FE  plroeyt 


N anf eee efi ake 
i (aay) IZ a > ml(n — m)! et ( m+N 


RNtn-m _ N+n—m 
+eol | | (8.56) 


“ 


rll. 
Or” 


‘ 


proving the claim. 


We also give 


N+n-—m 


Proof. Applying internal (8.25) to f(rw) we find 
Re 


f(row) — (aa) f(sw)s*—'ds 


Ri 
< 
= \RN— RN 


anf 
Or” 


ee cei 
sd > m!(n — m)! 


m=0 
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n—m [eg nett = Ree m Reve _ eg re 
et [a VE = cage ee 
Therefore 
T(4) 
QnN/2 Wes P(row)dee — Fay racy | fey 


N oO" f “ eb n—m Fc = eas 
= (aya) le 7 Sa et (aS 


m=0 
us RNtn—m _ Leg rere 
+|xo| (ae : (8.58) 


We present the extreme cases. 


Claim is clear. 


Proposition 8.19. Let f € C"(A), né€N such that 2 of, i=1,...,n—1, are 
zero on OB(0, Ri). Then for x € OB(0, Ri) it holds 
Sa fly)dy T(z) 


eo) =F eae < es) = SEI Tes f(Riw)dw 


N “ ot a m Upon — Reese 
+ (ge a) FI. » m!(n—m)! 1 ( N+n-—m (8:59) 


m=0 
Proof. By internal (8.27). 


We finish the main results with 


Proposition 8.20. Let f €C"(A), n€N, such that 2 
zero on OB(0, Ro). Then for xo € OB(0, R2) we find 


ra 
< f (xo) — aan |, f(Row)dw 


” —1)”" n—m Ree 7 regu 
mips aoa ( m+ N ) a ED) 


m=0 


= a=1,...,n—1, are 


pan 
RY — RN a 


Proof. By internal (8.29). 


The radial derivatives appearing in the right hand sides of the inequalities can 
be expressed and estimated by regular partial derivatives in terms of 71,...,@N. 
See Addendum next. 
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8.3. Addendum 


Let u € C"(B(0,R)), the open ball B(O,R) C RX,n,N € N. Here x = 


(a1,--: , an) € B(O, R) and the radial derivative of u is given also by 
ou) = Vu(x)- aS x #0. 
Or |x| 
That is, 
Ou(2) i ee Ou(2) 
SAE gssteae, ne 61 
Or |x| (>. Ox; a een) 
In general for 1 <1 <n it holds (by induction) that 
O'u(z) 1 I! d'u(z) k; 
afd. Cp eG 0. 
dre Jal! as TH ky! TN 08a, 9 | 7% 7 


(8.62) 
For example, when n = N = 2 we obtain 
07u(zx) 1 [O?u(xz) 4.  .20?u(zx) Gulz) » 
ore =| Oat "3 Ox Beg 1? * Ba? i. ZO ie-82) 
Thus we find 
d'u(z) I! d'u(x) 
| art | = ~ Xf! |T%,o%, |" *” ee) 
ka;..ckn DNL, kgalejyezy ITNT J=1 7 
or better in brief, 
l 
O'u(x Solio 
| ur) < (>|) (u(x)), (8.65) 
i=1 . 


all « € B(O, R) — {0}, al l <i <n. 
So if all the u partial derivatives vanish then the corresponding radial derivative 


is zero. Consequently, from (8.65) it holds for the essential supreme || - ||. that 
l 
Ou anal) 
a < — (w) < +00. (8.66) 
| Or" ||. BUR) (>: Ox; _ 


II. Continuing and specializing in the study of higher order radial derivatives of 
radial functions. 
Let now u be radial ie. u(x) = g(\z|) = g(r); wz=rw, reRy, we SX-}, 
Here we will suppose « 4 0 and N = 2. Let further 71,22 4 0, then by chain rule 


one has 
Ou r Ou r 
f = — ——— SE SS h = 2 2 7 
g(r) Aa ee where r= 4/a7 4+ x5 (8.67) 
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That is, 
i. 1 | Ou lel du |2| 
gH 5 oe ae one nal (8.68) 
So one has 
Ou(x 
IVu(x)| = Io'(r)| = |], (8.69) 


for any x € B(O, R). 
But if u radial, not necessarily gu is radial. Here we put 21 = rcos0, x2 = 
es 
rsin@. Again for 21,72 #0 and via chain rule we derive 


_ u(x) | u(x) u(x)  O?u(zx) 


uF = tan@ = tO. : 
g(r) Ox} O2r2021 ane 0x3 021 0x2 cope ei) 
That is 
ii 1[O?u(xz) d?u(x) 0? u(x) 
== tO)| . 71 
g(r) 3 | On Oa Dna, (tan 6 + cot 0) (8.71) 
Or better, by using the Laplacian A we find 
1 2 
g(r) = <Au(a2) + ous) csc(2 6), (8.72) 
2 0x1 0x2 
or 
” 1 u(x) |z|? 
j= A % 
g(r) =5 (Au(o) + SE) (8.73) 
X1,X2 x 0. 
Similarly, one has that 
OPu(x) u(x). u(x) sin? @ 
mw _ ies Se Ne ase 
f(r) = On3 cos 0 + "abe sin Daze, cost’ %1,%2 #0. (8.74) 
Also we get 
PBu(zx) u(x). u(x) cos? 6 
Mp) = tO ie ee ; 
g(r) ax10x3 °° 7 O73 a Ox7 Ox sind’ eae Oye) 
That is, by (8.74) and (8.75) we have 
i 1 [O8u(az) u(x), 
g(r) 3 | On3 cos 6+ is sin 6+ 
u(x). PBu(zx) u(x) sin?0 u(x) cos? 
6 6 —— 0. 
te ae Ox 0x3 ad ) + 3e202, cos0 Ox? 0x2 = 122 F 
(8.76) 
Clearly, it holds 
fp 1 ee 2,  Ou(zx) x2 
QQ) 6 oo eTCee- —_—_—_—_—_ —_ 
g(r) 2| da? |e Ox3 |2| 
u(x) ( xt a) u(x) ( 23 ry 
— | — H+ 2 — | — 4+ 2— 0. 8.77 
Betae; (aaa Tat) * Sato (aral*?m) | oeeeo TD 


Not general formula, as in (8.62), can be derived for g(r), 1 € N, in the radial 
case. Of course (8.62) is valid for both non-radial and radial cases. Notice in (8.67), 
(8.70), (8.74) and (8.75) are used less number of terms than in the corresponding 
non-radial cases. 


Chapter 9 


Ostrowski Inequalities on Balls and Shells 
Via Taylor-—Widder Formula 


The classical Ostrowski inequality for functions on intervals estimates the value of 
the function minus its average in terms of the maximum of its first derivative. This 
result is extended to higher order over shells and balls of RN, N > 1, with respect 
to an extended complete Tschebyshev system and the generalized radial derivatives 
of Widder type. We treat radial and non-radial functions. This chapter relies on 
[42]. 


9.1 Introduction 


The classical Ostrowski inequality (of 1938, see [196]) is 


a+b\’ 
(aoe tee 


for f € C'([a,b]), x € [a,b], and it is a sharp inequality. This was extended to 
RY, N > 1, over balls and shells in [56], [57], [47]. Also this extension was done 
over boxes and rectangles, see [21], pp. 507-520, and [17], and [16]. The produced 
Ostrowski inequalities, in the above mentioned references, were mostly sharp and 
they involved the first and higher order derivatives of the engaged function f. 

Here we derive a set of very general higher order Ostrowski type inequalities 
over shells and balls with respect to an extended complete Tschebyshev system (see 
[163])and generalized derivatives if Widder type (see [243]). The proofs are based on 
the polar method and the general Taylor-Widder formula (see [243], 1928). These 
results generalize the higher order Ostrowski type inequalities established in the 
above mentioned references. 
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9.2 Background 


The following are taken from [243]. Let f,uo,ui,..-,Un € C"™!({a,b]),n > 0, and 
the Wronskians 


Wi (x) := W[uo(x), ui(a),..., ui (x)] = . > ,t=0,1,...,n. 


ug? (x) uf? (a)... w(x) 
Assume W;(a) > 0 over [a,b]. Clearly then 
bo(a) = Wo(x) = uo(x), d1(x) : TWotayer Fl ): Wiley)?” 


i = 2,3,...,n, are positive on [a,b]. 
For 7 > 0, the linear differentiable operator of order 7: 


Lif (x) = W,_1(2) ’ +57 a 1; 


Lof(x) := f(x), V x € [a, dB]. 


Then for i=1,...,2 +1 we have 


_ d 1 d 1 d d 1 d f(z) 
PE) ODO) NYS) ds Grate) de" de Fx(@) Be Go2) 


Consider also 


uo(t) — ur(t) u(t) 
a 1 u(t) uy (t) u;(t) 
gi(x,t) i= ae 
Wi(t) ul) (4) wf) GD yy 
uo(x) ui (x) uj (x) 
fons _ Uo(x) 
¢=1,2,...,n; go(a,t) = ey! V a,t € [a, db}. 


Note that g;(z,t) as a function of x is a linear combination of uo(x), ui(2), 
...,U,(@) and it holds 


gi(2, t) 


zi CR a or(e) i = | oes) i Fe BV aa din 


1 2 7 
a oe | do(s)... di(s)gi-1 (a, s)ds, i= 1,2,...,n. 


Example 9.1. ([243]). The sets 


{1,2,27,...,2"}, {1,sin x, —cos 2, —sin2zr,cos2z,...,(—1)"~' sin nz, (—1)” cosnz} 
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fulfill the above theory. 
We mention 


Theorem 9.2. (Karlin and Studded (1966), see p. 376, [163]). Let uo, u1,...,Un € 
C™([a,b]), n > 0. Then {ui}*_5 is an extended complete Tschebyshev system on 
[a,b] iff Wi(a) > 0 on [a,b], i=0,1,...,n. 

We also mention 


Theorem 9.3. (D. Widder, p. 138, [243]). Let the functions 

f (2), uo(x), u(x), Sat ,Un(z) € Cc’ ([a, b]), 
and the Wronskians Wo(x),W1(2),...,Wn(x) > 0 on [a,b], x € [a,b]. Then for 
t € [a,b] we have 


fe) = Oe COG) Los LORE ERO, 


uo(t) 
where 
Ra(a) =f gnlx,s)Lnaaf(s)ds. 
t 
For example one could take uo(x) = ¢ > 0. If u;(x) = x’, i=0,1,...,n, defined 


on [a, b], then 


Lif) = FC) and gi(e,t) = ST 


So under the assumptions of Theorem 9.3 we get 


, te [a,d. 


Fla) = 1) BS + Vestedolou) + f anleEnerflOde, ¥ avy € (a,b) 


(9.1) 
If uo(#) = c > 0, then 


f(x) =f) + do Lif y)gi(z,y) +f In(&, t)Ln4if(tdt, V x,y € [a,b]. (9.2) 
i=1 y 

We call L; the generalized Widder-type derivative. 

We need 


Notation 9.4. Let A be a spherical shell C RY, N > 1, ie. A := B(0, Re) — 
B(O, R1), 0< Ry < Ro. 
Here the ball B(0, R) := {a € R% : |x| < R}, R > 0, where | -| is the Euclidean 


norm, also SN~! := {x € RY : |z| = 1} is the unit sphere in R% with surface area 


Qn Ni? ; 
WN I= TUN)" For « € RN — {0} one can write uniquely x = rw, where r > 0, 
we GN-1, 


Let f € C™t1(A), n > 0. If f is radial ie. f(x) = g(r), where r = |a\, 
Ri <r < Ro, then g € C"*1([Rj, Ro). 
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For radial f define 


O:f(z):=Lig(r), all t=1,....n+1, VreEAd. (9.3) 
Here 
(4) (mp) — = 
g (r) Or? ? a 1, Ni Pa 1 


For F € C(A) we have 
Ro 
[Fr F(«)dx =| F(rw)r%—'dr | dw. (9.4) 
SN-1 Ry 


We notice that 
N Re 
ar | sN—lds = 1, (9.5) 
2s DML Ri 
and 
wn (RY — RN) 
Vol(A) = ———+~—_—. 
ol( A) 


9.3. Results on the Shell 


We make 
Remark 9.5. Let here uo,ui,...,Un € C"*!([Ri, Re]), and Wo,Wi,...,Wn > 0 
on [R1, Re], 0 < Ri < Ro, n> 0 integer, with uo(r) =c> 0. 

Let also f € C"*+1(A). We suppose first that f is radial, i.e. there exists g such 
that f(x) = g(r), r=|z|, Ri <r < Ro. Clearly g € C"™*([Ri, Ro). 

Let « € A. Then by using the polar method (9.4) we obtain 


Ro 
f(y)dy N _ ( Hiss’) dw 
E(2) Ll ANP) est Et ee 110) 


~Vol(A) wn (RY — RW) 


Ro 
N | g(s)s%—"ds | dus 
SN-1 Ri 


wn (Ry! — RW) 
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_ N 
LRN - RY 


Let s,r € [Ri, Re], then by generalized Taylor’s formula (9.2) we have 


Re 
| (g(r) — 9(s))s¥—4as] =: (*). (9.10) 


Ri 


9(s) — g(r) = 9° Lig(r)gi(8,r) + Ral, 8); (9.11) 
i=1 
where 
R,(r, 8) = a 9n(s,t)Ln41g(t) dt. (9.12) 
But it holds : 
Hear s)1<| f° lan(stlet Mon sata al (9.13) 
By calling 
Nn(r, 8) = a lgn(s, t)|dt}, V s,r € [Ri, Rol, (9.14) 
we find 
|Rn(r, 8)| < Nn(r, s)|Ln+19lloo,tri.Rel> V 8,7 € [Ri, Ro]. (9.15) 


Therefore by (9.10), (9.11), we have 
N 
= (art ap) 
N 
ae (ae ec 
< (arma) E 


by (9.15) ( N ) 


n 


Ro 
if bs Liglr)gi(s,7) + R(t) 


Rr i= 
Ro 
+ |Rn(r, s)|sN—1ds 


s\—lds (9.16) 


Reo 
i CNC age 


Ri Ri 


n Ro 
Ee het SS al | gi(s,r)s"—ds 
ny — pw) | : 
Ro 
+((Enaallooses.at) f~ No(rs)s~*ds} (9.17) 
1 


We have established the following result. 


Theorem 9.6. Let uo,u1,.--,Un € C™t([Ri, Rel), Wo,Wi,...,;Wn > 0 on 
[Ri, Re], 0 < Ry < Ro, n > 0 integer, with uo(r) = ¢ > 0. Let f € C™+(A) 
be radial, i.e. there exists g such that f(x) = g(r), r=|z|, Ri <r< Ro, EA. 


Then 
E(e) = ee os = |9(r) - (ate) i  ofs)s "as 


y) 
Vol(A) 
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- N 
* RY = BF 


Re 
+((lonrallo.Rra) Nnl(r, oa (9.18) 
1 


_{ N 
«RY RY 


Re 
+(ns Fllcca) fp lla] 


n Ro 
So Li9(r)| | ails, r)s¥1ds 
i=l Ri 


Seis la) fe 4i(s, [2l)s” ds 


t=1 


We give 


Corollary 9.7. Same terms and assumptions as in Theorem 9.6. Suppose further 
that Lig(ro) = 0,i=1,...,n, for a fired ro € [Ri, Re]; considered all xy = row € A, 
for anywe SN-}, Then 


IA 


N di N-1 
sn pn } (Ln oo Nn (70, mc! 
(spe) Mensa) { f Nolo, s)s tas 


1 


Ro 
= (pgp) (Orta leo) ( [ lls) (9.19) 


Interesting cases also arise when rp = R,; or Ro. 
We continue Remark 9.5 with 


Remark 9.8. Let now f € C™t!(A), n > 0,2 € A, x = rw, r > 0. Clearly 
for fixed w € SN~1, the function f(rw), r € [Ri, Re] is radial, it also belongs to 
C’**([Ri, Ra). 

By applying internal inequality (9.18) we obtain 


ie — (setae) [fous las 


So (Lif -w neo fe gi(s,r)s ‘ds 
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Ro 
+(||Lntif(-)|loo,[R1,Re]) Nadel (9.20) 


aL 
For non-radial f we define again 

6: f(x) = O:f(rw) := (Lif(w))(r), all i=1,...,.n4+1, Vee. (9.21) 
Here the involved 


Of(rw) _ O' f(x) 


eck Se) a=1,...,n4+1, 
are the radial derivatives. In a sense 6; is a generalized radial derivative of Widder- 
type. 
Hence 


N 
R.H.S.(9.20) < | ————; 
020) < (ar ap) 


Ro 
iy gi(s,r)s* tds 


Ri 


Yo lo. F(rw) 


Re 
+ [nestles f lls) (9.22) 


Therefore, by (9.20) and (9.22) we have 


r() 


1 
aye [i frye raw | fey 


wr 1 (f.., e.s(rw) law) i gi(s,r)s\ ‘ds 


Re 
+0neafloa | lls , (9.23) 
Ri 


We have established 


J N 
~ RY RY 


Theorem 9.9. Let uo,t1,.--,Un € C”*([Ri, Rel); Wo,Wi,...,Wn > 0 on 
[Ri, Re], 0 < Ry < Ro, n > O integer, with uo(r) = c > 0. Let f € C™+(A), 


xe A;2r=rw,re (Ri, Ro],we SN-1. 
N 
T (F) Jgn—1 f(rw)dw 


Then 
< £4 
Vol ~Vol(A) | — f(2) PT ene 


N 
"(Z) (e 
a 2 
¥ (arta) QnN/2 > (= 0; f (rw) |dw Me gi(s,r)s% ds 
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Ro 
+lOnsafllooa f N,,(\a|, oa ,Vaed. (9.24) 
Ry 


We give 
Corollary 9.10. Same terms and assumptions as in Theorem 9.9. Suppose that 
O:f (row) =0, i=1,...,n, for a fired ro € [Ri, Ro], Vw € SN; 


also consider all xy = row € A for anyw € SN-!. Then 


| f(y)dy r (> i f(r») 
E(xo) = | f(xo) — Vol(A) | = f (xo) — COTTE 
Re 
+ nce) WOn+if lloo,A (/. Sls) ' (9.25) 


When ro = R, or Ro is of special interest. 


9.4 Results on the Sphere 


Notation 9.11. Let N > 1, B(0,R) := {x € RN : |x| < R} be the ball in RX 
wry RN 


centered at the origin and of radius R > 0. Note that Vol(B(0, R)) = 


Let f from B(0, R) into R and consider f be radial, i.e. f(x) = g(r), where r = 
|z|,0 <r < R, we assume g € C"*1((0, R]), n > 0. Clearly then f € C(B(0, R)). 
For F € C(B(0, R)) we have 


is F(x)dx = f. (" Frwy’) dw. (9.26) 


We notice that 


—_ | sN-lq5=1. (9.27) 
0 


The operator 6; in the radial case, is defined as in (9.3), now Vx € B(0, R). Inthe 


non-radial case, for f € C"*1(B(0, R)), 0; is defined as in (9.21), Vz € B(0, R)—{O}. 
We make 


Remark 9.12. Let here ug, ui,...,Un € C"*1([0, R]) and Wo,Wi,..., Wn > 0 on 
(0, R], R> 0, n> 0 integer, with uo(r) = c > 0. 
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We again first suppose that f is radial on B(0, R), i.e. there exists g such that 
f(z) = g(r), r = |z|, 0 <r < R. Assume further that g € C"t1([0, R]). Let 
x € B(0,R). Then by using the polar method (9.26) we obtain 


R 
N | g(s)s"— ‘ds | dw 
gnx-1 \Jo 


Vol(BO0, R)) on RN 
(9.28) 
= |otr) — Be [ators tas] 22? FFL (a(e) — alana] =: 
(9.29) 
Let s,r € [0, R], then by generalized Taylor’s formula (9.2) we have 
as) — g(r) =} Lig(r)gi(s.r) + Rn(r,s), (9.30) 
i=1 
where 
R,(r, 8) = i 9n(S, t)Ln+ig(t)dt. (9.31) 
But it holds : 
Hn(r.9)1 S| f lon(o,2let| [nso (9.32) 
By calling 
Nn (1, 8) = (s,t)|dt}, Vs,r € [0, RI, (9.33) 
we find 
|Rn(r, 8)| < Nn(r, 8)||Ln+19lloo,(0,R, V 8,7 € [0, RI. (9.34) 


Therefore by (9.29) and (9.30), we have 


R n 
(«) = i, > Lig(r)gi(s,r) + Rnlr, | s\-lds 


RN 


N 


< Rw 


R 
oS : Lig(r)gi(s,r)s® tds 


i=l 


- N-1 
+f |Rr(r, s)|s a (9.35) 


by ( a 
ss oH 


Zo lf gi(s,r)s s\—lds 


R 
a8 (eer ere | Noa | (9.36) 
0 
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We have established the next result. 


Theorem 9.13. Let uo,u1,.-.,Un € C™*1((0, R]), Wo,Wi,...,Wn > 0 on (0, RI, 
R>0, n> 0 integer, with uo(r) =c> 0. Let f from BO, R) into R be radial, i.e. 
there exists g such that f(x) = g(r), r = |t|,0 <r < R, Vx ©€ B(O,R); further 
suppose that g € C™*+((0, R]). 


Then 
la. F(y)dy *) 
E(x) := | f(x) - TOTS = |g(r) — RY (s)s"—1ds 
< IS eat) | “ulna lae| eCeevialsieS |  Nalr,s)6"—ds 
= RN A i é iS; n+ oo, [0, R] . nls 
a [dla lf gi(s, |v|)s%~tds 
R 
+(8n1Fll ao) | Nl spa] (9.37) 
We give 


Corollary 9.14. Same terms and assumptions as in Theorem 9.18. Assume further 
that Lig(ro) = 0, 7 = 1,...,n, for a fixed ro € [0, R]; consider all xo = row € 
B(O, R), anywe SN-!, 

Then 


N 
S pw (Ln+s9llo0,(0,n)) (" Nn(r0, §)8 as) 


N 3 Z 
= Fy (@n+1 flo. BoR) (/ N(|z0l,8)s™ vs) , (9.38) 


Interesting cases especially arise when rp = 0 or R. 
We continue Remark 9.12 with 


Remark 9.15. Let f be non-radial. 
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Here assume that f € C"*'(B(0, R)). Consider x € B(0, R) — {0}, ie. uniquely 
x=rw,r€(0,R],w¢SN-!. Then by using again the polar method (9.26) we get 


es f(rw)dw | 


wy Vol(B(0, R)) 


R 


WN wn RN 


Sy (2 ( [/ soos) i) 
“aan (fu. (ftooe") 0) 
= ( [- isos") a 


Clearly here f(-w) € C"*1((0, R)]). 
Let p € (0, R], then by (9.2) we obtain 


n 


f (pw) — f(rw) = SO ((Li(F-w)))(r)) g(0,7) + Rn(r, 0), 


by (9.27) 


_ ON 
7 wy RN 


where 
Ra(rsp) = | "Od aa ood 
That is 
f(pw) — f(rw) = DG. F (re) gC, r) + Ralr,p), 
with 


p 
Ra(r,p) = / an), t) nr f (tw) de. 


We further assume that 
6:= n+1 Flo BeR)—{0} < +00. 


Therefore we derive 


|Rn(r; p)| S 


p 
i Jon(osta 6. 


=: (*). 


(9.39) 


(9.40) 


(9.41) 


(9.42) 


(9.43) 


(9.44) 


(9.45) 


(9.46) 


(9.47) 
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By calling 


Nn (1, p) = 


p 
/ lan(p, t)|at 


»Vp,r € (0, Ri], (9.48) 


we get 
|Rn(r, p)| < Nun(r, p)6. (9.49) 
Hence by (9.44) we obtain 


|f(ow) — f(rw)| < S716: f (rw) |I9:(0,7)| + |Rn(r, )| 


i=1 


< S56. f(rw)||9:(0,7)| + Nn(r; p)9. (9.50) 


i=1 
By continuity of f and g;,71=1,...,n,and by taking the limit as p —> 0 in the 
external inequality (9.50), we find 


f(0) — f(rw)| < D2 |OiF (rw)|]9:(0,7)| + Nn(r, 08. (9.51) 
i=1 
Notice here gn(p,t) is jointly continuous in (p,t) € [0,R]?, hence Nn(r, p) is 
continuous in p € [0, Rj. 
That is, V s € [0, R] we get 


If (sw) — f(rw)| S S716. f (rx) ||9:(8,7)| + Nn(r, 8)9. (9.52) 


i=1 


Consequently by (9.41) and (9.52) we find 


N ‘ a 
(x) < ew hes (/ |f(sw) — f(rw)|s% is) du (9.53) 


R 
“ ye ts (/ Persia orsM) i) (9.54) 


< 
a wy RN ; 
w=1 


a R 
2 (| (/ if iriin (nies) is) 


= Vol(B(0, R)) 


ON ts Nn(r, eas) 
0 


te RN 


(9.55) 
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([.., 6. f(r) id) (" ate") 


Vol(B(0, R)) 


R 
ON (/ Noe a) 
0 
TOT PN 


l| 
Mz 


Il 
an 


(9.56) 
Consequently, 
= WN Vol(B(0, R)) 
i n : N-1 
p _ ce 6. f(r) id) (/ lgi(s,r)|s i) 
sitios 
0 

rs (9.57) 


We have proved 
Theorem 9.16. Let uo, ui,.-.,Un € C"*1([0, RJ), Wo,Wi,--.,;Wn > 0 on [0, RI, 


R>0,n>0 integer, with uo(r) =c>0. Let f € C"t'(B(0, R)). Suppose that 


6:= On+1 Flo BoR)—{0} < +00. (9.58) 


Let x € B(0, R) — {0}, ie. uniquely x =rw, r € (0, Rj,we SX71. 
Then 


f(y)dy 
H(2) = yoy amor or | < (fo ~ See [terete 
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R 
ON (/ Nr)? a) 
0 
a 


aN (9.59) 


We finally give 


Corollary 9.17. Same terms and assumptions as in Theorem 9.16. Assume further 
that 0; f(row’) =0, Vw’ € SN—!, for some ro € (0, RI, for alli =1,...,n. Consider 
all ro = row € B(0, R) — {0}, anyw e SN}. 


Then i 
f(y)dy 
B(0,r) T(N/2) a2 
Vol(B(0, R)) = seo) ~  9_N/2 = f(|xo|w" dw 


R 
ON (/ Xl see) 
0 
——_px 


An interesting case is when ro = R. 


E(xo) = |f(xo) — 


(9.60) 


9.5 Addendum 


We give 


Proposition 9.18. Let f € C'(B(0,R)) such that f is radial, i.e. f(x) = g(r), 
r=|z|,0<r<R,Va€ B(O,R). Then 
(i) J g’ € C((0, RI), (9.61) 
(ii) 5 g/(0) = 0. (9.62) 
Proof. (i) is obvious. 
(ii) Let u be a unit vector, h > 0, then 
gh) — g(0) _ fru) = f(0) 


h h 


(by first order multivariate Taylor’s formula) = 


VFO): hu  o(h) 
Se a ge oes 


_ h 
9 V0) uw, by ah) 2305 
The last is true for any unit vector u. Thus V f(0) = 0, proving the claim. 


o(h) 
h 


Comment 9.19. By Proposition 9.18 we see that, it may well be that g’ is discon- 
tinuous at zero, if only f € C1(B(0, R)). 

Therefore the assumption that g € C"*1([0, R]) in Theorem 9.13 seems to be 
the best. 


Chapter 10 


Multivariate Opial Type Inequalities for 
Functions Vanishing at an Interior Point 


In this chapter we generalize Opial inequalities in the multivariate case on the balls. 
The inequalities carry weights and are proved to be sharp. The functions we study 
vanish at the center of the ball. This treatment relies on [58]. 


10.1 Introduction 


Z. Opial [195] and C. Olech [194] in 1960 proved the following famous inequality. 


Theorem 10.1. Let c > 0, and y(x) be real, continuously differentiable on (0, c], 
with y(0) = y(c) =0. Then 


[ wow@lars $ [ae 


Equality holds for the function y(x) = x on [0,§], and y(x) =c—=2 on [§,c]. 
In 1962 P. Beesack [75] gave the following improvement. 


Theorem 10.2. Let b> 0. If y(x) is real, continuously differentiable on [0,b], and 


y(0) =0, then 
b 
[ieowelar <5 [ wey?ae 


Equality holds only for y(x) = mx, where m is a constant. 


Since then many people have worked on this type of inequalities in many direc- 
tions; for an account see the important monograph of 1995 by R. Agarwal and P. 
Pang [6]. One motivation for this chapter is the interesting article of W. Troy [237] 
of 2001. His relevant result follows. 


Theorem 10.3. Let p > —1. Let a,be€ R withO <a<b. If y(x) is continuously 
differentiable on [a,b], and y(a) = 0, then 


b 
[ eucoyolaes hag [er —arrey oye 
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Let |-| denote the Euclidean norm in RY, N > 1. Let B(0, R) := {a € RN: |2| < 


R} be the open ball of radius R with center 0 in RN. Let SN~! := {x € R: |2| = 1} 


be the unit sphere in RN, centered at zero. Let wy = ~*~ (see p. 220, [142 
e the unit sphere in R”, centered at zero. Let wy Tyree) SP , [142]) 


be its surface area. 
In this chapter we estimate the integral 


7 2 Ino lel? (2) | [Ve | de, 


for p € R and ue Cl( fee polar coordinates we obtain 


B(O, R)). 
LAL “PP hul rw)||Vu(rw)|r ar) dw, 


where 0 A & = rw ae Te 
functions u, this reduces to 


R 
rewy foul) Fin 
0 Or 


where here |Vu| = | S|, with Ou) = Vu(z)- Tz] the radial derivative of u. Spheri- 


|z| and w := £. For radial (spherically symmetric) 


dr, 


cally symmetric function means that 
u(x) = u(rw) = u(r). 


In general one has 


| du(x) 


Dr <|Vu(2x)|, for any u € C'(B(0, R)). 


We will prove that 
| le fu(2)| [Vu(x)| dx < C | lal? |Vu(x)|? de 
B(0,R) B(0,R) 


for some constant C' and functions vanishing at the origin. The idea is to use 


ies fe i ([ F(rw)rN~? i) dw, 


and to do first a one-dimensional analysis on the inner integral with w fixed. The 
interior constraint (u(0) = 0) becomes a boundary condition (F'(0) = 0). 


10.2. Main Results 


We present a basic result. 


Theorem 10.4. Let R > 0, N > 1, B(O,R) the ball centered at 0 of radius R 
in RN. Let p € R such that p+ N € (0,2). Consider u € C1(B(0,R)) such that 
u(0) =0. Then 


le R) ade (a) i R) aed) 
| | (10.1) 
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where V is the gradient operator. 


Proposition 10.5. Inequality (10.1) is sharp, more precisely it is attained by 
u(x) = |a|, for alla € B(O,R), when p+ N =1. 


Proof. Call r:=|z|,0<r< R. Clearly u(0) = 0. Notice that 


O 
We observe that 
RetNn+1 
L.H.S.(10.1) = Hire Ne 
and 
RetNr1 
R.H.S(10.1) = wy ———__—————. . 
2(p+ N)\/2— (p+ N) 
Thus 


L.H.S.(10.1) = R.H.S.(10.1) iff 


(p+ N)+1=2(p+N)V/2—-(p+N) iff 
(calling y:= p+N, y€ (0,2)) 


ytl=2y/2-y iff 


gly) = 4y2 —7y?+2y+1=0, ye (0,2). 
See that g(1) = 0, g(0) = 1, g(2) = 9, and 


Thus g has critical numbers 1, z with local maximum 9(2) = 1.1574078, and 


minimum g(1) = 0. So y= p+ N =1 is the only optimal value making inequality 
(10.1) attained. 


Proof of Theorem 10.4. The integral in the R.H.S(10.1) is finite since 2 > 
p+N > 0. We can rewrite inequality (10.1) by the use of polar coordinates as 
follows, cf. p. 217, [142]: 


I. ( i © pP(re)|[Vu(rw)}e 2 i) dus 


R a p 2,,.N-1 
< po (2 (/ r?|Vul(rw)|°r i) is) ; (10.2) 
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Here 0 4 x € B(O,R) is written as x := rw with r := |z|, 0 < r < R, and 
w= i € SN~!. So it is enough to prove that 


[rr tur) \Vu(rw)|dr < (=r) [ [erreurs] 


(10.3) 
We set 
2(r) := | sP*N—-liVu(sw)|?ds, O<r< R. 
) 
Here z(r) > 0 and z(0) = 0. Therefore 
2 (r) =r? N1'Vu(rw)|? >0, O<r<R. 
Whence 
pat 
|[Vu(rw)| = (2'(r))/?7, O<r<R. (10.4) 
By the fundamental theorem of calculus we have 
” Ou(sw) 
u(rw) = ; ae 28: 
Consequently it holds 
u(rw)| <f Pa sw) w= [s (Po) sta) Poets) ds 
Os 
(by the Cauchy—Schwarz inequality) 
e 1/2 f- 9 2 1/2 
< i gs PtN-)) dg | giPtN-1) (sw) ds 
a 0 0 Os 
p2—P-N 1/2 r ae 1/2 
< ptN-1 2 
= Coat =e x) (/ 8 |Vu(sw)| is) 
p2-P-N 1/2 ¢ 
— SEE! /2 
(oy, 
So we have proved that 
p2—p-N \ 1/2 
|u(rw)| < (——) (z(r))/?, allO<r<R. 
Furthermore, 
Fae mes Cpe eee es allO<r<R. (10.5) 


f/2—-p—N 
Consequently by (10.4) and (10.5) we derive 


HOM u(r) [Vulr)] < ME (e(r))"2(e"(r))¥2,all0<r < R (106) 
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Next we integrate (10.6) and use the Cauchy—Schwarz inequality to get 


R 
| rP+N—la(rw)| |Vul(rw)| dr < 1/2 (2! (r))¥/? dr 


1 R 
SF i Vr(2(r)) 


g # 1/2 
< TN (/ 2(r) ite) 


R R : 
So ae (Pye p+N-1)7 ae 
Ia = 5 =(/ PNT u(rw)[Pdr 
establishing (10.3). 


A similar result follows. 


Theorem 10.6. Let R>0, N > 1, B(0,R) the ball centered at 0 of radius R in 
RY. Let p€ R such that p+N >0. Consider u € C1(B(0, R)) such that u(0) = 0. 
Then 


RetNn 
x|?|u(a)||VWu(a)| da < ——/ |x|’ |Vu(ax)|? de. (10.7) 
ig Pu(a)|IVula)ide < me fe 


Proposition 10.7. Inequality (10.7) is sharp, namely it is attained by u(x) = |x|, 
for all x € B(O, R), when p+ N =1. 


Proof. Call r := |a|,0 <r < R. Clearly u(0) = 0. Note that ou = 1 and 
|Vu(a)| = 1. We have that 


Rp+N41 
L.H.S.(10.7) = ON ON 1 
and 
Rpt+N+1 
R.H.S.(10.7) = WN pi : 
Thus 


L.H.S.(10.7) = R.H.S.(10.7) iff 
(p+ N)4+1=2\/p4+N iff 
yt1=2/y, wherey:=p+N>0,_ iff 
y=. 


Proof of Theorem 10.6. Clearly the R.H.S.(10.7) is finite. As in the proof of 
Theorem 10.4 it is enough to prove 


R Ren R 
i; r?|u(rw)| |[Vu(rw) |r 4 dr < i JpiN (/ rar) : (10.8) 
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Therefore we begin with 


R R 
| r? |u(rw)| |Vulrw)|r¥—? dr = | pPtN-1 |u(rw)| |Vu(rw)| dr 
0 0 


= [ (+(5") u(r!) (eC) ju(re)] ar) 


(by the Cauchy—Schwarz inequality) 


R 1/2 R 1/2 
rP u(rw)|?dr rPtN—De-ly(rw))? dr =: (*). 
<(/ NV u( yea) (/ +N—D pH (y( year) (*) 


We have again 


Hence 


|u(rw)| zi) 1- gu ds 
0 


a, (sw) 
(by the Cauchy—Schwarz inequality) 


Os 
< VF ( i. : va) Peale ( | ; IVulss)ids) 


That is 


(u(rw))? < rf |Vu(sw)|? ds. (10.9) 


Thus by (10.9) we derive 


(*) < ( | real ar) - ( i © +N) ( i: IVu(su)/*as) i) 
= ( | "PHN u(rw) i) “7 | a ( i " Du(rw)l? i) 


1 R 1/2 
- —x | tS gu(re)P ar =: (*«). 
0 


1/2 


If A>0, B>0 and e>0 we have 


A+ —B. (10.10) 
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Therefore 


(4) < 


(ferris ar) + [ES ( ["remesnee) 
six (f"ivarr) 

-1(--7 +.) ( [ PP wulr ar) 

eee ( [ rar) 


Ree 1 Ree cm 24 
choosing « = ———— } = ———— u(rw)|* dr |. 
(choosing ¢ = are) = sae ( fein) 

We have established (10.8). 


1 NO es 


Finally we present a generalization and extension of Theorem 10.4. 


Theorem 10.8. Let R>0,N>1,p>1,0a,8>0, p>a4+ 6 andpe€R such 


that 0 <p+N <p. Consider u € C1(B(0, R)) such that u(0) =0. Then 


is e jo lors (234)+0-9)] a(n) |? | Vu(a)|% de 


até) 


p-a-8 ( f 
< ie 7) (/ ||? |Vu(a)|? i) , (10.11) 
B(0,R) 


pal p-a a 


29). ES ae oe eee 
a(S) gts) | a. 
(10.12) 


Proposition 10.9. Inequality (10.11) is sharp, namely it is attained by u(x) = |a\|, 
for all x € B(O, R), when p+ N=1, p=a+t+ 6 and alata) = sence 


Proof. Call r := |a|,0 <r < R. Clearly u(0) = 0. Note that ou = 1 and 
|\Vu(x)| = 1. We have 


Ret+1 
H.S.(10.11) = 
L S.( 0 ) YNG LY ; 
and 
aa/P 
R.H.S.(10.11) = wy Rett, 


It is obvious now that (10.11) holds as equality. 
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Proof of Theorem 10.8. The integral in the R.H.S.(10.11) is finite by p+ N > 0. 
Here for 0 # x € B(0, R) we set w:= > = =, where r:= |z|,0 <r < R. That is 


xz =rw. By the fundamental theorem of calculus we have 


u(rw) = ees ds, O<r<R 
0 Os 
We see that 
"!Ou ig (z+x=1) (zt¥=1) Ou 
<. —_ — Pp Pp Se 
|u(rw)| < | 7s (sw)| ds s 8 7s (sw)| ds 
(using Hélder’s inequality with indices p and rast) 
r eat r p 1/p 
< @) ae oa i)! (/ ger) eee as) 
0 0 Os 
pad 
24 (2+) ip r 1p 
< (4) a ed (/ s+ u( su) ds ‘ 
p-p—N : 
That is, 
pol 
p-1 ee (2=2=") 1/ 
u(rw)| << | ————— re J 2z(r)/?, O<r< R. 
ju(ra)| < (PA (7) 


Here we call 
+00 > 2(r) := | s+N—-1)\v7u(sw)|? ds > 0, 
0 
with z(0) = 0. We have 
2 (r) =r? tN" Vu(rw)|? > 0, O<r<R. 


and 


rl )aivu(rw)|* = (20), O<r SR, eee 


We observe that 


re ail PP (a(n) Pl”, 


and 


By multiplying (10.13) and (10.14) we get 


p(PtN— 1) (24 


©) u(rw)|2|Vul(rw) | 


pat VF) 6(:1) iaytlorerinyal 
<(4,) roe T(z(r)yP/P (2 (r))/?, O<r< R. (10.15) 
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Integrate (10.15) and use Hélder’s inequality with indices £, >"> to find 


R 
i: pP+N—1)( 242) |u(rw)|?|Vu(rw)|% dr 
0 


at) 


We have established 
R 
(/ pl@+N-1)(2#2)+0-N)] |u(rw)|?|Vu(rw)|ers —* i) 
0 


(=) 
<b (/ rivulet] ; (10.16) 


Integrating (10.16) over S‘~1 we find 
R 
‘ (/ pl@+n-1 (42)+a-N)] |u(rw)|?|Vu(rw)|er® + i) dw 
SN-1 


0 


ath) 


(s 
20: / i r?|Vu(rw)|Pr®—? i) dir) eee): (10.17) 
sv-1 \Jo 


If p > a+ then apply again Hoélder’s inequality with indices (= = 3) abd (=) 
to obtain 


(x * *) 
C. 
(.. (/' rivulrtr® dr] i) 


caf, irre) 
(34) 


p-a-8 R 
= tw = : es (/ rivulet) i) : (10.18) 


From (10.17) and (10.18) we conclude (10.11). 


p-a-p 
Pp 


The work of Neéeav [193] in 1973 is related to this chapter, see also [6, p. 275). 


Theorem 10.10 [193]. Let wu € C1(B(0, R)) be such that u(0) = 0, and N+p < 2, 
N>1. Then 


i ||’ |u(a)| |Vu(a)| da < as i: |x|? |Vu(ar)|? dar 
B(0,R) ~ 2(2—N—p) Jgoo,r) 
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with equality holding when 
u(x) = ¢la|?-"~? 
for a real constant c. 


This result can be compared to Theorem 10.6 if and only if p = 1 —N, in which 
case the conclusions are the same, with the common constant being R/2. 


Chapter 11 


General Multivariate Weighted Opial 
Inequalities 


In this chapter we expose Opial type weighted multivariate inequalities on balls 
and arbitrary smooth bounded domains. The inequalities are mostly sharp. The 
functions we consider vanish on the boundary. This chapter relies on [59]. 


11.1 Introduction 


Z. Opial [195] and C. Olech [194] in 1960 proved the following well-known inequality. 


Theorem 11.1. Let c > 0, and y(ax) be real, continuously differentiable on (0, cl, 
with y(0) = y(c) = 0. Then 


[ wowwla<$ [u'@yrae 


Equality holds for the function y(x) = x on [0,§], and y(x) =c—« on [§,c]. 
In 1962 P. Beesack [75] gave the following variant. 


Theorem 11.2. Let b> 0. If y(x) is real, continuously differentiable on |0,b], and 


y(0) = 0, then 
b 
[veoelar<$ [wey?ae 


Equality holds only for y= ma, where m is a constant. 


Since then many researchers have been extending this type of inequalities in 
many directions, for a thorough account see the important monograph of 1995 by 
R. Agarwal and P. Pang [6]. An inspiration for this chapter is the interesting article 
by W. Troy [237] of 2001. His relevant result is as follows. 


Theorem 11.3. Let p > —1. Let b and c be real withO <b <c. If y(a) is 
continuously differentiable on [b,c], and y(c) = 0, then 


[ eo olas Soe [ere utoyrat 


149 
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R. Agarwal in 1981, see [4] and p. 208 of [6], proved the following two dimensional 
result. 


Theorem 11.4. [f u(t, s) € CC) ([a, T] x 2 S]), u(a, s) = u(t, c) = 0, then 


[fv ne nee Oe niga f Jues(t, s)|? dtds. 


In 1982, G.S. Yang [247] proved the following Opial-type inequality in two vari- 
ables: 


Theorem 11.5. If f(s,t), fi(s,t), and fie(s,t) are continuous functions on [a,b] x 
[c,d], and if f(a,t) = f(b,t) = fil(s,c) = fi(s,d) = 0, fora<s<b,c<t<d, 
then 


[ [te-olitite.olatas < O ee (fro(o,t))? dds. 


In 1983, C.T. Lin and G.S. Yang [179] generalized Theorem 11.5 in the following 
form: 


Theorem 11.6. /f f(s,t), fi(s,t), and fi2(s,t) are continuous functions on |[a, b] x 
[c,d], and if f(a,t) = f(b,t) = fil(s,c) = fil(s,d) = 0, fora<s<b,c<t<d, 
then 


b : 
[| (s, t)|""| fia(s, t)|” dtds 


ees i [Ff viet. de 


The above Theorems 11.4 — 11.6 motivate this chapter. 

Here we prove weighted Opial type inequalities over a ball (or other domain) in 
R%, N > 1, where the functions under consideration vanish on the boundary. 
Let |- | denote the Euclidean distance for vectors in RN. Let B(0,R) := {x € 
RN: |x| < R} be the open ball of radius R with center 0 in RY. 

Let SN! := {2 € RN: |a| = 1} be the unit sphere in R% centered at zero, with 


wN = gets to be its surface area (cf. [142], p. 220). 


2 
The basic results here are extended to Sobolev spaces of order 1. 
We mention 


Definition 11.7 (cf. [139]). The Sobolev space of order 1 denoted by H§(Q) is the 
completion of C!(Q). Here C}(Q) is the space of one time continuously differentiable 
functions with compact support on the bounded domain 2 C R%, N > 1. The norm 
in H4(Q) is given by 


2 


|u|. = (/ ju(e)PPae + f Vale)? ae) : , for u € Hg(Q). 
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In this chapter we estimate the integral 
T= f _ felPlu(a)| Wu(2)| ae, 
B(0,R) 


for p € R and u € C}(B(0, R)). Using polar coordinates we have 


= I. i 7? lu(rw)| [Parser dw, 


where « = rw with r := |x| and w := &. For radial (spherically symmetric) functions 
u, this reduces to 


R 
0 
T=un | rr —ta(ay| ECr) dr, 


where here |Vul| = | $#|, with Guts) = Vu(a) - G7 the radial derivative of u. Spheri- 


cally symmetric function means that 


u(x) = u(rw) = u(r). 


In general one has 


<|Vu(z)|, for any u € C}(B(0, R)). 


| u(x) 
Or 


We will prove that 
i. le/Pfu()||Vu(2)| de < C if lo? [Vu(e) ? dex 
B(0,R) B(O0,R) 


for some constant C' and functions u as above. The idea is to use 


i al i= te F(rw)rN~? i) dw, 


and to do first a one-dimensional analysis on the inner integral with w fixed. The 
boundary condition u = 0 on OB(0, R) becomes the boundary condition F(R) = 0. 


11.2 Main Results 


We present a basic result. 


Theorem 11.8. Let R > 0, N > 1, B(0, R) the ball centered at 0 of radius R inRN. 
Let p € R such that p+ N > 1. Let u € C+(B(0, R)) be such that u(OB(0, R)) = 0. 
Then 


R 
| lePlu(x)| [Vu(x)| dx < ~ | le[P|Vu(x)2dx, (11.1) 
B(0,R) 2 /B(0,R) 


where V is the gradient operator. 
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Note that Theorem 11.8 holds for more general choices of u. By a simple ap- 
proximation argument, the condition u € C'(B(0, R)) can be weakened to 


u€ W,?(B(O, R) — {0}) NC(BOO, R)) 


loc 


such that u = 0 on OB(0, R) and the right hand side of (11.1) is finite. The extremal 
in the following proposition satisfies this weaker hypothesis. Similar remarks apply 
to the Theorems 11.13 and 11.17 below. 


Proposition 11.9. Inequality (11.1) is sharp, namely it is attained by u(x) = 
R-—|a|, for alla € B(O,R), when p+N=1. 


Proof. Call r:=|z|,0<r< R. Notice u(OB(0, R)) = 0. Since u(x) = R—r we 
find ou = —1 and |Vu(a)| =1. Clearly we get 
RetNnr+1 


L.H.S.(11.1) = YN G4 Nip EN £1)’ 


and 


RetNt1 


RS (it) =i 
eh “N3(p+ N)’ 


where wy is the surface area of the unit sphere S%~! in RN. Thus L-H.S.(11.1) = 
R.H.S.(11.1) iff p+ N =1. 


Proof of Theorem 11.8. The integral in the R.H.S.(11.1) is finite since p+N > 0. 
We can rewrite inequality (11.1) by the use of polar coordinates as follows 


= ( if “PP lu(rw)| [u(r |r i) ds 


R 
< 2 (/ r?|Vu(rw)|?r%—! i) dw. (11.2) 
2 SN-1 0 

Here x € B(0, R) is given in polar coordinates by « = rw with r:= |z|,0<r< R. 

Clearly w = Tal if r > 0. So it is enough to prove that, for each w, 

R Rk 
i, r?lu(rw)| |Vu(rw)|rN—} dr < aa r?|Vu(rw)|2r%—? dr. (11.3) 
0 ) 


We set 
R 
2(r) i= / sP*N—liVu(sw)|?ds, O<r<R. 
Here z(r) > 0 and z(R) = 0. Then 
—2'(r)=rPt Nl Vu(rw)|? >0, O<r<R. 


Thus 


2—|Vu(rw)| = (—2"(r))¥/?. (11.4) 
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Since u = 0 on OB(0, R) we find 


R 
u(rw) = — a (su) ds 
We observe that 
R N-1 
BES ju(ray| < f le ) a (su) ds 
R N-1 
< | 1 Ae ) a (su) ds 
, s 


(by the Cauchy—Schwarz inequality) 


as Ou 2 ue 
<VR-r i ger st ds 


oP (sw) 
2 1/2 
<VR-r (/ s?tN—1Vu(sw)|? i) = VR=r(2(r))'?. 


That is, we have 


r= |u(rw)| < VR—r(2(r))/?, (11.5) 
allO <r< R. Multiplying (11.4) by (11.5) we obtain 
rt N—lu(rw)| |Vu(rw)| < VR = r(2(r))/?(-2'(r))?, (11.6) 


foralO<r<R. 
Therefore by integrating (11.6) and using the Cauchy—Schwarz inequality we get 


R 
- rPtN—lu(rw)| |\Vu(rw)| dr 
0 


R 
< f VR=He(r)2C enya 

R 1/2 R 1/2 
<( i nar) (- i nt] 


R 
= ay — =| rPtN—liVu(rw)|? dr. 
2 er 

Clearly we have established (11.3), and (11.1) follows. 


We have 


Corollary 11.10. Let p € R be such that p+ N > 1 and let u € Hj(B(0, R)). 
Then 


R 
| |x|? |u(a)| |Vul(a)| da < =| ||? |Vu(a)|? de. (11.7) 
B(0,R) 2 B(O,R) 
Proof. By (11.1), inequality (11.7) is valid for u € C1(B(0, R)) with u = 0 on 
OB(0, R). If u € Hj(B(0, R)) then there exists a sequence {um} from C+(B(0, R)) 


such that un = 0 on OB(0, R) and um Wis uw. Then the corollary follows by using 


(11.1) for um and letting m— oo. 
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Next we are ready to give 
Theorem 11.11. Let Q be a smooth bounded domain in RN, N > 1. Letp eR 
such that p+ N > 1. Then there exists a constant K = K(Q) such that 
[lel lula) Vu(o)| ae < K(O) f Jel Vu(x))? ae, (11.8) 
Q Q 


for all u € H4(Q). Here 


where R is the radius of the smallest ball centered at the origin and containing Q. 

Proof. Since 0Q is smooth any function u in Hj(Q) can be viewed as a member 
of H}(B(0,R)) by defining it to be zero on B(0,R) —Q. For the last step, see p. 
245 of [139]. Now Corollary 11.10 applies. 


Remark 11.12. (i) When u is spherically symmetric then (11.7) reduces to 


R R pk 
| rPtN—liu(r)| jul(r)| dr < aa pPtN—1 ul (r))? dr. (11.9) 
0 0 
(ii) When p = 0 then (11.8) collapses into 
| lu(2)| |Vu(2)| de < K(Q) | IVu(z)|2 de, (11.10) 
Q Q 


for all u € Hj (Q). 
The counterpart of Theorem 11.8 follows 


Theorem 11.13. Let R > 0, N > 1, B(O,R) the ball centered at 0 of radius 
Rin RX. Let p € R be such that p+N > 1. Let u € Cl(B(0,R)) such that 
u(OB(0, R)) =0. Then 


RVYp+N 
z|?|u(ax)| |Vu(x)| dx << ————_— 
[omy PM @UIPuadl ae < 


| Ja|?|Vulx)|? dx. (11.11) 
B(0,R) 
Proof. The integral in the R.H.S.(11.11) is finite by p+ N > 0. We estimate 


is +L au(rw)| | Vu(rw)|dr = A (= Vu(rw)|) (= ju(rw)1) dr 


(by the Cauchy—Schwarz inequality) 


eo 1/2 ¥ 1/2 
P u(rw)|? dr . rPtN—2 lu (rw)|? dr =: (*x*). 
(fou yar) (/ +N 2 y( yr) (+) 


Since u = 0 on OB(0, R) we find 


General Multivariate Weighted Opial Inequalities 155 


Therefore 


ju(rw)| < ff “1. Felon) 


R 
<vVR-r (/ irs?) 


ds < (fra) (/" ot 


1/2 


That is 


R 
|u(rw)|? < (R—r) (/ |Vu(sw)|? i) . 


Consequently we have 


coe (/ rP+N 1 7u(rw)|? i) . 
( | " PtN-2(R— n) ( i * ul sus)? i) i) = 
ih "PHY u(r) i) ““ ( if i ( ih *pPtN-2( pp) ar) \Vu(sw)|2 is) 7 


1/2 
R +N-1 +N 
(4 P P 
| rPtN \Wu(rw) year) (f a Wo -=) rosa) 
< 


1/2 


using the inequality (AB) 


% 1 
i rP*N |Vu(rw) |? dr 75 — 
0 


8, for any A> 0, B > Oand e>0) 


A+ 
[GGeEa) (Corea 


€ 
2 


IA 


“(mtn (feu) 


R Fe N-1 2 
+ ue NA | rPt Nl Vul(rw)|? dr 


(0 choosing ¢ = : ) 
ieee 
Mi 6 Vp+tN 


__BVEER  f* pextoyinap 
- PES ( rP+N-Lvulras)| ir) 
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We have proved that 


R R 
Ry N 
| rP*N—la(rw)| |[Vu(rw)| dr < pov (/ Pt NL (ry)|? i) 


Finally we obtain 


[a (fPer teat ivan ae) ae 


—7T R 
< as] (/ ree ea(ra ar) dw, 
SN-1 


AD at =e) 0 


proving (11.11). 


Corollary 11.14. Let p € R be such that p+N > 1 and let u € Hj(B(0,R)). 
Then 


RV/p+N 
x|P|u(ax)| |Wul(x)| dx << ———__ 
Foo m PME de < 


Proof. Similar to Corollary 11.10. 


‘ a |?|Vulx)|? dx. (11.12) 
B(0,R) 


Next we are ready to give 


Theorem 11.15. Let 2 be a smooth bounded domain in RN, N > 1. Let p€ R be 
such that p+ N > 1. Then there exists a constant K = K(Q,p, N) such that 


| BPCAUIVHC dx < K | lel? |Vu(a) |? da, (11.13) 
a Q 
for all u € H4(Q). Here 

f/peN 

~ 2(p+N-—1)’ 


where R is the radius of the smallest ball centered at the origin and containing Q. 


Proof. Similar to Theorem 11.11 by applying Corollary 11.14. 


Remark 11.16. (i) When u is spherically symmetric then (11.12) reduces to 


eed j RVp+N pn ul(r)\? dr 
i rPtN—"u(r)| |u'(r)| dr < Teor | (u'(r))? dr. (11.14) 


(ii) When p = 0 then (11.13) collapses into 
i |u(a)| |Vu(x)| da < a |Vu(x)|? da, (11.15) 
Q Q 


for all u € Hj (Q), where 


. RYN 
“a= “= 


Theorem 11.8 is generalized as follows. 
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Theorem 11.17 Let R>0,N>1,p>1,0a,0>0, p>at+ 6, p>1—-N, and 
u €C'(B(0, R)) with u(AB(0, R)) =0. Then 


| jo| LOHN-D (234) +0-9)] ya) Vu(a)|% dx 
B(0,R) 
ath) 


pr-a-pB ( A 
< Mul =) (/ hive a) ; (11.16) 
B(0,R) 


where 
: 


M:= (ae) 7) sae) (11.17) 


(p—1)e+(e- at fp 


Proposition 11.18. Inequality (11.16) is sharp, namely it is attained by u(x) := 
—|a|, fora € B(O, R), whenp+N =1, p=at+ 6 anda=1. 


Proof. Notice that 


Ret+1 


L.H.S.(11.16) = — 
S.(11.16) WNT? 


and 
q@/P 
R.H.S.(11.16) = wy ——R**?. 
p 
Equality holds in (11.16) if 


| 
Q 
ex) 


an 
| 
T 
DR 


But this implies a = 1. 
Here is a proof that if a > 0 and 6 > 0, then a=+7 = naan implies that a = 1. 


Put =f =? and + =s. Then0 <t<1ands>0. The condition Qate = s 
yields the equation s‘ — st = 1—t. Put g(x) = 2’ — at, for x > 0. Note that 
g(x) = tat-1 —t =t(x*1 — 1). It follows that g has a nna ey maximum at 


x =1. Since g(s) = g(1), we infer that s = 1, and hencea = = =1. 


Proof of Theorem 11.17. The integral in the R.H.S.(11.16) is finite by p+.N > 0. 
We have 


R 
u(rw) = -| a (su) ds, all0O<r<R. 


Next we apply Holder’s inequality with indices p and 5°> z to derive 
R R = 
prin 1 cel < / veeee Ou(sw) | ds a 1 gate 1 
r Os Tr 
R pares R p 1/p 
< i ds i: gPtN-1 |" (5 ds 
r r Os 


R 1/p 
<(R-1r) > (/ sP*N—liVu(sw)|? i) : 
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So by calling 


R 
2(r) := | oP N~* Vu sw)|? ds (11.18) 
we got ‘ 
rE) h(n) < (R— 2) (e(r))}, ee) 
and 
rON—D(F) u(rw)|? < (R=) YF) (n))5, (E20) 
alO<r<R. 


Here notice that z(r) > 0 and z(R) = 0. Also we have 
—2z(r) =| sPtN—liVu(sw)|? ds 
R 


and 

—2'(r) =r?tN—"Vu(rw)|? > 0. 
Consequently 

r=) IVu(rw)| = (-2(r))? 
and 


pervasive a(SeGl)> « oral OS SR, (11.21) 
Multiplying (11.20) by (11.21) we get 
roAND(F*) u(r) [P| Vulr)|® < (R= OME) (2(r)) 
foralO<r<R. 
Next we integrate (11.22) and apply Hélder’s inequality with indices £ and Goa 
to find 


R 
| prtN-1)( =) |u(rw)|?|Vu(rw) | dr 


rvfe 


(—2z'(r))*, (11.22) 


IA 


at 


R p 
(/ 8 eu(ra dr) 
0 


is 
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We have proved that 


R 
| pie+N-1)( FY fea PIPueey ar 
0 


| Ce 
<M (ieee, i) : (11.23) 


Finally we derive 


R 
/ (/ rl@ty—v ($4) +a-N)] leur dr] dus 
Soe 0 


(o+8) 
Pp 


R 
<M (/ r?|Vu(rw)|Prs—! i) dw 
Sat 0 


(if p > a+ G then we apply again Holder’s inequality with indices (<A) and 
(<fa) to find) 


ene ts (=e) i)! 
(/.. [ ["ivuinirer a) a 
= a (= [ ["iveire® ar) .) : 


We have established inequality (11.16). 


Corollary 11.19. Let all the conditions of Theorem 11.17 hold, except now consider 
u € H4(B(0, R)). Then 


ee a ora) 40-9] u(x) Vu(a)| de 


p-o-6 ( e 
< Mu *) ( evo a) : (11.24) 
B(0,R) 


Proof. Similar to Corollary 11.10. 


Next we give the final main result of this chapter. 
Theorem 11.20. Let 2 be a smooth bounded domain in RN, N > 1. Let p > 1, 


a,8>0,p>at+B,p>1—N. Then there exists a constant K = K(Q,a, 3, p, N) 
such that 


i: jo| lor) (252) +0-9)] faa) |Vu(a)|* a 


ot8) 


< K(f leriwu(a)l? ae) ses (11.25) 
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for all wu € Hj(Q). Here 


es Mu) (11.26) 


is the constant of inequality (11.16). 
The M in (11.26) is given by (11.17), where R is the radius of the smallest ball 
centered at the origin and containing 2. 


Proof. Similar to Theorem 11.11 by applying Corollary 11.19. 


Remark 11.21. (i) When u is spherically symmetric then (11.24) reduces to 


, ' ‘, (=) 
free PED wmrworea sm (fw eyedr) 
0 0 


(11.27) 
where M is given by (11.17). 
(ii) When p = 0 then (11.25) collapses into 
ote 
| jo] ND (2) ban) |8 | ul) |® dx < K (/ IVu(x)|? i) 7" (11.28) 
Q Q 


for all u € Hj(Q). 


Chapter 12 


Opial Inequalities for Widder Derivatives 


Various L, form Opial type inequalities are given for Widder derivatives. This 
treatment relies on [36]. 


12.1 Introduction 


This chapter is greatly motivated by the article of Z. Opial [195]. 
Theorem 12.1. (Opial [195]) Let a(t) € C'([0,h]) be such that x(0) = x(h) = 0, 
and x(t) >0 in (0,h). Then, 
h nh ph 
a |a(t)a’ (t)|dt < al (a’ (t))? dt. (12.1) 
0 0 


In the last inequality the constant h/4 is the best possible. 
Opial type inequalities have applications in establishing uniqueness of solution 
to initial value problems in differential equations, see [244]. 


12.2 Background 


The following are taken from [243]. 
Let f,uo,U1,---,Un € C"*([a, b]), n > 0, and the Wronskians 


Wi (x) :-= W[uo(x), ui(a),..., us(x)] = ; ’ (12.2) 
1g) (ae) «af (@) 
i=0,1,...,n. Here Wo(x) = uo(x). Assume W;(x) > 0 over [a,b], i = 0,1,...,n. 
For i > 0, the differential operator of order i (Widder derivative): 


W [uo(a), ui(a),..., ws—1(2), f(x)] 


Lif(z) = Wena) , 


(12.3) 
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t=1,...,n4+1; Lof(x) := f(a), V x € [a,b]. 
Consider also 


uo(t u1(t) uj(t) 
‘ u(t) uy (t) uj (t) 
gi(x,t) = = : ; (12.4) 
ae uD) uD). ult) 
uo(z) ur(a) «ug (x) 
L = nN; Zt) i= tale) x a 
t= 1,2,...,n; go(a,t): Ca ,t € [a,b]. 


Example ([243]). Sets of the form {ug,u1,...,Un} are {1,z,27,...,2”}, 


n-1 


{1,sin x, —cosa,—sin 2x,cos2z,...,(—1)""* sinna, (—1)” cosna}, ete. 


We also mention the generalized Widder—Taylor’s formula, see [243]. 
Theorem 12.2. Let the functions f,uo,u1,---,Un € C”*1([a, b]), and the Wron- 
skians Wo(x),W1(x),...,Wn(x) > 0 on [a,b], x € [a,b]. Then for t € [a,b] we 
have 


i@e= fy ee) LH Opes- 4 Ley Oaeays Rw). G25) 


Ry(a) = ie Gn(2, 8) Ln4if(s)ds. (12.6) 


For example ([243]) one could take uo(x) = c > 0. If uj(x) = 2’, i=0,1,...,n, 
defined on [a, bj, then 


(a — t)" 
i! 


Lif (t) = fOO and gi(a, t) = , te [a, b]. 

We need 
Corollary 12.3 (on Theorem 12.2). By additionally assuming for fixed xo € [a, }] 
that Lif (ao) =0,7=0,1,...,n, we get that 


f(x) = re n(x, t)Lnaif(t)dt, V x € [a,b]. (12.7) 


0 
12.3 Results 
From now on we are working under the terms and assumptions of Theorem 12.2 


and Corollary 12.3. 
We first present the following 
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1 1 
Theorem 12.4. Let x > x0, Xo, x € [a,b] and p,q >1: —-+—=1. Then 
P @q 


fw) Ensaftu)|dar <2v ( f (/ “(on(ut)Pat) aw) 7 
«(J its s(wyltaw) si (12.8) 


Proof. By Holder’s inequality we have 


reas ([ nte.rrar) . (J ennrstoitar) 29) 


Call 
tw) =f [Engrfli lat, ro Sw <a (2(00) =O), 
Thus ° 
z!(w) = [Ena fw)l4 
and 


[Ln+if(w)| = (2"(w))/4. 
From (12.9) we obtain 


w 1/p 
If(w)||Zn4a fw)] < ( / Jon(w, Pa) (2(w)z"(w))!/4, 


0) 


Integrating the last inequality over [xo, xz] we obtain 


i Fu) oni fw) ld < f : ( | : Jan(w. 0) Pa)  (etw)z!(w) aw 


0 0 


: U/, / co Ky) iw) i U/. (u)2"(w)dw) 7 
see) 8 


proving the claim of Theorem 12.4. See also Remark 22.11 next. 


The counter part of the previous result follows. 


1 1 
Theorem 12.5. Let x < xo, vo € [a,b] and p,q >1: -+—=1. Then is 
P @q 


, |f(w)|[Lngif(w)|dw < 2-1/4 ( is ( ik ee (rsa iw) L/p 
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xo 2/q 
x (/ Hens f(u)["a) (12.10) 


1 1 
Proof. Here take x < 2 and p,q > 1 such that - + —- = 1. From Holder’s 
Pp qd 


inequality we have 


yl=|f “an(es \Lnsif Oat 
x0 xo 1/p xo 1/q 
< [ Ionle, Olina f(Oldt < ( fi Jn(et)Pat ( / [Ena J(O\"dt) | 
: : : (12.11) 
Call 
2(x) = a |\Ensif(t)|%dt > 0, z(xo) = 0. 
That is 
-2(0) = f " |Lnesf (t)|4dt < 0, 
and 
He Satie 20, 
and 


[En+if(x)| = (-2"(a))/4, @ € [a, x0]. 


Hence by (12.11) (« <w < a0) 


Lo 1/p 
IF(w)I|Znsa f(w)| < ( i. n(w) Pa) (2(w)(—2/(w)) 9. 


WwW 


Integrating the last inequality over [x, 79] we obtain 


fo leellnsrsewylaw sf ( ie Jn(w.t) Pt)  (o(w)(—2! (1) 


: a om Jn(w.t) Pat) aw) Q ( is ” ited (wae) 1/4 
=e (fC f leteat) a) olay 


proving the claim. 
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Next we study the extreme cases. 


Theorem 12.6. Herep=1, q=o and x >a. Then 


J |f(w)|Ln4if(w)|dw < (/’ ([- aml, te) aw) [Engi fll2,- 2.12) 


Proof. By 
fw) = 4. GDL rOa 


0 
we get 


It(w)| < ( i: an(w, dt) Desa Fits 


0 
and 


LF(w)|Lnerf(w)| < ( is an(w, dt) naa f2o- 


(0) 


Integrating the last inequality we find (12.12). See also Remark 12.11 next. 


Theorem 12.7. Again p=1, q=o, but x < xo. Then 


[PP iteolitn stuslaw < (f (fo sn(w, tat) dw) (naif). 12.13) 


0 


Proof. Here x < w < 20, and 


|f(w)| = 


ie In(w, DEnvaftda 


0 


[ n(n f(a . (a outa) pores 


Thus 
LF(w)||Ensa f(w)] < ( i on(w, at) Ina flo 


[eainesstepiaw s (f° (f° lant) ae) Mines 


proving the claim. 


and 


1 1 
Corollary 12.8. Let p,q>1: -+-=1. Then 
P 4 


[veeoritnss stein] <2 (J (incu. o)rat) a) ah 
x 
( 


Proof. By Theorems 12.4, 12.5. 


x 2/q 
i) Enea f(w) [tau : (12.14) 
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In particular when p = q = 2 we have 


Corollary 12.9. It holds 


is Jw) Ena J(u)|ae cov f (/ “(on(ut)a) aw) a 


/ “(Ener fw))Pa | (12.15) 


0 


x 


Furthermore we get 


Corollary 12.10. Let p=1, q= co. Then 
/ (w) ini Fw) ld < ( / ( il Jon(w. at) aw) usaf. (12.16) 
xo xO xO 


Proof. By Theorems 12.6, 12.7. 


We need to make 


Remark 12.11. We define (see [243]) 


as tats 2) = 1) 
bo(x) = Wo(x), o1(2) : (We(a))2? 
in general 
jy OM) k = 2,3,...,n. 


(Wi-1(2))? 
The functions ¢;(a) are positive on [a,b]. According to [243] we get, for x, 20 
not fixed, that 


olor) = Srey pata fe) fy fan 


x | on(@n)dxydx2...dxy 


1 xz 
= ere 0(8) --- dn(8)Gn—1(2, 8)ds. (12.17) 
We get that g,(2,x) = 0, all x € [a,b], and g,(z, 29) > 0, e > x0, 2, Xo € [a, O], 
Yn>1. Also go(x,x9) > 0 for any x, x0 € [a, DJ. 
To complete the chapter we present 


1 1 
Theorem 12.12. Let 0 <p <1 andq <0 be such that -+ —-=1, andz > ao, 


x,t € [a,b]. Assume that Ly+if is of fixed sign and nowhere zero. Then 


ii Fw) ona ftw) > 209 ( f (/ “(on(ut)Pat) aw) a 


Opial Inequalities for Widder Derivatives 167 
x 2/4 
x (/ ens (| (12.18) 
xo 


Proof. Here for 79 < w < x we have 


ui =f paw Eat OlGs (12.19) 


0 


by Remark 22.11. 
From (12.19) by Hélder’s inequality we have 


rew)l> (J (ontere)rat) ie ( [ens toitat) “ (12.20) 


0 i) 


for w > xo. Consider 


z(w) = a [Enzi f(t)|{dt > 0, z(ao) =0. 


0 


So that z'(w) = |En4if(w)|% > 0 and|Ln4if(w)| = (z’(w))4, all 2p < w < a. 
Thus by (12.20) we get 


Ww 


1/p 
Uf(w)||Lnaaf(w)| > ( : (an(wst))Pa) (z(wiz"(w))'/4, 


(0) 


allagp <w< ax. Let rm <@0<w< 2 and 6 | xo, then by integration of the last 
inequality we obtain 


[ple es Fowyldae = Hn ff) i Fw) 
> im ( Lf ootw.tnrar) i ney") 
> im (f° (ff lonte.eyrae) de) hn (( [f 20w)2"waw) *) 
= 29 (f (Cf Gox(wt)rat) aw) i tim (22(2) ~ 29(0))"" 


See (/ “(aa(ent)Pa) aw) olay 


That is establishing (12.18). 
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We make 
Remark 12.13. We notice by (12.17) that 
on(a,t) <0, e&<t, modd, 


Gea) Pn! Se, om even, 


where x,t € [a, BJ. 
We give 


1 1 
Theorem 12.14. Let 0 < p< 1 andq < 0 such that -+ —- = 1, and x < 209, 
Pp qd 


x,x9 € [a,b]. Let n be odd. Also assume that Lniif is of fixed sign and nowhere 
zero. Then 


i If (w)|[En+if(w)|dw > 2-9 ( i: ( ik Cont) wy) \/p 
° YL [Ens (eau) is (12.21) 


Proof. Here for x < w < 29 we have 


rw) =| fo anf t)Lnaa f(a 


(0) 


once Dinas S(Oa 


Ww 


[sate DEnsaltdat = 


aa [gales t)) Eng Fat (12.22) 


Ww 


From (12.22) by Hélder’s inequality we get 
xo 1/p xo 1/q 
LF(w)| > ( / (-an(w,t))Pat) ( il Hens S(O)|"«t) | 


Ww Ww 


for w < xo. That is 


seul > (J lontu, eat) e (fens sola) : (12.23) 


for w < Xo. 
Consider 
z(w) = / \En4if(t)|%dt > 0, z(xzo) =0. 


WwW 


So that 
—2(w) =f Ena fltat 


0 
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and 
—2'(w) = |Lntif(w)|? > 0, 


ie. z/(w) <0. 
Hence 


[Eni f(w)| = (—2'(w))/4 > 0, alla <w < a0. 


Therefore by (12.23) we derive 


Lo 1/p 
UF(w)IlEn4a f(w)| > ( / Jon(w,) Pa) (2(w)(—2"(w))"9, 


ala <w< a. Let r<w<0@< 2 and 67 xo, then by integration of the last 
inequality we obtain 


xo 0 
[ete libn Fuld = Bin [FC En Flo 


> Jim ( Lf iontw.orae) ig o)-20)""ae) 


ean ff (LP mmora) a) “a (force) | 
=(f (femora) se)" yn (-f som)" 
=f" (f° tostastat) a) "jm (ee) = 220) 
= (f° (ftonto.0yrat) de)" (tay? 
f° vtantios2 "(f(a )” 
«(fem setae) 


Hence 


that is proving (12.21). 
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Putting things together we have 


1 1 
Corollary 12.15. Let0 < p< 1andq <0 be such that —+— = 1, and xo,z € [a, }] 


p 
such that x # x. Let n be odd. Assume that In4if is of fixed sign and nowhere 
zero. Then 


[.reotensasceyiae| 22°" (f ([" aseosoirar) an) 1p 
al 


Proof. By Theorems 12.12, 12.14. 


x 2/q 
/ Hens S(w)|*du) ; (12.24) 


We give without proof the similar Theorem 12.14, see Remark 12.13. 


1 1 
Theorem 12.16. Let 0 < p< 1 andq < 0 such that -+ —- = 1, and x < 209, 


Pp qd 
x,x9 € [a,b]. Let n be even. Also assume that Ln4if is of fixed sign and nowhere 
zero. Then 


i f(w)||Lngrf(w)|dw > 2-4 ( i ( ic o cwstyra) iv) ify 


x ([° ens f(u)["a as (12.25) 


We finish here with 


1 1 
Corollary 12.17. Let0 < p< 1andq <0 be such that —+— = 1, and xo,z € [a,b] 


such that « # x0. Let n be even. Assume that Ln41f is of fixed sign and nowhere 
zero. Then 


| (w) Minin Fw) |d zane f (/ “(au(wt))a) aw) fe 
<( 


Proof. By Theorems 12.12, 12.16. 


x 2/4 
/ haere f(w)|tau) (12.26) 


Chapter 13 


Opial Inequalities for Linear Differential 
Operators 


Various L, form Opial inequalities [195] are given for a Linear Differential Operator 
L, involving its related initial value problem solution y, Ly, the associated Green’s 
function H and initial conditions point x» € R. This chapter follows [18]. 


13.1 Background 


Here we follow [169], pp. 145-154. 

Let I be a closed interval of R. Let a;(x), i = 0,1,...,.»-1 (n EN), h(a) 
be continuous functions on J and let L = D” + an_1(x)D"~! +--++ ao(x) be a 
fixed linear differential operator on C”(I). Let yi(x),...,Yn(x) be a set of linear 
independent solutions to Ly = 0. Here the associated Green’s function for L is 


yi(t) Yn(t) (t) Yn(t) 

yi (t)...¥(t) y(t) yh (t) 
Hpi" 7 , 

WD) yw PAPO fy Pw PH 

yi(a) «+ Yn (2) yo MA yO) 


which is a continuous function on J?. Consider fixed ao € I, then 
y(x) = | H(a,t)h(t)dt, allael 
xo 


is the unique solution to the initial value problem 


Ly =h; y (9) = 0, i=0,1,...,n-—1. 


13.2 Results 
We first give 
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Proposition 13.1. Let x > x9; x9,x € I and p,q>1: s+ ; =1. Then 
x x w 1/p 
J iweenizantantaw <2-¥. (f° (["eteo,tyrat) a) 
x0 xo xo 
x 2/4 
(feantusitaw) (13.1) 
xo 


Proof. Here take x > xp and p,q > 1 such that ext = 1. From Holder’s 
inequality we have 


wols (f iate.orrar) ‘i (/ ince eat) 2 (13.2) 
Set 
Aw) = [ (no lat, ay Sw <x (2(e0)=0). 
Thus 
2(w) = |a(w)|? 
and 


|(w)| = (2"(w))/4. 
From (13.2) we obtain 


w 1/p 
Iy(w)| [h(w)| < ( | J(u, 1)Pat) -(2lw) - 2!(w))¥9. 


(0) 


Integrating the last inequality over [xo, x] we derive 


| : (w)| m(w)aw < f ( i: 1H(w1)Pat) ” Ca(w) «2"(w)) "2a 


0 


<(f;([Zmenra) 4). (0) 


i) 


“(fer Be 


proving the claim of Proposition 13.1. 


The counterpart of the previous result follows. 


Proposition 13.2. Let x < 29; 19,2 € I and p,q>1: 


+==1. Then 


i 
q 


[ eoicnyoyan <2. (f" (" wrewyrat) a) if 


0 0 


(PP iaan(usltaw) i (13.3) 


i 
P 
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Proof. Here take x < xp and p,q > 1 such that ee = 1. From Holder’s 
inequality we have 


ly(x)| = 


< ( / : J(0.1)Pat) ie ( i . ineoytar) a (13.4) 


iM Hate < i | H (a, t)| |h(t)|de 


Set 
o(a) = i |A(t)|4dt > 0, (ao) =O. 
That is : 
=2(0) = f \n(oltar <0, 
and 
~2!(2) = |a(a)|* > 0, 
and 


xo 1/p 
ly(w)| - |h(w)| < (/ J(u)  (z(w) - (—2/(w)))/4. 


Integrating the last inequality over [x, x] we find 


[ lucool iacaiaue sf ( i JA(w,t)P at) . 


-(z(w) » (-2"(w)))/4 dw 


is (f" ba (w,t))Pat) aw) “e ( [ ee iv) 1/4 
rf (fLimavors) a)” 


proving the claim of Proposition 13.2. 


IA 


I 


Extreme cases come next. 


Proposition 13.3. Herep=1, q= ow and x > xo. Then 


i, * [y(w)|I(Zy)(w) lew 


<(/ (/ : Ja(w,t)at) dw) «Eu. (13.5) 
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Proof. From 
yoo) = H(w,t)nit)at 
we obtain . 
jaw) < (f(a) Ilo 
and 


ly(w)| (Ly) (w)| S ([ J(u 0lat) ‘(Lylloo)”. 


Integrating the last inequality we obtain (13.5). 


Proposition 13.4. Again p=1, q= oo, but x < xa. Then 


[luce dade) lw 


=a! oi ; Ja(wt|at) dw) «(ZN (13.6) 


Proof. Here x <w < 2%, and 


J tewneat) =| [ a0w,oncnar 


< (fH tw.t}at) [As 


[i201 2)at) (Meals? 


WwW 


JP vweorteneoyiter = (J (J txcw,pit) de) «tale? 


Corollary 13.5. Let p,q > 1: 


ly(w)| = 


Therefore 
ly(w)| (Ly)(w)| < ( 


and 


i 
P 


| Inu) (cy\(w)]ae cave.(f (/ : JH (w,t)Pat) dw) ia 


(fe (antw)ttau)) (13.7) 


Proof. By Propositions 13.1, 13.2. 
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In particular when p = q = 2 we obtain 


Corollary 13.6. It holds 


/ “((Zan(u))2au | 


0 


Furthermore we have 


Corollary 13.7 Let p=1, q= oo. Then 


/ In(w)| (Ly\(w)|au 


e (i (/ ; J(u.) dw) - Lu 


Proof. By Propositions 13.3 and 13.4. 


To complete the chapter we present 


i Iv(w) (Ly) (w)|a gets | (| “(H(w,0)Pat) aw) oe 


(13.8) 


(13.9) 


Proposition 13.8. Let 0 < p < 1 and q be such that aot = 1, andx > x, 


xo,x € I. Suppose that 
H(w,t)>0 fora <t<w, wel. 


Also assume that Ly =h is of fixed sign and nowhere zero. Then 


ly(w)| |(Ly)(w)|dw > 2-1/4 (H(w, t))?dt ) dw 
iA (f; ([leerewoyra) aw)" 
(f (Ly)(w)|*aw) ve 


Proof. Here for x79 < w < x we have 
yw) =f H(w,p|n(eiat 
ae) 


From (13.11) by Hélder’s inequality we derive 


weal > (f “(H(w,0)Pat) (/ : jn(e)|tat i“ 


for w > xo. Consider 


(13.10) 


(13.11) 


(13.12) 
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So that z’(w) = |h(w)|% and |h(w)| = (z’(w))/%, all ao < w < x. Hence by 
(13.12) we get 


w 1/p 
Iy(w)] [(w)| > ( i, (H(w,t)Pat) “(z(w) + 2!(w))'/4, 


i) 


allay <w< a. Let rm <@0<w< 2 and 6 | xo, then by integration of the last 
inequality we obtain 


[twee ncwylate = tw fat iow 


bien Uf ([ ero. erat) ue - (z(w) - 2!(w))/4 te) 
hee ( ; ( i. “(H(w,t))Pat) aw) i lim (( | : Aw)2"(w)dw) : 
= 0 (f (flame ae) pte 


ort te ([ (exw, rar) ww) “ -(z(a))?/4, 


That is establishing (13.10). 


IV 
E 


IV 
E 


I 


Proposition 13.9. Let 0 < p <1 and q be such that ae = 1, anda < x, 
xo,2 € I. Suppose that 


H(w,t)<0 forw<t<2a, wel. 


Also assume that Ly = h is of fixed sign and nowhere zero. Then 


[Wwe antwylaw > 2-0 ( f (/ : JH(w1)Pat iw) 


! ( | s (L)(w)["dw ie (13.13) 


Proof. Here for x < w < 29 we have 


Ww 


“i (13.14) 


From (13.14) by Hélder’s inequality we find 


wel > (fC Htw,oyrar) os (| meirar) o 
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for w < xo. That is 


coy] > (feo. erat) 7 ([” imesirat) 43.45) 


for w < xo. Consider 


aw) = J |ntltat, 2600) = 0. 
So that . 
=2(w) = f ineitar 
and = 
~2!(w) = |a(w) 4 
with 


|A(w)| = (—z'(w))/%, alla <w< ao. 
Therefore by (13.15) we find 


Oo 1/p 
ly(w)| [(w)| > ( ‘| J(u, 1)Pa) “(2(w) -(—2!(w))) 9, 


alla <w< a. Let x<w<0@< 2 and 67 xo, then by integration of the last 
inequality we obtain 


xo 0 
[ley eee)fdee = Bima P(e) ee 


lim ( | (fiw. Pat)  (etw) -(-2!(0)))" te) 
Lim ( | (fiw. Pat) i) re jim ( | “(-2(w))(2"(w)) i) 7 
(f° (mera) ae) p(s) 


= ave (L°([ acw,n rat) aw) a lim (22(a) — 2(0))"/ 


= 2-9. Ca ([” 1H (w,0)P at) aw) ia - (z(a))?/4, 


Therefore 


[Pela rusia > ave (f (/ ; JH(w,t)Pat) de) 7 
(f° inewyitaw) o 


IV 


IV 


that is proving (13.13). 
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Putting things together we have 


Corollary 13.10. Let 0 < p< 1 and q be such that tee a =1, and xo,x € I that 
x #29. Suppose that 


(w — xo) - H(w,t) = 0, 


for all t between xo, w € I. Also assume that Ly = h is of fixed sign and nowhere 
zero. Then 


[we (Ey) (u)| a pave. (f (/ j 12(w,1)Pat) de - 


(|/ (Lancw)tau)) (13.16) 


Proof. By Propositions 13.8 and 13.9. 


Chapter 14 


Opial Inequalities for Vector Valued 
Functions 


Various L, form Opial type inequalities are given for functions valued in a Banach 
vector space with applications in C. This chapter relies on [52]. 


14.1 Introduction 


This chapter is greatly motivated by the article of Z. Opial [195]. 


Theorem 14.1. (Opial [195]) Let a(t) € C'([0,h]) be such that x(0) = x(h) = 0, 
and x(t) >0 in (0,h). Then 


h 
fv |a(t)a’ (t)|dt < zi (a! (t))? dt. (14.1) 


In the last inequality the constant h/4 is the best possible. 
Equality holds for the function 
x(t) =t on [0,h/2} 
and 
a(t) =h—t on [h/2,h]. 
Opial type inequalities have applications in establishing uniqueness of solution 
to initial value problems in differential equations, see [244]. We are also motivated 


by [16], [21]. 
We need 


14.2 Background 


(see [230], pp. 83-94) 

Let f(t) be a function defined on [a,b] C R taking values in a real or complex 
normed linear space (X, || - ||). Then f(t) is said to be differentiable at a point 
to € [a, b] if the limit 


(14.2) 
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exists in X, the convergence is in ||- ||. This is called the derivative of f(t) at t = to. 

We call f(t) differentiable on [a,b], iff there exists f’(t) € X for all t € [a,b]. 

Similarly and inductively are defined higher order derivatives of f, denoted 
f"" f®,..., {, k © N, just as for numerical functions. 

For all the properties of derivatives see [230], pp. 83-86. 

Let now (X, || - ||) be a Banach space, and f : [a,b] — X. 

We define the vector valued Riemann integral f f(t)dt € X as the limit of the 
vector valued Riemann sums in X, convergence is in || - ||. The definition is as for 
the numerical valued functions. 

If [° f(t)dt € X we call f integrable on [a,b]. 

For the properties of vector valued Riemann integrals see [230], pp. 86-91. 

We define the space C”([a, b], X),n € N, of n-times continuously differentiable 
functions from [a,b] into X; here continuity is with respect to || - || and defined in 
the usual way as for numerical functions. 

Let (X,||- ||) be a Banach space and f € C”([a,b], X), then we have the vector 
valued Taylor’s formula, see [230], pp. 93-94, and also [227], (IV, 9; 47): 

It holds 


—5f"@Ny — a)? — Fay 


= ao fe —t) tf ()dt, Vax,y € [a,)). (14.3) 


In particular (14.3) is true when X = R™,C™,meEN, ete. 
In case of some 2 € [a,b] such that f™) (ao) = 0,k = 0,1,...,n — 1, then 


1 - n—-1 g¢(n 
fo) = [o-o fo (Wat, Vy € [a, 2. (14.4) 


In that case E,(x0, y) = f(y). 


14.3. Results 


Here we consider always X to be a Banach space, n € N, and f € C"((a, 0], X), 
[a,b] CR. We fix zo € [a,b]. 
We present the first result of the chapter. 


Theorem 14.2. Let p,q>1: ae - =1, y> 20; y, 20 € [a,b]. 
Then 


he f " |En(2o, w)|| If (w) dw 
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(y— 20)" "7? aha 
< aap ee (| FO (w)II (w)|#aw) . (14.5) 


We give 
Corollary 14.3. For y € [xo,b] we have 
Ge a Times ) 
i. a J§|§_wo dw). 14.6 
Syne Uf Mew (14.6) 
Proof of Theorem 14.2. We have by (14.3) that 
1 


En(Zo, y) = ) fo ~ heer ae (t)dt, Vv y 2 Z0;X0,Y € [a, bj. (14.7) 


(n= 1)V 5. 
By Holder’s inequality we derive 


Exo S oy f “(yt FO) lat 
< aig (fle ora)” (f"asronra) 
ie ( 1/4 
= HoT Gin eae oe 
where 
j= i, “FO Wat, co <y <b (2(9) = 0). (14.9) 
Thus 
2(y) = FI 
and 
NF Wl = (2 @))4. (14.10) 
Therefore we obtain 
Qyierts 


| En(vo, wll IF @)Il < ———_ = a(y)2'(y))/4. (14.11) 


@—D! Wm) +" 


Integrating the last inequality we have 


y 
fi | En (0, w) I | F (w) law 


1 ¥ n—14++ / 1/q 
: wae eae I-20 *>(2(w)2"(w))/4dw 
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< oR (fee areman) " (ftoretante) 


n—1+2 


cn A OE. ya 
= 37am Din 1) + 1)(pn = 1) + De (14.12) 


proving the claim of the theorem. 
We continue with 


Theorem 14.4. Let p,q>1: at A =1, y€ [a, zo]. 
Then 


- =| *||Bu(o,w) | If (w)||dw 
y 


a Ce) el £67) (an) Ida ae 
< din — Dion —1) + Non —-) +d) (/ Pe wild ) - (14.13) 


We give 


Corollary 14.5. For y € [a, xo] we have 


(xo — y)” “ () (2d 
EEN Oran (/ If (w) 2a i: (14.14) 


Proof of Theorem 14.4. We have ie (14.3) that 
[Exton = Gay | foo" 14 eee 


< a i “(t= y)PMLF lat 


stg ([ emma)” (Pera) 


7 a ey (14.15) 
Here 
ay) = f° LeOlMat, (elo) = 0), (14.16) 
and : 
n=f If (II2 dt < 0, (14.17) 


—2'(y) = LF (WII? = 0, (14.18) 
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and 


IFW = (-2'W)4,, aS y S20. 


Therefore 
En (wo, WIFI 


\erits 


= ae (2(y)(-z'(y)))/4,, a<y <2. 


Hence we find 


is || Zn (xo, w)|| Lf (w) dew 


1 
<< 
~ (n= 1)'\(p(n-1 


< pom (fer wtertae) 


( E (u)(—2(w))de) = 


jens 


+p [oe = w)" 78 (2(w)(—2"(w)))/ dw 


fee et 

21/4(n — 1)![(p(n — 1) + 1)(p(n — 1) + 2)]1/” 
proving the claim of the theorem. 

Combining Theorems 14.2 and 14.4 we obtain 


(2(y))?/4,¥ y € [a, xo], 


Theorem 14.6. Let p,q>1: at - = 1 and y, xo € [a, BI. 
Then 


io 


[ || En (vo, w)|l a 


[ LF (w)||4dew 


= ne 2/4 


ee EPS | ica ae 
~ 21/4(n — 1)![(p(n — 1) + 1) (p(n — 1) + 2)]1/P 


Combining Corollaries 14.3 and 14.5 we derive 


lf Fw] (w) [Pat]. 


Corollary 14.7. For y, xo € [a,b] it holds 


os 
~ 2(n— 1)h/n(2n — 1) 


A special but important case follows 


(14.19) 


(14.20) 


(14.21) 


(14.22) 


(14.23) 


(14.24) 


(14.25) 
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Theorem 14.8. Let p,q>1: a ; = 1 and y,2o € [a,b]. Suppose further that 
f™ (a9) =0, k=0,1,...,.n—1. 
Then 


\ “wl sw) 


n—-142 2/4 


< min coe Oe = ol 
~ 21/4(n — 1)'{(p(m — 1) + 1)(p(n — 1) + 2)]3/P 


olf IF (w)] (ota) , (14.26) 


Proof. By Theorem 14.6 and Corollary 14.7. 


fle eita 


ESTEE 
2(n — 1)!,/n(2n — 1) 


We continue with 


Theorem 14.9. Let p=1, ¢= 00 and y € [xo, DB]. 
Then 


[P \eaCe0.1)h [1 w)dw < SO 


Cea [Fadler ie (14.27) 


Proof. We have by (14.3) that 


1 . n— n n yY—-2 ms 
IEn(oo, MS ay f= OIL Od SF Moon) LP”. 
xo 
(14.28) 
Consequently it holds 
n Y- xz ie 
| Bao, NIFC) FOI fon ee, (14.29) 
all a9 <y <b. 
Hence we derive 
||En(vo, w)Il LF" (w)||dw < —— J (w ~ 20)" dw 
xo xo 
Ya n 
ap ea Oe (14.30) 


(n+ 1)! 


The counterpart of Theorem 14.9 follows. 


Theorem 14.10. Let p= 1, q= 00 and y € [a, xo]. 
Then 
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a0) to. — n+1 
[Po VeaGoo, 20 Flaw < PB FO aaa (1431) 


Proof. We have by (14.3) that 


1 y fe ues 
|Enteol = | [waren 
a Py yt pe a ee ee 
=e (y—t)? fi (ede Gi (t—y)" |] f™ (t)|| dt. (14.32) 
iJ, iy, 
JP loostaco f° n-lgp = | p™ (zo — y)” 
ceed [Myr tat = 1 aoterr 2G. (04.3 
Hence it holds 
tn — n 
|En(o, vl IF ()I| < IF foo ae, (14.34) 
all ax y< 4. 
Consequently 


a0) 


xo (n) ||2 
[PP veaGao, wy oho < ese (ay — wna 
} i 


y 
n+1 
_ypyy2. oa yh a 
II f leer (n+ 1)! ( 35) 
Combining Theorems 14.9 and 14.10 we obtain 
Proposition 14.11. Let p=1, q= ©, y,2o € [a, O]. 
Then 
y n+l 
n YT % n 
i || En (xo, w)|| || f (w)||dw) < weg ‘ie (14.36) 
oP (n+ 1)! 


In particular we get 


Proposition 14.12. Let p= 1, q = 0, y,20 € [a,b]. Further suppose that 
f(a) =0, k=0,1,...,.2—1. 
Then 
aaa 


[ister he coyhae] ¢ ASE py, (14.37) 
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14.4 Applications 
Here X = C, f € C”({a,b],C), n € N, 2o,y € [a,b]. Furthermore suppose that 


f™ (ao) =0, k=0,1,...,.n—1. 
Applying Theorem 14.8 we obtain 


Theorem 14.13. Let p,q>1: at 7 =1. 


Then 
y 
fice (uae 


n—1+2 


ly — 2o| ee 


< min — 


y 


y 
i [F (w) [dw 


a 7: = n 
By Proposition 14.12 we derive 
Proposition 14.14. Let p=1, q=oo 
Then 
ly — xo|"t n 
[eee] fut] < BSE py, (14.39) 


Let now f € C1({a,b],C), ro,y € [a,b] with f(a) = 0. Applying Theorem 
14.13 we get 


Theorem 14.15. Let p,q>1: =1, 


Then 


1 1 
pq 


ic) J" (w)lae] 


0 


ed 
<5m (rsa [rood 


Finally by applying Proposition 14.14 we find 


2/4 
sly = ro| 


i "Pa (14.40) 


Proposition 14.16. Let p=1, q=oo 
Then 


(y= eo)" py., (14.41) 


wll fiw au < 


Chapter 15 


Opial Inequalities for Semigroups 


Various L, form Opial type inequalities are given for semigroups with applications. 
This chapter relies on [81]. 


15.1 Introduction 


The chapter is also greatly motivated by the article of Z. Opial ([195]): 


Theorem 15.1 (Opial [195]) Let x(t) € C1([0,h]) be such that «(0) = a(h) = 0, 
and x(t) >0 in (0,h). The following inequality holds 


h h 
i |a(t)a’ (t)|dt < (n/a) | (a’ (t))? dt. (15.1) 
0 0 


In the last inequality the constant h/4 is the best possible. 

Opial type inequalities have applications in establishing uniqueness of solution 
to initial value problems in differential equations, see [244]. 

We are also motivated by [16], [21]. 

The generalized Opial type inequalities we prove here are in Theorems 15.8, 
15.10 and 15.15. 


15.2 Background 


All this background comes from [79] (in general see also [147]). 

Let X a real or complex Banach space with elements f,g,--- having norm 
fll, llgll,--- and let E(X) be the Banach algebra of endomorphisms of X. 

If T € E(X), ||T|| denotes the norm of T. 


Definition 15.2. If T(t) is an operator function on the non- negative real axis 
0 <t< oo to the Banach algebra €(X) satisfying the following conditions: 
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{@ T(ti +t2) =T(t)T(t2), (t,t 2 0), (15.2) 


(it) T(0) =I (I = identity operator), 

then {T(t); 0 < t < co} is called a one-parameter semi-group of operators in €(X). 

The semi-group {T(t); 0 < t < co} is said to be of class Co if it satisfies the 
further property 


(ii)s— jim TWF =f, (FE X) (15.3) 


referred to as the strong continuity of T(t) at the origin. 

In this chapter we shall assume that the family of bounded linear operators 
{T(t); 0 < t < co} mapping X to itself is a semi-group of class Co, thus that all 
three conditions of the above definition are satisfied. 


Proposition 15.3. (a) ||T(t)|| 1s bounded on every finite subinterval of (0,00). 
(b) For each f € X, the vector-valued function T(t) f on [0,co) is strongly 
continuous. 


Definition 15.4. The infinitesimal generator A of the semi-group {T(t); 0<t< 
oo} is defined by 


Af =s- lim, Af, Anf=<[P()-J (15.4) 


whenever the limit exists; the domain of A, in symbols D(A), is the set of elements 
f for which the limit exists. 


Proposition 15.5. (a) D(A) is a linear manifold in X and A is a linear operator. 
(b) If f € D(A), then T(t) f € D(A) for each t > 0 and 


“Tf = ATHF=TWHAF (t> 0); (15.5) 
furthermore, 
rijf- f= f T(u)Afdu (£>0). (15.6) 


(c) D(A) is dense in X, i.e. D(A) = X, and A is a closed operator. 


Definition 15.6. For r = 0,1,2,... the operator A” is defined inductively by the 
relations A° = J, A! =A, and 


D(A") = {f; f € D(A’) and A™-"f € D(A)} 


A'P= ACA f) = 5— lim ACA A) (FED(A). (15.7) 


Opial Inequalities for Semigroups 189 


For the operator A” and its domain D(A”) we have the following 
Proposition 15.7. (a) D(A") is a linear subspace in X and A" is a linear operator. 
(b) If f © D(A"), so does T(t)f for each t > 0 and 
“ris =A'T(t)f =T(HA'S. (15.8) 


Furthermore 
= a k 1 : r-1 r 
LOF= ae f= oo f (t — u)’-1T(u) A” fdu, (15.9) 
k—0 . . 0) 


the Taylor’s formula for semigroups. 
Additionally it holds 


r—a= | | of T (ui + us +++ u,)A" fdurdug...dur. (15.10) 


(c) D(A") is dense in X for r =1,2...; moreover, N°, D(A") is dense in 
X. A” is a closed operator. 
Integrals in (15.9) and (15.10) are vector valued Riemann integrals, see [79], 
[164]. 


15.3 Results 


Here always we consider T(t), A as in the Background of this chapter and f € 
D(A"), rEeNn. 
We present the first main result. 


Theorem 15.8. Let p,q>1: ae - =1. 
One has 


| |ACw) fll IZ (w) A" fldw < 


trolts 


t 2/4 
BESTT (f Iemar ried), 5.10 


for allt € Ry = [0,00), where 


a) op 
Af =TOF- So ART. (15.12) 
k=0 ~ 


We give 
Corollary 15.9. Let p=q=2. Then 


| |A(w) fll [Tw A” flew < 
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ae 


2(r — 1)! /r(2r — 1) 


Proof of Theorem 15.8. By Taylor’s formula (15.9) we have 


A(t)f = aon f (t —u)" 'T(u) A" fdu. (15.14) 


Gi | (w)A" flaw) for allt € Ry. (15.13) 
0 


Therefore 


ISOs = aay [ -rty Fa 


1 v nag: r 
< pay f ¢- oP wa' tlw 


<a (/ Ge urea hs (/ ITA" Fu) 


pits t sees 1/q 
= areca (| T(u) AF | iu) 


So far we have found that 


1/q 


|AwsI < a ((e))"/", (15.15) 
where 
FOES [ 7 (u)A" fl|@du, for all t € Ry. (15.16) 
Clearly 
H(w) :=|IPQW)AT FI", O<w <t, 2(0) =0. (15.17) 


In particular 
Tw) A” fl] = (2 (w))/. 


Hence we have that 


1 
wits 


GoD eG cpap Hw)e(w)"". (15.18) 


|A@w) fll Tw) A Fl S 


Consequently it follows 


1 


[ Wacysi 0)" flaw < —— ae 


143 (2(w)z!(w))/4 dw a 
fw (+(w)2'(w))""" dw < —— ae 
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(/ (w4)" aw) sd (f are"ew 


ee 
(r — 1)! (p(r — 1) +1)1/P (p(r — 1) + 2)1/P 
1 po 


2/q 
PI! @r 141? Wapr—1) payer @) 


1 gals t oe 2/q 
‘ee ea Os) 


= 
s 
nN 
a 
ase 
Q 


(15.19) 
proving the claim. 
We give 
Theorem 15.10. Here p=1, q= © and suppose 
| rear sil |] = sup IT(wAr sll < ov. (15.20) 
co ue Ry 
Then 
t 
f lAcoysil Ira" flaw < a | le WAT fl ||_ for all te Ry, 
0 (r +1)! 
where 
r-1 
ve 
A(t) f :=T(b)f - vats (15.21) 
Proof. We have 
1 ‘ T= ta 
|AwsIl < fe- oir’ pla 
Caer 9 
1 : 
cot (few) | iron |, 
t” 
=5 IT (u) Ar f|| | for all t € Ry. 
That is 
IA@sl< 5] ir@arsi| | for alee Ry. 
Therefore 
‘is w" ys 2 
Awslizmarels | lir@arsil |. aoswst (15.22) 
Hence 
2 
; ty | iz@arsi || 
as ee 
= a | IT (u)A fl ie for allt Ru, (15.23) 


proving the claim. 
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We give 
Application 15.11 (see also [80]). It is known that the classical diffusion equation 
Ow OPW 
with initial condition 
Jim, W(2,1) = Fl), (15.25) 


has under general conditions its solution given by 


W(c,t, f) = (T() fle) = wal * flat wen Mau, (15.26) 


the so called Gauss—Weierstrass singular integral. 

The infinitesimal generator of the semigroup {T(t); 0 < t < co} is A = 0?/0x? 
([159], p. 578). 

Here we suppose that f, f@",k = 1,...,r, all belong to the Banach space 
UCB(R), the space of bounded and uniformly continuous functions from R into 
itself, with norm 


Ilfllc := sup |f(2)]. (15.27) 
cER 
Here we define 
rol op 
= t 
A(t) f(x) = W(2,t, f)-— >> al (x), for alla ER. (15.28) 
k=0 — 
Therefore by Theorem 15.8 we derive 
Proposition 15.12. Let p,q>1: “ + ; i 
Then 
t 
t= f [B@)flle Ww, f2)ledw < 
0 
prolate 
21/4(r — 1)! [er — 1) + 1)(e(r — 1) +.2)]*/” 
t 2/4 
¢) IWC,an, Faw) ,for allt € Ry. (15.29) 
0 
We make 


Remark 15.13. We notice here that 


1 
2V at 


W(t £2)| = ae | [FOP eer" Madu 
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Gry (a+u —u? /At day 
<sim f e+ whe 


es Feo ene /4t day 


Wb 


= |[fPP lo 1 = FCP llc < co, for all te R. 


That is 
7,6 Flo SFM lle. 
And thus we obtain 
= [IV .6 FP Mle 


= sup ||W(-,t, FO Je < FPP llc < 00. 
teRy 


We give 


Proposition 15.14. Here p=1, q=oo 
Then 


t +1 
I, < ———@? lteR 
t +l for allt € Ry. 
Proof. By Theorem 15.10. 

We finally get 


Theorem 15.15. Let p,q>1: 
Choose x; € [0, rt] such that 


1 ely 3 
441=1, 150. 


pe= T(x )A" fll = sup ||T(a)A" fll. 


x€[0,rt] 
Then 
i I(L(w) — "fll (rw) A” flaw 
1/q 
p — (1/p) x 
Proof. Call 


Then by (15.10) we have 
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(15.31) 


(15.32) 


(15.33) 


(15.34) 


(15.35) 
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t t t 
rwos= [ | | Fi ua At uscd tO SOS 6) 
0 0 0 


Therefore it follows that 


Irs < | | os i} (Gite areas be 


t pt t 1/p 
<(f ff Vduyduy.. dur 
0 Jo 0 
t pt t 1/q 
(f ik | | (un ua +: + uy)" Jung... du 
o Jo 0 


t t 1/q 
={"/P (/ af | (un a ++ ue) AP Fund... d ; 
0 0 


That is we derive 


t pt t 1/q 
II" (t)f || < e°/? @ i ff | (un ta ++ ue) AP Fuad.) 
t>0. (15.37) 
Set 


ty te tp 
Ghiptoye cy ly) =| | of ||T' (ur + ug +-+u,)A" f||%durdug...dur, 
o Jo 0 


where t1,to,...,t, > 0. (15.38) 
Thus 
II" @ fll <2" (G(at,...,O)/7, t>0. (15.39) 
Clearly we find 


OG Cites, tS) 
Ot Ota .. . Oty 


and in particular we get 


O" Git, t,...,t) 
Dinan ee 15.41 
AAO OS (15.41) 
and 
O'G(t,t,...,t) 1/q 
‘i = AN ae sey BY = | 
|Z (rt) A fl ( Ot Oto... Oty ) ; for all t ee 0 (15 42) 


Consequently we have 
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IP") Fl Prt) A" Fl < 


ir 1/4 
Flt -0) , for all t > 0. 


ie (ce. discus) AE GEL OES 


Thus 
i IC" (w) fl] TErw) A” flidw < 


f O"G(w, w,..., w) Va 
r/p pele fe So es es ae = 
i w (Gt...) Dh,Ote...Oty ) dw =: J 


Notice here that 
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(15.43) 


(15.44) 


Gu,w,...,u) = f | of ||T\(ui + ug +: + u,)A" f||%duydug...du 
o Jo 0 


<w" ap |P(@) AT fll? = ww" ||P@ AES 
xe |O,rt 


for some af € [0,rt], O<w<t. 
That is 


G(w,w,...,w) <w" ||T(az)A’ fl’. 


Hence we derive 


: O"G(w, w,...,w) 1/4 
< Tr * Tr ? 2 9 
g<| ee A ( Oty Oty ... Ot ) ou 


a O"G(w, w,...,w) va 
= |T(a)A fi fw (See) dw 


t 1/p t tia 
O"G(w, w,...,w) 
< * r rp pe a 
< ||P (a?) A" fl (/ " ww) (/ ( Ot Oty... Oty ) aw) 


1/p) Lia 
= Ire ( ip IT(rw)ar slaw) 


We have established that 


i IC" (eo) fl [T(r AP flaw 


tr+(1/p) 
~ (rp +1)1/P 
that is proving the claim. 


ITA" sl ( : | (rw) A" Faw) os 


(15.45) 


(15.46) 


(15.47) 


(15.48) 
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Chapter 16 


Opial Inequalities for Cosine and Sine 
Operator Functions 


Various L, form Opial type inequalities are given for Cosine and Sine Operator 
functions with applications. This chapter relies on [45]. 


16.1 Introduction 


This chapter is also greatly motivated by the article of Z. Opial [195]. 


Theorem 16.1. (Opial [195]) Let a(t) € C'([0,h]) be such that x(0) = x(h) = 0, 
and x(t) >0 in (0,h). Then, 


h h 
| jee" (lat < > f (a (t))? dt. (16.1) 


In the last inequality the constant h/4 is the best possible. 

Opial type inequalities have applications in establishing uniqueness of solution 
to initial value problems in differential equations, see [244]. We are also motivated 
by [16], [21]. 

We need 


16.2 Background 


(see [93], [147], [191], [192]) 

Let (X, ||-||) be a real or complex Banach space. By definition, a Cosine operator 
function is a family {C(t);t € R} of bounded linear operators from X into itself, 
satisfying 

(i) C(0) =I, the identity operator; 

(i 

C(t+s)+ C(t — s) = 2C(t)C(s), Vt, s € R; (16.2) 


(the last product is composition ) 
(iii) C(-)f is continuous an R, V f € X. 
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Notice that C(t) = C(-t) Vt ER. 
The associated Sine operator function S(-) is defined by 


sg= [OW Fas. VteR, VfeEXx. (16.3) 


The Cosine operator function O(-) is such that ||C(t)|| < Me‘, for some M > 
1,w>0,VteR, , here || - || is the norm of the operator. 

The infinitesimal generator A of C(-) is the operator from X into itself defined 
as 


F 2 
Af := jim, p (C(t) — I) f (16.4) 
with domain D(A). Operator A is closed and D(A) is dense in X, i.e. D(A) = X, 
and satisfies: 


i S(s)fds € D(A) and af S(s)fds = C(t)f —f, Vf eX. (16.5) 
0 0 


Also it holds A = C”(0), and D(A) is the set of f € X : C(t)f is twice differentiable 
at t = 0 ; equivalently, 


D(A) ={f'e X: Cf © C?(R,X)}. (16.6) 


If f € D(A), then C(t)f € D(A), and C”’(t)f = C(HAf = AC(t)f, Vt € 
R; C’(0)f =0, see [140], [232]. 

We define A° = I, A? = AoA,...,A" = Ao A™ 1,n EN. Let f € D(A”), 
then C(t)f € C?"(R,X), and CO” (t)f = C(L)A"F = A™C(HS,Vé € R, and 
Ccek-D(0)f =0,1<k <n, see [191]. 

For f € D(A™),t € R, we have the Cosine operator function’s Taylor formula 
({191], [192]) saying that 


n-1 12k t (p _ g)2n-1 
Tr()f:=COF- Se omit = TOW fas (16.7) 
2. Gy ‘ l 


ha per-1 es 
M,(t)f = S(t)f — ft a Af Crem = 
[ a C(s)A" fds, Vte R, (16.8) 
0) . 


all f € D(A”). 
Integrals in (16.7) and (16.8) are vector valued Riemann integrals, see [79], [164]. 
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16.3. Results 


Here, always, we consider C(t), S(t), A as in the Background and f € D(A”), n EN. 
Theorem 16.2. Let p,q>1: oes o= =1,t¢€R4,. Then 


i) 
r= ftw) fl lIC(w)A" fldw < 
0 
per-14g 2/q 
SI eye (f lewrarsiraw) 
(16.9) 
and 
id) 
F=f |Ma(w)fl||C(w)A" flaw < 
0 
p2(n+5) 2/q 
—_—__—oOoOoOoOoOoOoOoOOOO eee” n qd 
2(2n)\|(2pn + 1)(pn + 1]? ([ \|C(w) A” fl| ww) (16.10) 
We give 
Corollary 16.3. It holds 
i) 
en ' n 2 
6 ee f lctwyarsitdu, vee Rs, (16.11) 
and 
pz f2n+1 t é Tee eae ane 
<r | lewmarsitde, wer, (06.2) 


Proof of Theorem 16.2. For convenience we call m := 2n—1. By (16.7) we have 


(s)A" f ds, t€ Ry. (16.13) 


Thus 


|Tr(t) fl] < ai (t — s)™||C(s) A” f||ds < 


_ ([« = sas) - vs IC(s) A" "as ‘- 
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1/q 
So far we have found that 
tte iy 
T,(t) f || < ——— ~~ (2(t)) "4, 16.1 
ITAA < ap (Hl) (16.15) 
where 
t 
a , ||C(s)A” f||"ds, Vt € Ry. (16.16) 
0 
Clearly 
2'(w) = ||C(w)A” f||4, 0 < w <t, z(0) =0. (16.17) 
Also 
[|C(w)A” fll = (2’(w))/4. (16.18) 
Therefore we have that 
n W ts 
[Zn (w) FI []C(w)A” fll $ ——__ (2(w) 2"(w)) 1/4. (16.19) 
m!(pm + 1)1/P 
Consequently it holds 
t 1 t ai , P 
n mre /4q 
[tao tiiiecyar ftw < are fl wm e020) 
(16.20) 
1 t , 1/p t 1/q 
ee eee pm+ ! d 
< cm aay (ff wrtan) (fae 2"wiao) 
1 ymt3 2 1/q 
= ee A) [é (16.21) 
m!(pm + 1)1/P (pm + 2)1/P 2 
1 yrts 2/q 
T_T EE SS n qd 
= gm Tae (ff letwarsitae) (16.2) 
proving (16.9). 
Setting now m := 2n and working similarly with (16.8) we get (16.10). 
The proof of the theorem is now complete. 
We present 
Theorem 16.4. Here p=1,q =o, and 
ICS) AP Fl eo = Sup |C(s)A" fl] < 00. (16.23) 
sERy 


Then 
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i) 
alee 2 
is Qn+i)! IH C(s)A” Fl oo 4 VEE Ry, (16.24) 
and 
it) 
p2(nt1 ee 
J< ier IHC(s)A” fll Nooj4» Vt € Ry. (16.25) 


Proof. We have from (16.7) that 


itor s [Feta sls < SFM) A A Ioyas VEE Re. 


(2n — 1)! (2n)! 
(16.26) 
Thus 
|Tn(w) FI IC@w)A" fll < a Dal - =| IC(s)A” FI M204 (16.27) 
alO<w<t. 
So that 
T= f | ta(w)fl||C(w)A" flldw < 
* on HC(s)A” fll o,+ — _ t?rtt mate 
([ wrrdw) HOC ee Gra pICOAa*F Zs (06.28) 
proving (16.24). 
Similarly from (16.8) we obtain 
Mn fll < —- |C(s)A” fll lloo,+, Vee Ry. (16.29) 
Furthermore it holds 
Mn (w) fll Cw) A” fll < ll IC(s)A” Fl 20,45 (16.30) 
alO0<w<t. 
Therefore 


I C(s)A" Fl 2,4, Vt € Ry. 
(16.31) 


pert) 
(Q(n + 1)! 


That is establishing (16.25). The theorem is proved. 


=f iMa(w)sille(w)a” flaw < 
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We continue with 


Theorem 16.5. Let p,qg>1: an - =1,t¢R_. Then 


i) 
0 
a | |Tn(w) fll Cw) A” flaw 


(—t)2"-1+3 


0 2/4 
< aa aT (ff bowansinaa) 


and 


ii) 
zs | || Mn (w) fll |C(w) A” flew 


( p Pts ) 2/4 
< saa (ff bewarsinan) 


We give 
Corollary 16.6. It holds 
i) 
p27 


Pee |C(w) A” f|[?dw, Vt € R_, 
2(2n — 1)!,/2n(4 


(-1)2771 0 
I< / C(w) A” fll2dw, Vt € R_. 


~ 2(2n)l/(Qn+ 1)(4n4+1) Je 


Proof of Theorem 16.5. For convenience call m := 2n — 1. 
By (16.7) we have 


(s)A" fds, te R_. 


Thus 


IZ. fll = a fe- s)"C(s)A" fds 


<a f (8m ewan sllas 


ct (f'-oma) (f rewarnivas) 


0 
/ (t — s)"C(s)A” f ds 


t 


(16.32) 


(16.33) 


(16.34) 


(16.35) 


(16.36) 


(16.37) 
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1 ( re - 1/q 
-+ eoon(f C(s)A fas) 


So far we have found that 


(—t)™ = 1/q 
where 
0 
= ib |C(s) A" fl|"as, 2(0) =0. 
That is 
- i, Cs) A" flitds > 0, 
and 
=i (t) = ||C()A"sII2 > 0, 
and 


IC@A" sl = (-2'()/4, te R- 


5 (2(w)(—2!(w))) 1/4. 


Hence we have 
(—w)"* 
1 


I|Tn(w) FI C(w) A” fll s milan 


Integrating the last inequality we derive 


0 
| | Za(w) fll Cw) A” flaw 


uP 


0 
ef wy (w) (2! (wy)! 


~ m!(pm + 1) t 


1 (a+?  (2(t))2/9 
m!(pm +1)!/P (pm +2)!/P = 2/4 


( tts 7 2/q 
= eee (ff beowarsieae) 


proving (16.32). 


Setting now m := 2n and working similarly with (16.8) we get (16.33). 


The proof of the theorem is now complete. 
Combining Theorems 16.2 and 16.5 we derive 


Proposition 16.7. Let p,q>1: at ; =1,teER. Then 


(16.39) 


(16.40) 


(16.41) 


(16.42) 


(16.43) 


(16.44) 


(16.45) 


(16.46) 


(16.47) 


(16.48) 
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rs | / “| Ealw) fl IC(w)A” fd 


\t/2"-1 +3 t 2/q 
Eee C A” fIl¢d 
~ 21/4(2n — 1)![(p2n = 1) + 1)(p(2n — 1) + 2)]1/ y, [OMe eS ae 8 
(16.49) 
and 
ii) 
7 t 
T= | [ iaow)sh bec)" sae 
\t|?4 (n+3) 2/4 
nan GRESTET AW) RPE LEEE TT JA” f || 9d 16. 
* 3@nji(on + pn + hy] [vec NO ee Pa ite) 
Combining Corollaries 16.3 and 16.6 we obtain 
Corollary 16.8. It holds 
i) 
T tn n 2 
Le Mc )A” f|[?dw] ,Vt € R, (16.51) 
~ 2(2n — 1)!,/2n(4n — 1) 
and 
ii) 
_ [ejaert t 
F< | [cua siau|.veeR, (16.52) 
2(2n)!,/(2n + 1)(4n +1) |Jo 
Next we present 
Theorem 16.9. Here p=1,q=&, and 
II |C(s) A” FI Ilo, = = up I|C(s)A” fl] < 00. 
Then 
i) 
rc CO" cians veer (16.53) 
(2n+ 1)! yr? fal ; 
and 
id) 
£2(n4+1) 
Iv Il IC(s)A” fll 2,-. VE € RE. (16.54) 


~ (2(n+1))! 
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Proof. For convenience call m := 2n — 1. By (16.7) we have 


(t)f = = (s)A" fds, tER_. (16.55) 
Thus 
ITF = ' i (1 5)™C(s)A"f ds 
0 
— | (s— #)""|C(s)A" fllds (16.56) 
3 n oe 0 _4)ym+1 
< HEC Ets (e-nmas) =[1C()4"F lo 5. (16.57 
Hence 
ney (come 
ITa()ASHIC()A" Fl foo 2 ve eR. (16.58) 


So that it holds 
Tn (w) fll IC(w)A” fll < IIC(s)A" Fl Ilo.,— 
Consequently we get 


0 s)A” 2 v 
= [ itscoyri ice” flaw << OATES [(-uyr'duw (16.60) 


a 1 
ee a) (16.59) 


= Mies. 2 eens 


proving (16.53). 
Similarly, from (16.8), for m = 2n we obtain (16.54). 


Finally we give 


Proposition 16.10. Here p=1,q=o, and 


I1C(6) 4" fo = sup IC(S) AFI] < oe (16.62) 
Then 

i) 

[itocwrst pewwa” fae] < HOT jo(sa"siievteR, (16.68) 
and 

iw 

| / “|Ma(w) IC(w)A" Fld g MIC) A"fIIZ.veeR. (16.64) 

ee < BHF Ip GIS MEO 


Proof. By Theorems 16.4, 16.9. 
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16.4 Applications 


(see [147], p. 121) 

Let ¥ be the Banach space of odd, 27-periodic real functions in the space of 
bounded uniformly continuous functions from R into itself: BUC(R). Let A := 
with D(A") = {fexX : f@ex,k = 1,...,n},n € N. A generates a Cosine 
functions C* given by 


C*(t) f(x) = ; [Me +t) +fla—d)], Vz,t ER. (16.65) 
The corresponding Sine function S* is given by 
S*(t) f(x) = bs [f s+ s)ds + [se- ss , Vaz,t ER. (16.66) 
2 |Jo 0 
Here we consider f € D(A”),n € N, as above. By (16.7) we obtain 
T*(t)f = =[fC4+0)4 : 5 Open 
OF = 56+ + 1-1- SD aay 
_ f= 9)" | pean) (2n) 
=| seat G+s)+ fe (-)| ds,Vt ER. (16.67) 
By (16.8) we get 
ee A apa ieee fee Al! ee eG a 
more g[f trades f s-— 90s] ~ 3 aay 
= [ Gee Eagar +s) + fOr. — s)| ds,vWt eR (16.68) 
9 2(2n)! , ‘ ‘ 


Let g € BUC(R), we define ||g|| = ||g||o0 := sup |g(x)| < co. 
«ER 
Notice also that 


I C* (8) A" flloolloo = IH ]C*(s) FO” Ilcolloo 


= sl FEM + 8) + FEM — 8))lleclloo 


S | FPPC + 8)lloolloo + IFO” (- — 8)lleolloo} $ © < 00, (16.69) 


where 
0 := [fe Loo (16.70) 
We have the following applications. From Proposition 16.7 we derive 


Proposition 16.11. Let p,q>1: at ; =1,teER. Then 
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i) 
t 
c= | f Itiwyslle ferent au 
0 Co 
\t/2-- +3 t ( ) 
eg ee jc" wy fer 
~ 21/4(2n — 1)![(p(2n — 1) + 1)(p(2n — 1) + 2)]/? i (w)f 
Vt ER, 
and 
it) 
t 
eis | [iaeccey ti. |e wnt? | a 
0) Co 
\t|?¢ n+2 fe ) 2/4 
C*(w) f*” * 4 ,VWteER. 
= 2Qn)![(pn + 1) Qpn + 1]? [ or ‘dw 
From Corollary 16.8 we get 
Corollary 16.12. It holds 
i) 
a “Hor(w) fe a VteR 
as | fern ef tu weer 
* = 9(2n — 1)h/2n(4n —1) [ eae 
and 
it) 
Ee Fer? 
< Pov dw WEE R. 
2(2n)!,/(2n + 1)(4n + 1) 
Finally from Proposition 16.10 we find 
Proposition 16.13. Here p=1,q=co. Then 
i) 
oleae - |lF' an)" VEER, 
"Lipa 
and 
p2(r+1) (2 
< ——___ 2) teER. 
cae (2(n + 1)) f° oes < 


q 
dw 
Co 


2/q 


és 


(16.71) 


(16.72) 


(16.73) 


(16.74) 


(16.75) 


(16.76) 
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Chapter 17 


Poincaré Like Inequalities for Linear 
Differential Operators 


Various L, form Poincaré like inequalities [2], forward and reverse, are given for a 
linear differential operator L, involving its related initial value problem solution y, 
Ly, the associated Green’s function H and initial conditions at point x9 € R. This 
chapter follows [48]. 


17.1 Background 


Here we use [169], pp. 145-154. 
Let [a,b] C R, a; (a), i =0,1,...,2-—1 (n EN), h(a) be continuous functions 
on [a, b] and let L = D” +a,_, (x) D"~! +...+ ao (x) be a fixed linear differential 


operator on C” ({a, b]) . Let yi (2) ,.--, Yn (x) be a set of linear independent solutions 
to Ly = 0. Here the associated Green’s functions for L is 

y1 (t) Yn (t) 

v1 (t) Yn (t) 


Pe aa (17.1) 
yy; (t) Yn (t) 


which is a continuous function on [a,b]. 
Consider a fixed 29 € [a,b] , then 


pap a H (x,t) h(t)dt, Vx € [a,d] (17.2) 


is the unique solution to the initial value problem 


Ly=h; y (a) =0, i=0,1,...,n—1. (17.3) 
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Next we suppose all of the above. 


17.2 Results 


We present the following Poincaré like inequalities. 


Theorem 17.1. Let xo < b and x € [zo0,b], and p,q>1: aia 
Then 


eee we(f ( ii JH (2,t)P dt) “a ace 


When v = q we have 


b x q/P Afa 
2) lull, (wo.b) S (/ (/ 14 (2,0) at) is) Zyllz,(eo.8)- 
xo xo 


When v= p=q=2 we obtain 


b is 1/2 
i lexean = (f ([ #anat) is) IZallaace08) 


Proof. From (17.2) we have 


wo s f UF@nila(olae 
< (feora) (fmoora)” 
G2 IH (ao rar) ee |h(t yrae) 7 


7 v/p 
x)|" < (/ 12 (0,0) at) Lull (eo.t)» 
xo 


That is 


Hence 


b b x v/p 
/ ly (2)| in ( / (/ 14 (at) at) i) ILI, coo.) 
xo xo zo 


proving the claim. 


(17.4) 


(17.5) 


(17.6) 


(17.7) 


(17.8) 


(17.9) 
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We continue with 


Theorem 17.2. Let 1p >a and x € [a, xo], and p,q>1: s+ ; =1;v>0. 
Then 
1/v 


xo xo v/p 
1) rliscomn &( f (ft w.oP at) is) IZulleg¢aaa)» (17-10) 


When v = q we obtain 


xo xo q/p 1/q 
2) Whee <(f (f" urteorat) de) Walageasy O71) 


When v= p=q=2 we obtain 


3) Wl (ff nat) ar) " ullegtemy O72) 


Proof. From (17.2) we have 
als | |H (a, t)||h(t)| at 


< (fo lena) ” Cs imeortae) 
=< ([” |H (a, t)|? ir) as ([” In (ol? at) a (17.18) 


xo v/p 
wor < (f° read) all aan (17.14) 


That is 


Therefore 


xo Ba) xo v/p 
i piorrars (f (/ 1H (at) at) i) Zul (aeo) (07-15) 


proving the claim. 


Extreme cases follow 


Proposition 17.3. Here xo < b, x € [x0,b], and p=1, q= on. 
Then 


b ‘a y 1/v 
1) llyllz,(eo.8) S (/ (/ 12 (0,0) at) i) Za ll neo teo,b) (17.16) 
xo xo 


When v = 1 we have 


b x 
2) lullestao) < ( [ (f eoe) i) oleocosy TAN) 
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Proof. From (17.2) we have 


pos [ LA (2, t)||h (t)] at 


<(/ ic) at) Ms ce00) (17.18) 


That is 


(alr < ( [weal in) 1 ae (17.19) 


[ ly (a)|" dx < e Ce |H (x, t)| as) as) Lally. (e0,b) ° (17.20) 


proving the claim. 


and 


We continue with 


Proposition 17.4. Here xo > a, x € [a, xo], and p=1, q=on. 
Then 
1/v 


xo xo Vv 
1) lal eacean < (f (/ 1H (0,0) dt) ax) Zellectaey (17-21) 


When v = 1 we derive 


2) Unliwan (fo (fo ie oldt) de) Iatcceay 0722) 


Proof. From (17.2) we have 


wes [Ur (e.o| [nla 


< (fe @0l4t) I aan (17.28) 


That is 


wor < (fread) Wal aw) (17.24) 


i. ly (@)|" da < OE ces 1H (x.t)|d¢) adr) Zale caeo) > (17.25) 


proving the claim. 


and 
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Next we give reverse Poincaré like inequalities. 


Theorem 17.5. Let xp < b, x € [0,6], and 0 <p<1,q<0: st+i=1,v>0. 
Suppose H (x,t) > 0 for x9 <t < a, and Ly = h is of fixed sign and nowhere 
zero. 
Then 


d ‘ v/p 1/v 
1) nlacon> (f (| arco.) is) IZylli¢o. + (17-26) 


When v = p we obtain 


b x 1/p 
2) leseun> ( i (/ (H(t) a) Zollogtenay- 17-27) 


When v = 1 we get 


b x 1/p 
3) leon > (f ([ ur(e.nyr at) is) IZalliseeos (17-28) 


0 0 


Proof. By (17.2) we have 
ly (x)| = i: H (a,t) |h (t)| dt, for all ap < a < b. (17.29) 
xo 


From (17.29) by reverse Hélder’s inequality we find 


a> (f° ae tenyrar) ([ minirar) “ 


q 


> ([ (H(2,0)Pat) ( [meta : . (17.30) 
for allay <a <b. 


That is it holds 


x v/p 
wor > (f @ryrat) WA coe (17.31) 


for allap <a <b, 
and 


a ly (x)|" da > O (f (H (2,2) dt) ak i) WPUly.wo.b) (17.32) 


proving the claim. 
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We continue with 


Theorem 17.6. Let 1p > a, x € [a,xo], and 0O<p<1,q<0: Sti=lv>0. 
Suppose H (x,t) <0 for x <t< x0, and Ly =h is of fixed sign and nowhere 
zero. 
Then 


xo xo v/p i 
1) laces = ( f (/ (-H (at)? dt) i) Lull, cacen): (17-38) 


When v = p we obtain 


2) Inllegiaan 2 (fo (fo Ca enyrar) ae) " Wllectesy 0734) 


When v = 1 we have 


a0) zo 1/p 
3) blown { f (/ (-H (at)? dt) i) Zullzg(amoy: (17-35) 


Proof. From (17.2) we have 


ly (x)| = 


[ Heaney at 


i’ H (2,1) h(t) au 


i) (—H (x, t)) h(t) ay 


S [ (—H (a, 1) |h(t)| dt. (17.36) 


From (17.36) by reverse Holder’s inequality we find 


ta (—H (x,t))? ir) - Oe |h (t)|? ar) a (17.37) 


IV 


for alla<xz< Zo. 
That is it holds 


xo v/p 
wa > (f° Creare) IY ae) (17.38) 


for alla<axz< 1, 
and 


[wer ae 2 ( [Ef caeora) i i) Lol (aren) (17-89) 


proving the claim. 


Chapter 18 


Poincaré and Sobolev Like Inequalities for 
Widder Derivatives 


Various L, form Poincaré and Sobolev like inequalities, forward and reverse, are 
given involving Widder derivative ({243]). This chapter follows [54]. 


18.1 Background 


The following come from [243]. 
Let f,uo,U1,.--,Un € C+ ([a, b]), n > 0, and the Wronskians 


W; (x) := W [uo (@) , ui (@) ,..., Us (@)] = 


uo (x) u(x) ... uz (x) 
Up (a) uy (a)... uy (2) 
(18.1) 
up? () a? (a)... uf? (@) 
+=0,1,...,n. Here Wo (x) = uo (x). Assume W; (x) > 0 over [a,b], i =0,1,..., 
For i > 0, the differential operator of order i (Widder derivative): 
lef (x) 7 Ww [wo (x) » U1 oo om 1 (x }s f(z Mh. (18.2) 
t=1,...,n +1; Lof (x) := f (x), Vr € [a,b]. 
Consider also 
uo(t) ui (t) us (t) 
: up (t) uy (é) u; () 
gi (a, t) = : ; (18.3) 
W, (t . 
7 GP uf a 
uo () ua (x) ui (@) 


i=1,2,...,n3 go (a,t) = wot Yar, t € a, b]. 


Example ([243]). Sets of the form {uo, u1,...,Un} are 
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A ecre cenemrerre aid ar 
1,sin z, — cos 2, — sin 2x, cos 2x,...,(—1)"~" sinna, (—1)” cos nec} , ete. 

We also mention the generalized Widder—Taylor’s formula, see [243]. 
Theorem 18.1. Let the functions f,uo,U1,..-,Un € C"*? ({a, b]), and the Wron- 
skians Wo (x) ,W1 (x),...,Wn (x) > 0 on [a,b], x € [a,b]. Then for t © [a,b] we 
have 


uo (x) 


uo (t) 


f@)=fO + Lif (t) gi (@,t) +-..+ Lnf (t) gn (wt) + Rn (x), (18.4) 


where 
Ry (x) = / Gn (2, 8) Lnaif (s) ds. (18.5) 
t 
For example ([243]) one could take uo (x) = c > 0. If u(x) = a’, i = 0,1,...,n, 
defined on [a, 6] , then 


(x—t)' 
i! 


Lif (t) = f© (#) and g;(z,t) = , te [a,b]. (18.6) 


We need 
Corollary 18.2. (to Theorem 18.1) Additionally suppose that for fixed xo € [a, | 
we have Lif (ao) =0,i=0,1,...,n. Then 


f(x= fe On (x,t) Lnaif (t) dt, Va € [a,b]. (18.7) 


(0) 


Corollary 18.3. (to Theorem 18.1) Let f,uo € C'({a,b]), uo(x) > 0, for all 
x € [a,b]. Then 


= uo (2) * Inf (s) 
f(a) = F() 2 + wo () [ aT ds, Vat € [at] (18.8) 
where 
af ts) = Wold) £9 _ w= BOF6) gay 
uo (8) uo (8) 


We need to make 


Remark 18.4. We define (see [243]) 


Wi (x) 
xv) := Wo(x), $1 (@) = —Zz:- es 
do (x) (x), $1 (2) (Wa (2) 
in general 
bp (x) = We (a) Wi-2 (2) k=2,3,...,n. (18.10) 


(Wi-1 (2)? 
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The functions ¢; (a) are positive on [a,b]. According to [243] we get, for any 
x, Xo € [a,b] that 


HP pt” 
an (2,20) = FS fon Df was 


i: dn—1 (Ln-1) / on (Ln) da dx2...dxy 


(0) 


1 x 
~ Go (a0) --- Gn (#0) i" Bos) 22a) Oaat (ers) ds. (18.11) 


We get that gp (x, x) = 0, all x € [a,b], and gn (x, 29) > 0, & > 20, x, 20 € [a,b], 
any n €N. Also go (x, %0) > 0 for any 2, 2 € [a, 8]. 
By (18.11) we notice that 


gn (z,t) <0, r<t, nodd, 
gn (x,t) >0, x<t, neven, (18.12) 


where x,t € [a,b]. 
In the next we work under the terms and assumptions of Theorem 18.1 and 
Corollary 18.2, and the rest of the above conclusions. 


18.2 Results 


We give the following weighted Neumann—Poincaré like inequality. 


Theorem 18.5. Let p,q >1: aa =1,v > 0. Consider f,uo € C*((a,d]), 
uo > 0 on [a,b]. 


Then 
b 
dead f®) 4 ae eG) | if (18.13) 
Uo —@Jq UO (t) Li (a,b) Uo Lq(a,b) 
When v = q we obtain 
ee Bee i: L 
uo —aJq u(t) Lela.) Yo Ilr, (a,b) 
When v = p=q=2 we have 
Lf ft L 
uo b-a Jy Uo (t) ae Uo |lL2(a,b) 
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b 2 
L 
Spa) Fay, (18.15*) 
a Uo (x) 
Proof. Let A= _ i £ . ~ dt. By the intermediate value theorem there exists 


c € [a,b] with iat = =A. 
Thus by (18.8) we get 


fe) 0 _ fT hfs), 
a ae, eee ere 
i.e. 
-A= [= aa as, Va € [a, b). (18.17) 
Hence 
£ (2) . * [Lif (s)| | ” [Lif (s)| 
_—— A ——— as ——__ as 
ay ASI mes “IS ee 2 
b 1/q 
< (b—a)'/? (/ (Bea) , Va € [a,b]. (18.18) 
a 0s 
Therefore 
AO 2 Al 2 ee | , Wa € [a,b]. (18.19) 
uo (@) Yo Mh, (a,8) 
Consequently we obtain 
b Vv Vy 
/ DO. Al ear) 2k (18.20) 
a |to (x) 40 Nig(a.b) 
proving the claim. 
Corollary 18.6. ( = 0. Then 
1 |Z < (b—a) a+?) [at (18.21) 
U0 IIL, (a,b) UO IlL4(a,b) 
IA] <o-@ |] (18.22) 
0llL, (a,b) UO IIL, (a,b) 
3) L <(b—a) 24 (18.23) 
0 Il Lo(a,b) UO |IL2(a,b) 
equivalently, 
; i. a (4 ie), ; 
i (- Cr) dx < (b—a) i; ie) dx. (18.23%) 


It follows the related result. 
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Proposition 18.7. Let v > 0 and consider f,uo € C+ ([a,b]), uo > 0 on fa, dj. 
Then 


b 
1) pie ; : LO a bay af (18.24) 
Uo —aJ, uo(t) 3) Uo |Ir4(a,b) 
When v = 1 we have 
b 
ee fo <(b—a) 22 (18.25) 
uo b—a Jy Uo (t) bes) Uo IIL1(a,b) 
Proof. By (18.18) we have 
fa) 1 PLO, 
uo(x) b-aJg uo(t) 
L Vv 
z iif , Va € [a,b]. (18.26) 
UO |IL4(a,b) 
So that 
b b Vv 
‘ 2 ee IO al de <(o—a) | (18.27) 
a | UO (x) b-a a UO (t) uo L(a,b) 


proving the claim. 
We continue with generalized Dirichlet—Poincaré like inequalities. 


Theorem 18.8. Let f,uo,t1,-.-,Un € Ct ({a,b]), n € Z1; Wo, Wi,...,Wn > 0 
on [a,b], and for fixed xo € [a,b] suppose that L;f (ao) = 0,7 = 0,1,...,n. Let p, 
Grdige ooh ee. 
Then 
1/v 


b x v/p 
1) Icon =f (/ (an (est))” dt) is) IEnetfllec¢ene)- (18-28) 


i) 


by px q/p ia 
2) Ilfllz. (20,8) < (/ (/ (gn (x, t))? ar) is) nti lle, (2o,b) : (18.29) 


0 


Also, 


b 2 1/2 
3) Ian = (f (/ on (0) et) ar) l|Zn+1f llzeceo.t)- (18.30) 


Proof. By (18.7) we have 


If (@)| = 


i Gn (x,t) Ln4if (t) i 


(0) 


220 ADVANCED INEQUALITIES 


< [ On (a, t) |Ln4if (t)| dt 


0 


< ( "(on (any at) _ (fins cortat) 


0 


x 1/p 
<(f (on (1st)? dt) Zn+if lle ,(co,b)> Ve € [vo, 4]. (18.31) 


That is 


x v/p 
sors (f Con @eyrat)  Monvifliseesy (18.32) 


0 


0 0 


and 
b b x v/p 
i, yiorars ( [ (f ooenyrar) i) ieee sess 


proving the claim. 


We give 
Theorem 18.9. Same assumptions as in Theorem 18.8. 


Then 
xo Ba) v/p i/p 
1) Wilestnse & ( f (/ Jon (eat) dx) —Lnfllog¢aceo) (18-34) 


xo xo q/p 1/q 
2) WlagaenS (fo (fo laneoat) ae) Mnesflligaany > 0835) 


Also, 
Xo Xo 1/2 
3) IF llco(a,00) < (/ (/ (Gn (a, t))? it) i) En+if leo (a,20) . (18.36) 


Proof. By (18.7) we have 


Fol=| fam (28) Enea f(a 


0 


[90 (2.0 baad © i 


Lo 1/p xo 1/q 
<(f Jon (eat) (/ Enasd (lat) 


< i "lon (1,t)| [Ena f (Bl at 
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xo 1/p 
s (flan (eta) Ms Flagtase (18.37) 


That is 


a0) v/p 
POPS (flared) MnirFlleeay» 18:38) 


and 


xo xo xo v/p 
i yiayrars { f (f° ton ost) at) i) IEnsifl, cam) (18-39) 


proving the claim. 


We continue with 


Proposition 18.10. Let f,uo,t1,---,Un € C™t([a,d])), n € Zi; 
Wo,Wi,...;Wn > 0 on [a,b], and for fixed xo € [a,b] suppose that Lif (xo) = 0, 
= 05 1 ee eS OL 

Then 


l/v 


b x Vv 
1) Iastnn = ( [ (f avenat) i) IEn+tfllectess- (18-40) 


b x 
2) Iiacooo = ( / ( / an (tat) is) Ens1flliccenm (18-41) 


Proof. By (18.7) we have 


FS fon (ost) [Enaad Ole 


0 


< @ Gn (x, t) ar) ILn+1F lho, fwo,0] * (18.42) 


(0) 


That is 


eos (fon (ovt)dt) Wns f lB teen (18.43) 


0 


b b xL Vy 
‘e yaar ( Lf aterat) is) lutea 0829 


proving the claim. 


and 
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We give 


Proposition 18.11. All as in Proposition 18.10. 
Then 


xo xo Vv 1/v 
1) ISlletaan = (f (/ Jon (c,8)| a) ar) Emsafllctacns)« (18-45) 


2) Wf llzscaeo) < (/ (| l9n (x, t)| at) a) Ental lle (a,x0) ° (18.46) 
Proof. By (18.7) we have 


als f ” Gn (2,8) Emer f (O)| at 


< (flan (es8) at) MF fsa (18.47) 


That is 


ses (flonase) ae) nes fle joat (18.48) 


‘é If (a)|’ de < ([" ([° be (2t)|dt) °) I[Entifllectaeo)> (18-49) 


proving the claim. 


and 


We continue with reverse Dirichlet—Poincaré like inequalities. 


Theorem 18.12. Let f,u0,u1,...,Un € C"™! ([a,b]), n € Zi; Wo,Wi,...,Wn > 
0 on [a,b], and for a fixed a < xo < b assume that Lif (vo) = 0,1 =0,1,...,n. Let 
O<p<l1,q<0O: ae ; =1,v>0. Further suppose that Insif is of fixed sign 
and nowhere zero on (xo, b]. 

Then 


b 2 v/p 1/v 
1) Icon > ( f ( [on (e.nyrar) i) Inia flligceoy (18-50) 


2) Iflle,(o.s) >(/ 


/p 
([ (gn (x, t)) yr at) is) Zn+iflle,(aoe)* (18.51) 

1/p 

Vile a Li (an(ast))Pdt) de) [EnsaFllagteoey* 0852) 
(18.7 


Proof. Here we have by 


F@l= f “Gi Eedh Ola (18.53) 


.7) and assumption that 
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Va € [xo, 0]. 
Hence by reverse Hélder’s inequality we derive 


role (f (an (e.nyrar) 2 (fnasrora) 1 
1/q 


> ( (in (x,))? it) ‘a ( | naif OF i) :; (18.54) 


true for all x € (xo, }]. 
That is 


x u/p 
co > (fon enyPat) Mons fliseaay (18.55) 


true for all x € [zo, }], 


and 
b b x u/p 
i, i ayar> ( Lf ooenyrat) i) Enea flf canny» (18.56) 


proving the claim. 


We give 


Theorem 18.13. Let f,uo,u1,--.,Un € C"™? ([a,b]) , n is odd; Wo,Wi,...,Wn > 
0 on [a,b], and for a fixed a < xo < b assume that L;f (vo) = 0,1 =0,1,...,n. Let 
O<p<l,q<O0: a ; =1,v> 0. Further suppose that Lyn+1f is of fixed sign 
and nowhere zero on [a, Xo]. 

Then 


xo xo v/p ie 
1) Wf lle, (aso) 2 (/ (/ (—Gn (x,t) )? ar) is) |En+1fllz,(a,20) : 
(18.57) 


2) Wlegtany 2 (f° (fo Cam (e.tyPar) ae) Y inasfllestasey~ (1858) 


a0) xo 1/p 
3) Warn 2 ( f i (-an (2.8) at) i) lEntiflleg(aeo)« (18-59) 


Proof. Here by (18.7) and assumption we have 


is Gn (x,t) Lnsif (t) an 


0) 


If (@)| = 


[9.8 bos O an 
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(18.12) 


[Pom 0.0) Eo au 


= [an (28) nsf Chat 


So by reverse Holder’s inequality we find 


xo 1/p 
> ( [co (1,2) at) ater eee 


true for all a € [a, 20), 
and 


xo v/p 
In (a) > ( [Cantor ar) eel eee 


true for all x € [a, xo] . 
Thus 


xO xo xo v/p 
y yayrar> ( f (/ (-an (2.0) at) i) eee ees 


proving the claim. 
We add 


Theorem 18.14. Now n is even, the rest as in Theorem 18.13. 
Then 
1/v 


xo xo u/p 
1) Vestn > ( f ([ (on (e.tyPar) i) ae eee 


2) Wllagiaan 2 (fo (fo (on (e.0yPat) ae) eee 


xo xo 1/p 
3) Icon > (f (/ (on (es0))" dt) i) far eee 


Proof. Similar to Theorem 18.13. 
We continue with Sobolev like inequalities. 


Theorem 18.15. Same assumptions as in Theorem 18.8. Call 


moran (f° (esconra) ae) 


(18.60) 


(18.61) 


(18.62) 


(18.63) 


(18.64) 


(18.65) 


(18.66) 


(18.67) 
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vy > 0. 
Then 


My ” 
1) (FllzsGeoxy = (+) lef lle. ceo (18.68) 


) 
j=0 
M n 

2) WIfllzq(eo,8) < (1) Ssh (18.69) 
j=0 


and when v = p=q=2 we obtain 


M21 ” 
3) Wlzacon $ (S24) (Ubi flaceon (18.70) 


j=0 


where 


Moa = max, (/ oe (9; (2,2) at) as)" , (18.71) 


Proof. The assumptions of Theorem 18.8 are fulfilled for all 7 = 0,1,...,n. Thus 
by (18.28) we derive 
1/v 


b x v/p 
IFlle(e0,s) S (/ (/ (95 (a, t))? ir) is) L5+1F llr, (0,6) 
xo xo 
S Mv LZj+1F llr, (00,8) » (18.72) 
for all 7 =0,1,...,n. 
From (18.72) by addition we get 
(n + 1) FIle, (o,b) < M1 oy L541 F llr, (00,0) ’ (18.73) 


j=0 


proving the claim. 
We continue with 


Theorem 18.16. Same assumptions as in Theorem 18.8. Call 


xo xo v/p 1/v 
ois ; P 
Mz 2 := fee | (/ |g, (x, t)| ar) dx j (18.74) 
y>0. 


Then 


M,2 : 
1) Wlestane) $ (22%) Dliellasiay}s 085) 
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Mg2 . 
2) Wilagcase) (MEX) [Yo Mbseaflliviny fs 0876) 
j=0 
and when v = p=q=2 we obtain 
M22 “ 
3) Wlataee) (M22) [Lo ULsealllnstay}> 0877) 
j=0 


where 


Moo = max (f° cs (9; (a, t))? it) i) i , (18.78) 


Proof. Similar to Theorem 18.15, based on Theorem 18.9. 


We continue with L. results. 


Proposition 18.17. All as in Proposition 18.10. Call 


b é 7 1/v 
Kya := imax, ( ([ gj (x,t) ar) i) ; 


vy>0. 
Then 
Ky ” 
1) IFllz, (o,b) SS med 3 E5+1F Ml. (o,b) , (18.79) 
and 
2) lfllescena < (22%) ( Sesutl 48.80) 
L,(2x0,b) — n+1 oo J Loo (x0,b) 


Proof. Similar to Theorem 18.15, based on Proposition 18.10. 


Proposition 18.18. All as in Proposition 18.10. Call 


Kyo = max, Cx Ca Ign (2, t)| at) ax) . (18.81) 


y>0. 
Then 
Ky2 ” 
1) Ifllataan © (5) Ses (18.82) 
j=0 
and 
Ky ,2 ” 
2) Flaca < (=) SU ilinsiey | (18.83) 
j=0 


Proof. Based on Proposition 18.11. 
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We continue with reverse Sobolev like inequalities. 


Theorem 18.19. Assume here that Lj4if is of fixed sign and nowhere zero on 
[xo,b], for 7 =0,1,...,n. The rest are supposed as in Theorem 18.12. Call 


b fe v/p l/v 
—_ ; P 
Suis oo (/ (f. (9; (a, t)) ar) i) ; (18.84) 


y>0. 
Then 
1) WMssteum 2 (S27) (So Eosadlha oot) (18.85) 
j=0 
7 s (Se) (S44, 18.86 
) IF llz,(wo,b) 2 n+l 2! +1 F llr (00,6) ’ ( ‘ ) 
and 
Si 
3) Illa 2 (S24) SMa, fesse (18.87) 


Proof. The assumptions of Theorem 18.12 are fulfilled for all 7 = 0,1,...,n 
Thus by (18.50) we obtain 


b x v/p 1/v 
fll, Geo.) 2 / € (95 (, t))” at) dx L541 Flr, (wo,b) 
xo xo 
2 Sv1 L541 Flr, (00,8) > (18.88) 
for all 7 = 0,1,...,n 
From (18.88) by addition we obtain 
(n +1) IF lle, ~o,b) > Spi Se L541 F lle (0,6) ) (18.89) 


j=0 


proving the claim. 


We continue with 


Theorem 18.20. Assume all as in Theorem 18.18. Here n = 2k4+1,k € Zi; 
v > 0. Further suppose that Lj41f is of fixed sign and nowhere zero on [a, xo] for 
all odds j € [1,n]. Call 


xo xo v/p 1/v 
51.2 1= ee | (/ (—g, (a, t))” ar) dx ; (18.90) 
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Then 
Sy2 

1) [If lle, ao) 2 rae YS UW Es+1Fllegcaeo) | > (18.91) 

jE[1,n] 

odd 
2 > ( Sr2 ie 18.92 
) MW lle,(aeo) 2 | E44 SS aliases (18.92) 

JE [1,n] 

odd 

and 

> (22 iB, 18.93 
3) Wlleeao 2 (Gag) | do Wes+flle cae) | 28-98) 

sell 


Proof. Asin Theorem 18.19, based on Theorem 18.13. Since n = 2k+1,k € Z4, 
there are (k + 1) odd numbers in [1,n], so we apply (18.57) (& + 1) times. 


We finish with 


Theorem 18.21. Assume all as in Theorem 18.14. Heren = 2k,k € Zi; > 0. 
Further suppose that Lj41f is of ficed sign and nowhere zero on [a, xo] for all evens 
j € [0,n]. Call 


Bae) ro v/p a 
Sy3:= min if (/ (9; (2,2)? dt) dx : (18.94) 
: even jE[0,n] a i 


Then 
Sy3 
1) Wile. te.20) 2 (gaz) | de Fleece) | > (18.95) 
5¢[0,n] 
2) |lFl (228) Sines (18.96) 
L,(a,x0) — k+l ITSM EG (aya) |? . 
5¢[0,n] 
and 
> S13 L 1 
3) Willer taeo) 2 (G49 SS leat leas. | (18.97) 
jE [0,n] 


even 


Proof. As in Theorem 18.19, based on Theorem 18.14. Since n = 2k, k € Z,, 
there are (k + 1) even numbers in [0,7], so we apply (18.64) (K+ 1) times. 


Chapter 19 


Poincaré and Sobolev Like Inequalities for 
Vector Valued Functions 


Various L, form Poincaré and Sobolev like inequalities are given for functions valued 
in a Banach vector space with applications on C. This chapter relies on [44]. 


19.1 Introduction 


This chapter is motivated by the famous Poincaré inequality, see [2]: Given a 
bounded domain 2 Cc R”, n EN, it holds 


IUllro@y < CMVUllre(ay 


for real valued functions u with vanishing mean value over 2, 1 < p < oo, under 
very general assumptions on 92, where ||Vul| »(q) 18 defined as the L?—norm of the 
euclidian norm of Vu. 

Especially in [2] is proved for a convex domain 2 Cc R” with diameter d that 


d 
lullnxay S 5 IVullz.@) 


for any u with zero mean value on Q, also the constant 1/2 is optimal. 

We are also motivated by [92], where the authors prove the following: Let 1 < 
p<o,—-c <a<b< oo. The best constant C (independent of a, b) for which the 
1—dimensional Poincaré inequality 


_ Set (at 


t b-—a 


LT 
<C(b-a)** IF" llz» ((a,5)) 
L? ([a,b]) 


holds for all real valued Lipschitz continuous functions f, is C = $ (1+ py ev j 
where p’ > 1: otoeHl. 

This chapter is also motivated by the famous Sobolev inequality of the following 
form, see [139], p. 263: (the Gagliardo—Nirenberg—Sobolev inequality). Assume 
1<p<n. Then exists a constant C, depending only on p and n, such that 


Illl pe* cen) <C Dull roan) , 
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for all real valued u € C}(R"). 

Here p* :-= “2, p* > p, and Du is the gradient of wu. 

Also we are motivated by the following result, p. 265, [139]: estimates for 
Sobolev space W'?, 1 < p <n. Let U be a bounded, open subset of R", and 
suppose the boundary OU is C1. Assume 1 < p <n, and real valued u€ Wt? (U). 


Then u € L?’ (U), with the estimate 


eller) S EC llullwieqy » 
the constant C depending only on p,n and U. 

So here we derive Poincaré and Sobolev like inequalities of L, form for Banach 
vector space valued functions. Most of the Poincaré and Sobolev like inequalities 
here are of Dirichlet type. We assume in this case initial conditions prescribed equal 
to zero. 

But we give also a Neumann—Poincaré like inequality involving the average of 
the engaged function, see Theorem 19.3. 

At the end we apply the results to C-valued functions. 

We need 


19.2 Background 


(see [230], pp. 83-94) 

Let f(t) be a function defined on [a,b] C R taking values in a real or complex 
normed linear space (X,||-||). Then f(t) is said to be differentiable at a point 
to € [a, b] if the limit 


ci (to + " = f (to) (19.1) 


/ Pen (i 
ff (to) = lim 
exists in X, the convergence is in ||-|| . This is called the derivative of f (t) at t = to. 

We call f (t) differentiable on [a,b] , iff there exists f’ (t) € X for all t € [a,b]. 

Similarly and inductively are defined higher order derivatives of f, denoted f”, 
f,...,f, k EN, just as for numerical functions. 

For all the properties of derivatives see [230], pp. 83-86. 

Let now (X,||-|]) be a Banach space, and f : [a,b] — X. 

We define the vector valued Riemann integral ie f (t) dt € X as the limit of the 
vector valued Riemann sums in X, convergence is in ||-||. The definition is as for 
the numerical valued functions. 

If f° f (t)dt € X we call f integrable on [a,b]. If f € C([a,b],X), then f is 
integrable, [230], p. 87. 

For all the properties of vector valued Riemann integrals see [230], pp. 86-91. 

We define the space C” ([a, b], X), n € N, of n-times continuously differentiable 
functions from [a,b] into X; here continuity is with respect to ||-|| and defined in 
the usual way as for numerical functions. 
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Let (X,||-|]) be a Banach space and f € C” ([a, 6], X), then we have the vector 
valued Taylor’s formula, see [230], pp. 93-94, and also [227], (IV, 9; 47). 
It holds 


Gy 


1 7 ot 
=a fu 9 7 at, Very € [ad (19.2) 
In particular (19.2) is true when X = R™, C™, MEN, ete. 
In case of some 2x9 € [a,b] such that f™) (xp) = 0, k = 0,1,...,n —1, then 
i y are 
P= ay fw Hat, we fad, (19.3) 
(n ow 1)! xo 
see also [52]. 
In that case Ey, (xo, y) = f (y). 


19.3. Results 


Here we consider always X to be a Banach space, n € N, and f € C” ([a, 0] ,X), 
[a, b] CR. We fix xo € a,b; p,g>1:5+5=1,y>0. 
We present the first results which are of Dirichlet—Poincaré like inequalities. 


Theorem 19.1. Let y € [xo,], to <b. Assume f (x9) = 0, k= 0,1,...,n—1. 
Then 


(b—2x yng te) i : 
1) Illlfllllz, (eo) ee ce ee 8) 
(n= 1)) (p(n 1) +1)” (v(n—1+4) +1) 
When v = q we obtain 
(b— 20)” | Pr ll (ao,b) 
2 ae 19.5 
) MM lle.o0 = a om + D"? (am ee) 
And for v=q=p=2 we have 


3) [II Fllllzo(eo,e) S (= Ds Ra 
Proof. By (19.3) we have 


ly I= i: ya" f a| 


0 


1 
aa 
<< / , (y— 1" [£0 (| ae 
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can (fo-oora) "(Lorna)" 


1 (y— ao) 
= (n—D! (p(n aaa: Me sie Lq(0,b) ue) 
Thus 
yD ya at0) HF) 
all” < GP Gm peel Mew — 18 
and 
' 1 (b= ao)" FI FOUN coo. 
fei ys pa et a9.9) 
0 (P= Y)" (v (n-14+4) +1) @m@-H+"” 


proving the claim. 
For the next result we need 


Theorem 19.2. (see [230], p. 90) Let f (t) be an integrable function on an interval 
[a,b], with values in a Banach space X. Then the mean value of f (t) on [a,)] 
belongs to the closed convex hull of the set of values of f(t) on [a, 6]. 

That is we have that 


a [so f(t -—, 4 HS Tr) Atk, (19.10) 
where 
I :={a=to <m <tr <n <to<...<tn-1< Tm-1<tn=d}, (19.11) 
with 
d (II) := max {Ato, Aty,..., Atn_1}, (19.12) 


At, = th41 oy tr. 


Next we give Neumann-—Poincaré like inequalities. 


Theorem 19.3. Here f € C' ([a,b],X), X a Banach space, p,q >1: 14 1 eat 
y>0. 
One has 
—— aya 
2 Woe fre Le <(b—a)(>F*) INF Ile casy- (19-13) 
Ly (a,b) 
When v = q we obtain 
I|)-2 7 =f 40 fat < (b=) IIlf'llllz,ca.0)- (19.14) 
Lq(a,b) 
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When v= p=q=2 we have 


js Lm 


equivalently, 
7] b 
—— t) dt 
saa f foe 


ip f(s) - 


Proof. Since f € C* ([a,b] , X) we have by (19.2) that 


y 
2 +/ f’ (t) dt, Va,y € [a, d}. 
So by (19.16) we have 


(8) =F) + [sar 


Vs € [a,b] andk =0,1,...,n—1. 
Hence 


< (b-a@) NFM zscae) > 
L2(a,b) 


A A A : 
f(s) = Fin) Ee SEL pr (ryar, 


—-a b-a 


and 


i: 1 
f(s) -— D Ate = 5 


—a 
k=0 


n—1 


n-1 s 
SF) dte+ Ate | f' (r) dr. 
k=0 Tk 


k=0 
Therefore we observe that 


n-1 


b 
f()-s— f ta=— Yt) an 


k=0 


ti. af? cs s 
a k=0 Th 


and 


b 
Jo-Af (iat 


n-1 


b 
aa iw) An f f (t) dt 


k=0 


2 b 
ds < (b—a)? (/ le" i) | 


(19.15) 


(19.15*) 


(19.16) 


(19.17) 


(19.18) 


(19.19) 


(19.20) 
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[ f' (r) dr 
n=l 


1 hb; 
pag fim ate 5 f f (t) dt 


k= 
/ LF (ll ar 


n-1 b 
a him Ate pa f FH at 
k=0 a 


That is we proved 


n-1 
1 
— At 
ree : 


n-1 
1 
— A 
Bs » tk 


< 


b 
+f \|f’ (r)|| dr. (19.21) 


b 
Jo 4 f (tat 


ahs (ate p> f 500 t) dt 


Pees 


+ fro )\| dr, Vs € [a,b], (19.22) 


for any partition IT. 
Taking the limit in both sides of (19.22) as d (II) — 0 we obtain by (19.10) that 


b 
Jr ats fe lar 
b 1/q 
< (b—a)'/? (/ ir a) , Ws € [a, 0]. (19.23) 
Consequently we find 
1 b ¥ b u/q 
Jo 4/ roar) <(o-a)"” (/ ir a) vs [a2]. 


(19.24) 
Finally we have 


f 


proving the claim. 


v/q 


ds < ( oe (fi If’ (r)|I7 in) , (19.25) 


b 
f()- z= | foal 
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Corollary 19.4. (to Theorem 19.3). Additionally assume that ie f (dt 


One has 
oles 1 
1) WMNAM cca) S (O- a) NA MMe, ca,8) - 


When v = q we obtain 


2) WMFllMc cao) < - @) INA MM, (a,0) - 
When v= p=q=2 we have 


3) [IN Fllllc.¢a.e) SO — @) INA Mc ¢a,0) + 


b b 
[iseraso-o (f'urcoita), 


We continue with 


equivalently 


Theorem 19.5. Let y € [a,20], to > a. Assume f™ (xo) =0, k=0,1,... 


Then 


_ ay(n-ttd+2) 
1) [lFlllegtaso < me He Mesa 


When v = q we derive 

(eo = a)" FO Mj caseo) 
((n—1)!) (p(n 1) +1)" (qn)'/* 
And for v=q=p= 2 we have 


2) INF Milt (a,eo) S 


((n —1)!) V2n—1Vv2n 


alfonso 


—. ew rola 


3) Ml fllllz.¢a,e0) S 


Proof. By (19.3) we have 


If (Il = 


x 


ay (festa) ffm oa)" 
 iaetiee. adh 


= 0. 


(19.27) 


(19.28) 


(19.30) 


(19.31) 


(19.32) 
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Hence 
IF CIE < yO I 
w= (n— DY (pin—-D +1)” Piteasaye 
and 
bs ; : 
[wel a< mp 
(ao — a) I) FOUTS a) 


(p(n—1) +1)”” (v(n-14 1) +1) 
proving the claim. 


We continue with L, results. 


Proposition 19.6. Let y € [xo,b], xo < b. Suppose f™) (xp) =0,k =0,1,... 


1. 
Then 


1) WM Mc, wot) S (n—Ulu(n—1) 4)” 


When v = 1 we get 


= 0)" MF Ihe ceo.) 


n! 


2) IN Fllilz, (eo, S 


Proof. By (19.3), (19.7) we have 


foley | (y— 9" | (|| ae 


< (y— 20)" * [ poo (s)| ae = (y— 20)" * Mra 


(n — 1)! . (n—1)! 
That is 
: (yo) fo ‘ 
< OT, ) 
ons Meo eon 
and 
v(n—1)41 n v 
(b— 20) NF We Geo,8) 


b 
[iron ama (OES VaR S=E DEV 


proving the claim. 


n— a n 


L4(x0,6) , 


(19.33) 


(19.34) 


>a — 


(19.35) 


(19.36) 


(19.37) 


(19.38) 


(19.39) 
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The countercase of the last result follows. 


Proposition 19.7. Let y € [a, xo], xo > a. Suppose f\® (ag) = 0, k =0,1,...,n— 
1. 
Then 


1) NFM. cae) S - (19.40) 
Eee GG a Dae 
When v = 1 we get 
(zo — a)” IF [Ile cae 
2) WMFlllcs (a0) S Cn MF Mtoe), (19.41) 
Proof. By (19.3) and (19.32) we have 
1 he n-1 (n 
Ol Gap e-w* |F olee 
(xo — y) ee ) 
ah. (oe 
_ @o= ms 
a (n _ an —| IF | L1(a,x0) : (19.42) 
That is 
Vv (xo a n) 
iso s LO IIA boas (19.43) 
and 
= Ga FO eas 
* dy < 19.44 
[ ifol's (19.44) 


proving the claim. 


We continue with Sobolev like inequalities 


Theorem 19.8. Let y € [xo,b], ro <b. Assume f (xo) = 0, k =0,1,...,n—1. 
Then 


1) MIlFllle ceo.) S Me (Sr sl (19.45) 


where 


bh — x,)i-1+ +4) 
(= ——— (19.46) 


"| py @G- y+" (1-144) 41)” 


When v = q we derive 
L q(Xo, s) 


2 Ih aon <2 (Soe 


— 


19.47) 


238 ADVANCED INEQUALITIES 


where 
(b — x0)’ 
My = max ¢ ————_" _____} 19.48 
ees (ae D) PG—1) +1)? (ai) = oe 
For v=q=p=2 we have 
< Me n 
3) [ll fllllzs¢e0.0) S — (>: | ees) : (19.49) 
where 
i (b— x0) 
a ; (@—D!) | rn 


Proof. By assumption of Theorem 19.1 we have that f € C*({a,b|,X), for all 
i=1,...,n, and that f™ (29) = 0, k= 0,1,...,i—1; for all i=1,...,n, n EN. 
Thus by (19.4) we find 


(0— ao) 8F*) FUL can.) 
1/v 


IN FMIlz, (eo. S 


<a 


19.51 
Lq(xo,6) ( ) 


for alli=1,...,n 
So that 


mllF ll, ceo. eM, ( 2° oe) 7 (19.52) 


proving the claim. 
We continue with 


Theorem 19.9. Let y € [a,20], to > a. Assume f™ (xo) =0, k=0,1,...,n—1. 
Then 


A 
oa t) 
1) Ulli, ¢a00) S = (so le a) (19.53) 
where 
_ q)-144+4) 
A, := max ee (19.54) 
Sisn f : 1/ . Vy 
(=) @G- +)? (v (-14+4) +1) 
When v = q we obtain 
2) Ul aan <2 (Ye ||| (19.55) 
Lq(a,t0) = am Lclaee) ; 


Poincaré and Sobolev Like Inequalities for Vector ValuedFunctions 239 


where 
Rote wise a en (19.56) 
Ise (G—D)@G-D+1? @)" 
For v=q=p=2 we have 
Ar (x i 
3) Il flllza(aea) S (sole hea A (19.57) 
i=l es 
where 
(xo — @) 
Ao := ———_—_—_—— }. 19.58 
: oes atte oe 


Proof. Based on Theorem 19.5, similar to the proof of Theorem 19.8. 


We continue with L, results. 


Proposition 19.10. Let y € [xo,b] , xo < b. Suppose f™ (x9) =0,k =0,1,...,n— 


1. 
Then 
<e(b [lk . 19 
) Ul Fllleseeoay S (>: ae (19.59) 
where 
hy (i-1+4) 
6, := max eo ee Ea : (19.60) 
Se ((@¢— 1!) YG —1) +1) 
When v = 1 we get 
val 
2) IllFllllesveo.) Sa (sole - sa) (19.61) 
where 
0, := max {Set (19.62) 
1l<i<n al 


Proof. Based on Proposition 19.6. We have from (19.35) that 
i-144 4 
(B= ao) *) [Flas eoa 


IMFll.ce0.8) < (19.63) 
eo) GY) eE-Y+y” 
for alli=1,...,n 
Consequently we see that 
19.64 
MMF c.c20.) Lae (19.64) 
alli=1,...,n 
Thus 
nlllifllr.t20.8) S a (Soke os a): (19.65) 


proving the claim. 
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Similarly we give 


Proposition 19.11. Let y € [a,x], 29 > a. Assume f™ (2p) =0,k =0,1,...,n— 


1. 
Then 
1) [llFllllistaceoy <— = fo (19.66) 
Etastoy n ieee ; 
where 
a (i 1+4) 
T, := max se (19.67) 
1sign | (iD) (v(G—-1) 4)” 
When v = 1 we get 
a 
2) [llFlll(aeo) <> (Soke bes (19.68) 
where 
T= pps {eer} (19.69) 


Proof. Based on Proposition 19.7 as in Proposition 19.10. 


19.4 Applications 


Here X = C, f € C”({a,b],C), n € N, 20, y € [a,b]. Furthermore suppose that 
f® (@o) =0,k =0,1,....n-Lpg>litttaty>0. 
First we give the following Poincaré like inequalities results. 


Corollary 19.12. Let x9 < b. One has 


Ca ao)"-t+9+#) |Facelearees 


< —— : 
re GM oe—DH 4s) 
Proof. Use of (19.4). 
We continue with 
Corollary 19.13. One has 
f-—— | “pat < (b—a)(F**) | f"| (19.71) 
b-aJa plea — Lq(a,b) * : 


Proof. Use of (19.13). 
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Corollary 19.14. Let x9 > a. One has 


(29 — a) FF) [FIL a0) 


iss —_______——._- ae) 
((n = 1)! (p(n—1) +1)” (v (n-14 4) +1) 
Proof. Use of (19.29). 
We continue with L, Poincaré like results on C. 
Corollary 19.15. Let xo < b. Then 
ae ee Se 
(b — 29)" 1+ ¥) || ¢¢ Ml eas 
ee) (19.73) 
(nm —1)!) (v(n—1) +1) 
Proof. Use of (19.35). 
Corollary 19.16. Let x9 > a. Then 
a eo 
(29 — a) ¥*) FUL, 20) 
i. (19.74) 
((n —1)!) (v(n-—1) +1) 
Proof. Use of (19.40). 
We finish with Sobolev like inequalities results on C. 
Corollary 19.17. Let x9 < b. Then 
Iflln.co.) S ‘te (S- esters fea ; (19.75) 
where M, as in (19.46). 
Proof. Use of (19.45). 
Corollary 19.18. Let x9 > a. Then 
I Flleta.20) aps MMe cs) (19.76) 
where A, as in (19.54). 
Proof. Use of (19.53). 
At last we give L; Sobolev like results on C. 
Corollary 19.19. Let xp < b. Then 
a 9 19.77 
IFlle.teo Se (1 Le. i} (19.77) 


where 0, as in (19.60). 
Proof. Use of (19.59). 
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Corollary 19.20. Let xp > a. Then 


Ty ” i 
Illetoeo) SS (>: |r 
i=l 


where T, as in (19.67) . 
Proof. Use of (19.66). 
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Chapter 20 


Poincaré Type Inequalities for 
Semigroups, Cosine and Sine Operator 
Functions 


Here we present Poincaré type general Ly inequalities regarding Semigroups, Cosine 
and Sine Operator functions. We give applications. This chapter relies on [50]. 


20.1 Introduction 


This chapter is motivated by the famous Poincaré inequality, see [2]: Given a 
bounded domain Q CR”, n EN, tt holds 


Ilulleocay S CMVull oa 
for functions u with vanishing mean value over Q, 1 < p < oo, under very general 
assumptions on Q, where ||Vull;r(q) 18 defined as the L?—norm of the euclidean 
norm of Vu. 
Especially in [2] is proved for a convex domain 2 C R” with diameter d that 


lel enay <5 IVallxe0 
for any u with zero mean value on Q, also the constant 1/2 is optimal. 
We are also motivated by [92], where the authors prove the following: Let 1 < 
p<, —0 <a<b< oo. The best constant C (independent of a, b) for which the 
1—dimensional Poincaré inequality 


Je fat ea 
GE see <C(b-a)** IF" lle» ((0,5)) 
L*((a,)) 
holds for all Lipschitz continuous functions f, is C = 4 (1 + ply VP , where p' >1: 


1,1 
stoaHl. 
p' p 

So here we present Poincaré type inequalities for Semigroups and for Cosine and 
Sine Operator functions. 
20.2 Semigroups Background 


All this background comes from [79] (in general see also [147]). 
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Let X a real or complex Banach space with elements f,g,... having norm 
fll. llgl|,-.- and let ¢ (X) be the Banach algebra of endomorphisms of X. 
If T € e(X), ||T|| denotes the norm of T. 


Definition 20.1. If T(t) is an operator function on the non-negative real axis 
0 <t< oo to the Banach algebra ¢ (X) satisfying the following conditions: 


i T (t1 + t2) = T (t1) T (te), (t1,t2 > 0), 


(is) T(0) =1 ti identity aperator\s 20-1) 


then {T (t); 0 < t < co} is called a one-parameter semi-group of operators in ¢ (X). 
The semi-group {T (t); 0 < t < co} is said to be of class Co if it satisfies the 
further property 


(iti) s— jim, T(thf=f, (f €X) (20.2) 
referred to as the strong continuity of T(t) at the origin. 
In this chapter we shall assume that the family of bounded linear operators 


{T (t); 0<t< co} mapping X to itself is a semi-group of class Co, thus that all 
three conditions of the above definition are satisfied. 


Proposition 20.2. (a) ||T'(t)|| 7s bounded on every finite subinterval of [0, 00) . 
(b) For each f € X, the vector-valued function T (t) f on [0,co) is strongly 
continuous. 


Definition 20.3. The infinitesimal generator A of the semi-group {T(t);0<t< 
oo} is defined by 


Af=s— lim Af, Af==(P(r)-J (20.3) 


whenever the limit exists; the domain of A, in symbols D(A), is the set of elements 
f for which the limit exists. 


Proposition 20.4. (a) D(A) is a linear manifold in X and A is a linear operator. 
(b) If f € D(A), then T (t) f € D(A) for each t > 0 and 


“T()f=AT(\F=TWAF (t2 0); (20.4) 
furthermore, 


\pPoFe fr Katie GSO, (20.5) 


(c) D(A) is dense in X, i.e. D(A) =X, and A is a closed operator. 


Definition 20.5. For r = 0,1,2,... the operator A” is defined inductively by the 
relations A° = J, A! = A, and 


D(A") ={f; f€ D(A") and A”"f € D(A)} 


A’ f=A(A™'f) =s—- Jim, A, (A’"'f) (fe€ D(A’)). (20.6) 
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For the operator A" and its domain D(A") we have the following 


Proposition 20.6. (a) D(A’) is a linear subspace in X and A” is a linear operator. 
(b) If f € D(A’), so does T(t) f for each t > 0 and 


d" 


gal t) f= AT (H) f= T(t) A'S. (20.7) 
Moreover 

= i k 1 : r-1 r 
A,()f:=TOf- GA f-—ay (t—u)’ *T(u) A’fdu, (20.8) 

— ki lds 


the Taylor’s formula for semigroups. 
(c) D(A‘) is dense in X for r =1,2,...; furthermore , () D(A") is dense in 
r=1 
X. A" is a closed operator. 
The integral in (20.8) is a vector valued Riemann integral, see [79], [164]. 


20.3. Poincaré Type Inequalities for Semigroups 


Here always we consider T(t) , A as in the Semigroups Background and f € D(A’), 
r EN. Also we consider p,q >1: < + 7 =1, along with a,v€R:a,v>0. 
We present the first result. 


Theorem 20.7. One has 
1) [Ar © Flic, oa) 


greets 
<$ ———————————eeeo—oeooir IIE AT Fllle (0,0) + (20-9) 
(r— @(r— 1) +1)” (v (r-1 +4) +1)" L4(0,a) 


When q=v we have 


2) [A> (@) fll, (0,0) 


r 


a Ar , : 
< UTED PGT MPO 4,00 (20.10) 
Proof. By (20.8) we have 
1 ‘ r-1 r - 
IA fl=— 5] | (¢— wT (u) Af 
< ar | (t= uy" IT (w) AP fll du 


<p (f t-ona) = (fiw arr as) tl 
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yr-ith t 1/q 
=~ r qd 
~ (r=1)!\(p(r —1) +1)” (/ Se in) 
That is we get 


pout a faded 1/q 
|e fs —— (farce asian) 
Thus 

o(r—1+4) 
IA, (t) fl” < ; MZ AP FI (0,0) 


((r— 1)" (pr —1) +1)" 
and 


1 ee oe a r 4 
alr 5)41 7 (4) ASIN 0,0) 


Ar © ff << <A ___—_—_—_— 
| (r= 1)" P= 1) +1)? (v(r-144) +1) 
proving the claim. 

We continue with 


Corollary 20.8. (to Theorem 20.7) 
Case of p=q=2. We have 


1) [II]Av ) FIM, (0,0) 


INT) AP Fill. co,a) + 


So 
(r —1)!,/@r— (v(r — 2) +1)" 


When v = 2 we derive 


2) [IIA (6) fllllesco.a) < = INIT ©) All s¢0.0: 


“a 

(r — 1)!,/(2r — 1) V2r 

We treat next the Ly; case. 
Theorem 20.9. One has 

C= ne di 
al) IIT) AP fllll. 0,0) 
1) [I]A+ ) fill, (0,4) § ——_ a 
(r—1)!(v(r -—1) +1) 


For v=1 we get 
a” \I||T (t) A” fllll 4 (0,2) 


r! 


2) |II|Ar (4) fllllz,(0,a) & 
Proof. We observe that 


1 ; r-1 r 
[A (¢) fll s oo | (t—u) ||P (u) A’ fll du 


r—-1 a 
<a f em arriide 


(20.11) 


(20.12) 


(20.13) 


(20.14) 


(20.15) 


(20.16) 


(20.17) 


(20.18) 


(20.19) 
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So that 
v(r—1) 


[Ar (#) fll" < 7 UMIIZ (u) A” fill, (0,2) (20.20) 


Sees 
(7 — 1)!) 
and 

a’(—D4+1 IIT (a) AT fll, (0,0) 


GD er-p+y > (P00) 


| A, (#) fll’ at < 


proving the claim. 


We finish this section with 


Application 20.10. (see also [80]) It is known the classical diffusion equation 


Ow OW 
with initial condition 
Jim W (@,t) = (2), (20.23) 


has under general conditions its solution given by 


W (2,t, f) = (T(t) f](@) = wh [ * f(e+u) edu, (20.24) 


the so called Gauss—Weierstrass singular integral. 

The infinitesimal generator of the semigroup {T (t); 0 < t < co} is A = 07/02? 
({159], p. 578). 

Here we suppose that f, f?*), k = 1,...,r, all belong to the Banach space 
UCB (R), the space of bounded and uniformly continuous functions from R into 
itself, with norm 


Ilfllo = sup|f (2)]. (20.25) 
ceER 
Here we define 
FHL op 
By (t) f(a) = W (@,t,f) - Los (a), forall 2 eR. (20.26) 
k=0 ~ 
So by (20.9) we find 
Ay © Fllelle,o.2) 
Pr seg be 
——————— SS ss . (2r) 
. 1)! jay 141 1 ee was Tel ieies 
(r—1)! (p(r—1) +1) (v(r- +1) 4 ) 
(20.27) 


We notice here that 
jw (#1, £2) |= 


1 00 5 
(2r) ctu eou au 
= i Ler 
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Sati 
1 
< | (2r) 
SF lo a7 IL 
= Fe” T= ee” 


That is 


Gar), 


Also by (20.10) we obtain 


Ar OF 


qa” 


a 
© (=D — D+)? (ar) 


By (20.15) we have (p = q = 2) 


Ar © F 


r—$t+i 

T(v(r—$) +1) 
And by (20.16) (v = 2) we see that 
Ar @) 


a 


< 
(r — 1)!/2r — 


Tr 


a 

~ (r= 1))h/2r — 1V2r 
We finish application with LD, results. 
By (20.17) we find 


I] 


tera o.) 
(r—1)!(v(r-—1)4+1)”” 
and by (20.18) (v = 1) we obtain 


NA+ © fllelle vo. $ 


l/v 


0) @+u)| poe (i, 
ent dy 


er for allt ER. 


aes 


cllz.co.8) 


rr Ge) 


ollz,0,a) 


[wer 


fllcllz.00. 


Jw (er )I 


L2(0,a) 


Fllelle. (ova 


Ww 


(24°) 


L,(0,a) , 


(-45)|.| 


L,(0,a) } 


Cllnc(o,ay: 


L2(0,a) ; 


(20.28) 


(20.29) 


(20.30) 


(20.31) 


(20.32) 


(20.33) 


(20.34) 
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20.4 Cosine and Sine Operator Functions Background 


(see [93], [147], [192], [191]) 

Let (X, ||-||) be a real or complex Banach space. By definition, a cosine operator 
function is a family {C'(t); ¢ € R} of bounded linear operators from X into itself, 
satisfying 


(i) C(O) =I, I the identity operator; 


(ii) C(t+s)+C(t—s)=2C(t)C(s), for allt,s eR; (20.35) 
(the last product is composition) 
(iit) C(-) f is continuous an R, for all f € X. 
Notice that 
C(t)=C(-t), foralltER. 


The associated sine operator function S'(-) is defined by 
t 
S(t) f =f C(s) fds, for allt © R, for all f € X. (20.36) 
0 


The cosine operator function C'(-) is such that ||C (t)|| < Me*!"!, for some M > 
1, w > 0, for all t € R, here ||-|| is the norm of the operator. 

The infinitesimal generator A of C’(-) is the operator from X into itself defined 
as 

Se AD, 
Af := im, ro (C(t) -Df (20.37) 

with domain D(A). The operator A is closed and D (A) is dense in X, i.e. D(A) = 
X, and one has 


[so tase D(a and Af 8(s) fas= CW fF, for all fe X. (20.38) 
0 0 


Also one has A = C” (0), and D(A) is the set of f € X such that C(t) f is 
twice differentiable at t = 0; equivalently, 

D(A)={fEexX: C()feEc?(R,X)}. (20.39) 
If f € D(A), then C(t) f € D(A), and C” (t) f = C(t) Af = AC (t) f, for all 
t € R; C’ (0) f =0, see [140], [232]. 

We define A° = I, A? = AoA,...,A” = Ao A™!, nEN. Let f € D(A”), 
then C(t) f € C?" (R, X), and C@” (t) f = C(t) A"f = A"C (2) f, for all t € R, 
and C?*-) (0) f =0,1<k <n, see [191]. 

For f € D(A”), t € R, we have the cosine operator function’s Taylor formula 
({191], [192]) saying that 
2n-1 


p2k t C= s) : 
oprA't = f (ist = fds. (20.40) 


MO f=cwHF-T 
k=0 
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By integrating (20.40) we obtain the sine operator function’s Taylor formula (see 
[45]) 


t3 aia n-1 
My (t) f= S()f-ft- Zt Gop 
foe ) A’ fds, forallte€R (20.41) 
je. Cae | | 


all f € D(A”). 
The integrals in (20.40) and (20.41) are vector valued Riemann integrals, see 
[79], [164]. 


20.5 Poincaré Type Inequalities for Cosine and Sine Operator 
Functions 


Here always we consider C (t) , S (¢) , A as in the Cosine and Sine operator functions 
Background and f € D(A"), n € N. Also we consider p,q > 1: ; + ; = 1, along 
with a,v ER: v>0. 

We present the following result 


Theorem 20.11. Let a > 0, t € [0,a]. One has 
q(2r-14+ 344) 


1) |[lZn () Fill, (0,0) S Qn—D!p@n-1 +b” 


IC) A” FIlll (0,0) 


a EE (20.42) 
1 
(v (2n-1424) +1) 
When v = q we have 
a2” 
2) WZ () Fllllz,(0,a) $< —————————— 
Pa) ~ (an — 1)! (p (Qn — 1) + 1)? 
IMC) A’ Fill, (oa 
Se (20.43) 
(2qn)°/" 
When v=q=p=2 we derive 
a2” 


3) [I!7n @ filllzso,a) S na DAViS 


Proof. By (20.40) we have 


IIIC@ A’ Fllllzsoa)- (20-44) 


It. O= oy | | "(t= 8)" 0 (s) A" fds 


(2n—1 


<a f e- 9 lew arsilas 


Poincaré Type Inequalities for Semigroups, Cosine and Sine Operator Functions 251 


<a (/ “( 9)P@n—D is) i: (/ ‘E03 AM fl as) 


~ (Qn-1 


1/q 


1 pr-its 
op IiilC (s) A” Fill cot) - (20.45) 


~ Qn—=1! (pQn—1) +1) 
That is 
1 p2r-1t5 , 
In (OFS Bay (pQn—1) +1)” IC (s) A’ Flll 0,0) 


(20.46) 


Consequently 
1 py (2n- 1+ +) 


Tn (4) FI" < (@n—D)” @Qn-b+” IIIIC (s) A® fllllz.(,) , (20.47) 


and thus 
a 5 1 
finon as aap 
. av(2n-1ts)+1 — [II]C'(s) A” Ill 0,0) re 
(p(2n — 1) +1)”/? (v(2n-14+2) 41) 
Therefore 
a 7 l/v 1 
(fim wera) <a 
(2n—1+4+4) s) A” 
a IIIIC (s) A” Fllln0,0) (20.49) 


oe 1) +1)” (v (2n—1+3) + i" 


proving the claim. 


Next we give the counterpart of the last theorem. 


Theorem 20.12. Let a < 0, t € [a,0]. 


One has 
1) Tn © fll, ca,0) 
7 (2n—-14+4+4) n 
an) WOA*Tngoo Si 
(2n — 1)! (p (Qn —1) +1)” (v (2n - 14 1) i 1) 


When v = q we have 
a” IIIIC (t) A” fll (a0) (20.51) 


2) IN ete ais aay a ae 
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When v = q=p=2 we obtain 
a” III|C (t) A” flll.(a,0) 


3) [llZn ©) fllllzs¢a,o) S Cea cea oe (20.52) 
Proof. By (20.40) we have 
It. O.1l= GATTI e981 C( ars 
1 F 2 1 
Gn! ||, (t— 8s)" C(s) A" fds 
Sao f @- oT lew a°slas 
0 1/p 0 1/q 
< oa DI (/ (Cree) clan as) @ IIC (s) AM fi'as) 
_p)2r-14+35) 
= eae TE IIC(s) Alege) (20-53) 
That is 
(—1)@"-"+5) 
Zn () FI S (n~1)Mp(n—) 41)” INC (t) A” fll, (a,0) « (20.54) 
Consequently 
‘ (—4)”@n-H43) ‘ 
Tn () fll < (Qn 1)” @Qn- ba INC @) A” fll, (2,0) (20.55) 
and hence 


& ay” v(2n—14+4)+1 


[ime vil OE aaa) 


INC (t) A” FIM. (a,0) 


eR 
NS 


aT (20.56) 
((2n —1)!)” (p(2n —1) +1)”’? 
Consequently it holds 
0 l/v 
(f imorira) spo 
(—a) "4 342) 1110 () A” fllll,ca.0) ee 


(pn) 41) (v (2n-1+2) 7 


proving the claim. 
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Next we treat the L, case 


Theorem 20.13. Let a >0,t € [0,a]. 
One has 


1) \IITn (4) fllllzv(o,a) S EEC ea (20.58) 
When v = 1 we obtain 
a?” ||||C (t) A’ f (0,0 
2) NEO Flan) $e, (20.50 
Proof. By (20.40) we have 
It. O.1l= GTI [eo cw ars 
< oar | (t— 5)" ||C(s) A" fll ds < -“ [ice A” f|| ds. 
(20.60) 
That is 
In (8) F< ay MMC) ALL 0.0: (20.61) 
and 
v(2n—-1) 
I|Tn (t) fII" < (ena? IINlC (s) A” FIIlI7, (0,0) - (20.62) 
Therefore 
alv@n—N+0 IC () A” FIlllZ(0,0) 
is I|Tn (4) fl" dt < < aa Oe (20.63) 


Finally we find 


é A oe ICO Alea 
(/ Tn () Fil ir) <(@n-D)(ven-) +1” (20.64) 


proving the claim. 
Next we give the countercase of the last result. 


Theorem 20.14. Let a < 0, ¢ € [a,0]. 
One has 


(— a)" IC (8) A" fllll.co.0) 


1) |NZn () Fille, (ao) S a= DNeGssnaa (20.65) 
When v = 1 we derive 
a2” C(t Av 
2) Ilha () fille. < ne, (20.66) 


(2n)! 
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Proof. By (20.40) we have 


IT fll= ool |‘ (t= 5)" (s) A" fds 


0 
7 if @- OCW) Ansllas 


< ea a IC (s) A” fll ds. (20.67) 
That is we see that 
IT fs Se a a IC A°Sllllixcac (20.68) 
and 
IT () fl" < a NC AF cao (20.69) 


Consequently we obtain 


(a) ¥PP YF) IO @) APF IM e.9) 


[in AI" dt < Ta ayy” (van 1) +1) 


Finally we observe that 


0 AMY Cal @- 4) IC Alle, ca.0) 
cy Zn (t) fl ir) < (Qn-D)wen-hb+yn” ” (20.71) 


(20.70) 


proving the claim. 


Next we continue with Poincaré like inequalities involving the Sine operator 
function. 


Theorem 20.15. Let a >0,t € [0,a]. 
One has 


al2"+3+2) WIC (t) A fll, 0,0) 


1) [Nn () fll, a) << —__---AS SO S=((20..72) 
09 ((2n)!) (2pn-+ ye? (v (2n +4) +1) ‘ 
When v = q we have 
a” |I|C (2) A” fll, 0,0) 
2) [I Mn (t) fllllz,(o.a) S (on) Gon)? (q(an (20.73) 
When v=q=p=2 we obtain 
a2” |I||C (t) A” 
3) IN () flllestoe) < po ato (20.74) 


((2n)!) V4n + 1,/2 (Qn +1) 


Poincaré Type Inequalities for Semigroups, Cosine and Sine Operator Functions 


Proof. By (20.41) we have 


IM f= | / “(t— 8)" O(s) A fds 


< mf, tC As 
t 1/p 
s oul @ (e— 9)" 4s) IC) A” Fllln,@.0) 
ve C(t) A” 
= (Gn! Qpn yl (t) A" fill. (0,2) ° 
Consequently 
|| Mn (t) fll" < a 8 ii A’ fllllz(0,a) > 
((2n)!)” (2pn + 1)”/” 4 (0,4) 
and 


i alv2nt5 +1) CDA FINE, co.0 
| payee. Ee a 
0 (GI Bone? (v (2+ 2) #1) 


proving the claim. 
Next we give the counterpart of the last theorem. 


Theorem 20.16. Let a <0, t € [{a,0]. 
One has 


(—a)Onto+) IC (2) Afi (a0 


1/v* 


1) WN Mn) fll, ¢a,0) << aA er 
ee ((2n)!) (Qpn + 1)” (v (2n+ 4) +1) 


When v = q we have 

a” IIIIC (t) A” f lll, (a0) 
2) I aCe) Ul este ee tee 
((2n)!) (2pn + 1)" (q(2n + 1)) 
When v=q=p=2 we get 

a?” IC (t) A” fill. (a0) 


3) |[l|Mn (t) Fills (a,o) < (Qn) (intl /2Qn+ 1) 


Proof. By (20.41) we have 


I (A= | / "(eC (8) A" fds 


0 
<p f 6-9 IOWA ds 
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(20.75) 


(20.76) 


(20.77) 


(20.78) 


(20.79) 


(20.80) 
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é 1/p 
< oy ( i (s- 0" as) MCC) A’ Fl, ca.0 


a an+4 
s AEE IC A"Ells,ca0)- 
Therefore 

Ms = (rer?) C(t) A’ fll? 

| Mn (t) fll < (Gn))” pn aay ll (t) F lll .(a,0) + 
and 

i Ia, (6) FI" at < (—a)(¢2n+5)+4) ME A Fill, @.o) 
(v (2n+ 1) +1) ((2n)!)” (Qpn +.1)”/?’ 


proving the claim. 
It follows the corresponding L treatment 


Theorem 20.17. Let a> 0, t € [0,a]. 
One has 
al@e+7) IIIC (t) A” fills, (0.0) 
1) [Ma Fille, o) <—_—— 
((2n)!) (Qun +1) 
When v =1 we find 


2) [IN Mn (t) fllllzs(0,a) S (Qn +1)! 


Proof. By (20.41) and (20.75) we have 


| Mn (t) fll < oar f (t—s)"" |C (s) A” fll ds 
i" n 
< Gal INC @) A’ Fille, (0,0) - 
Hence 
I| Mn (t) FI" < Sie a Tamh” IIE (2) A” FILE, (0,0) 
and 


| Mn (t) fil" at (@n))"@un+h 


proving the claim. 


(20.81) 


(20.82) 


(20.83) 


(20.84) 


(20.85) 


(20.86) 


(20.87) 


(20.88) 
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The counterpart of last theorem follows. 


Theorem 20.18. Let a <0, t € [{a,0]. 
One has 


1) [Mn ©) fille. (ao) S Gi) Gaed” (20.89) 
When v = 1 we derive 
-a (2n+1) C(t A" f 
2) Mn (6) flllliy¢o.0) S ee (20.90) 
Proof. By (20.41) and (20.81) we have 
0 
IM OFS oom f (0 IC) ANS ds 
< I IIe) 4°Tillaveor: (20.91) 
Thus 
IM, (t) I" < <r ll Al cao (20.92) 
and 


0 a 2vn+1 C(t An 
[isco rita eM 0.88 


proving the claim. 


Application 20.19. (see [147], p. 121) 

Let X be the Banach space of odd, 27—periodic real functions in the ee of 
bounded uniformly continuous functions from R into itself: BUC (IR). Let A := ne 
with D(A”) = {f EX: fehex, k= ene, oF n € N. A generates a Cosine 
function C* given by 


COW) Fe) = SIF @+)+F(e-8), Va,tER. (20.94) 
The corresponding Sine function S* is given by 
1 t t 
SU) tig) = 5 ff fle+s)as+ [ f(e—s)ds| , Va,t ER. (20.95) 


Here we consider f € D(A"), n € N, as above. By (20.40) we obtain 


aif [F0 (45) + 729 (-—s)] ds, WER. (20.96) 
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By (20.41) we get 
t t i 2k-1 
mos=5|/ fo+s)ds+ | f(-—s)ds} - : 


“+ (2k-1) 


t 2n 
ce PES) (2n) (2n) 
= | Seer lf (+s)+f (= s)] ds, VteR. 
Let g € BUC (R), we define ||g|| = ||g||,, := sup |g (x)| < 00. 
ceER 
Notice also that 
III]O* (s) A” fl 


a 


= 3[IJ(oe+94 76-0) 


+[ferre-v 


where 


Let a > 0, t € [0, a]. By (20.42) we derive 
glenatt gts) 


IIllTn (4) Fllllc, (0,0) S Qn—D!(pQn—-1) +1)? 


MEO FOP Me coe) 


(v(2m—1+2) 41)" 


a2nth+d) 


((2n)!) (2pn + 1)*/? 


Also by (20.72) we get 


IINMan (¢) fll 


L,(0,a) = 


Me" © Fe Meco) 
(v (2n + 1) + i 


2n 


Ilr (4) FMM z2(0,0) S Qn DWaVIn aI 


By (20.44) we find 


Mle 2° Meo 


(2(k—1)) 
if 


(20.97) 


(20.98) 


(20.99) 


(20.100) 


(20.101) 


(20.102) 


Poincaré Type Inequalities for Semigroups, Cosine and Sine Operator Functions 259 


By (20.74) we have 


2n 


* a 
Wen () fllllizs(o,a) S (en) Vin Fi 
Ce (2n) 
Ie“ 12h oo as 
(2n + 1) 
Also by (20.58) we obtain 
Grr¥*) [I]O* () F”)II| 
a 
NZ (2) fille. (o.ay S ae ee OD (20.104) 
((2n — 1)!) (vy (2n — 1) +1) 
and by (20.84) we observe that 
||| Aa (t) al (nts ) Wor @) fea N40, ay (20.105) 
™ ((2n)!) (Qun +1)” 
Let now a < 0, t € [a,0]. Then one by (20.50) has 
Cat) 
T,, (t ee 
IIx ©) Flaten $ Ge 
MME © FO Mh ca.0) 7 (20.106) 
(v (2n-1+3) +1)" 
Pp 
and by (20.78) we get 
_g)@rtst?) 
Is ( ee 
((2n)!) (2pn + 1)1/? 
C* (t (2n) 
ICFs a 


a" | C* (1) £9 Ilha 
NE @ fllllixteeoy = a (20.108) 


and by (20.90) we see that 


By (20.66) we find 


(—a (2n+1) III|o* @) 
(2n+ a 


Similarly one can apply the rest of the results here on Cosine and Sine Operator 
functions. 


lle cao) 


IME (6) fills) < (20.109) 
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Chapter 21 


Hardy—Opial Type Inequalities 


Various L, form Hardy—Opial type sharp integral inequalities are presented involv- 
ing two functions. This chapter follows [32]. 


21.1 Results 


Let f € Lp([a,6]) and g € Lg({a, 6), with p,q be such that “ + 7 = 1. We consider 
the generalized Hardy type operators (for the basic Hardy operator see [204], p. 306), 


and 


We present here integral Hardy—Opial type sharp Ly-inequalities involving or related 
to T,, Ty. Here Lf stands for Lebesque integral, R f for Riemann integral and 
(R —S) J stands for Riemann-Stieltjes integral. 

The first result follows. 


Theorem 21.1. Let p,q > 1 such that ae =1, with f € L,([a,6]), g € La ({a, 8), 
xo € [a,b] be fixed. Then 


ef (ef wort) irtu)law 
ee @i (a tet) a) (ae ora) allay <s <b. 


(21.1) 


Inequality (21.1) is sharp, that is attained when f(t) = g(t) =c> 0 a constant, for 
all t € [xo, b]. 
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Proof. 1) For xo < w < b, by Hélder’s inequality we have 


L [we (t)|dt < (c iE : colar) (c ‘i : | riolrat) 


w 1/q 
= (cf laoirar) (ew, e1.2) 
xo 
where 
= wine f Isl (t)|Pdt > 0, z(ao) = 0. (21.3) 
Here z is an absolutely continuous function. Hence we have a.e. that 
z'(w) = |f(w)|? = 9, (21.4) 
and 
|f(w)| = (2'(w))”?, ae. (21.5) 


Therefore it holds 
(c 2 Jao ftOlet) It(w)| < (c | : Jato) atw)e"(w), 16) 


0 
a.e. on [2o, b]. 
Hence by integrating (21.6) over [xo, s], where s € [2o, b], we obtain 


ef (ef iamrclat) unite 


< fp (c [we cote)" (o(w)e"(w)) "Pd (21.7) 
(using again Hélder’s inequality) 
< (ef (cf (02a) a) (¢ [ 2(w)-"(waw) ee (21.8) 


l| 


(© (ef, wore)" e 
(a0 f sons)" (ef eff wna) a)" 22)” 


=2-'P (rf Ga (Oat) aw) a Ga ora) (21.11) 


That is proving inequality (21.1). 
2) The sharpness follows. We see that 


L.H.S.(21.1) = R.H.S.(21.1) = (21.12) 


establishing attainability of (21.1). 


Hardy-Opial Type Inequalities 


We also give 


Theorem 21.2. Let p,q > 1 such that ara =1, with f € L,([a,6]), g € La ({a, 6), 


xo € [a,b] be fixed. Then 


cf (e [lao srcoiae) (rtw)law 


<2 (® [Ef wore) i) . (< [" inorar) 1 


alla<s<o. 


Inequality (21.13) is sharp, that is attained when f(t) 


for all t € [a, xo]. 


Proof. 1) For a <w < xo, by Hélder’s inequality we have 


cf” worms (cf ora) "(c 
= (cf lacoirar)  alw))'? 


Xo) =0. 


where 


That is 


wae fs copra c ff 


Here z is an absolutely continuous function. 
Hence we have a.e. that 


z'(w) = —|f(w)|? <0, 
and a.e. that 


and a.e. that 


Therefore it holds 


t)|Pat. 


xo 1/p 
sclPat) 


Ww 


(21.13) 


= g(t) =c > 0 a constant, 


(21.14) 


(21.15) 


(21.16) 


(21.17) 


(21.18) 


(21.19) 


(21.20) 


(21.21) 
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ae. on [a, Zo]. Integrating inequality (21.21) over [s, xo], where s € [a, xo], we derive 


cf (ef iaosreolar) rcw)law 


ccf” (c [at cota)" (etwy(—2'w))" aw (21.22) 


(again using Holder’s inequality) 


aCe) (ey. [wora)e) “(¢ dpe zi yaw)” (21.23) 
“(af ef we) ; 


"SeaNae ) (21.24) 


Ce 
= (x / Ges8 Bre iat wv) iG H re ; (21.25) 
=2-1/p Ce Gi alta) iw)" vere Fc[Pat) " (21.26) 


That is proving (21.13). 
2) The sharpness follows. We see that 


L.H.S.(21.13) = R.H.S.(21.13) = © 
establishing attainability of (21.13). 
We have 
Corollary 21.3. Let p,q > 1 such that ote =1, with f € Lp([a,6]), g € L,([a, 0). 


Then 
Ifalillflh <2-¥ | nia|(r [(c i wort) fa 
(r [(e [ worrar)aw) <(b—a)"AIfIP lglg. (21.28) 


Inequality is sharp, attained when f=g=c>0. 


(21.27) 


Proof. We apply Theorem 21.1 for r9 = a and s = b. We have 


a (cf lartolar) (rua 
age ai ee tet) a) 7 (cf inora)” (21.29) 


We also apply Theorem 21.2 for 79 = b, s =a. We find 


ef(c [ison plat) [fluid 
te. (e/ (c [iota a) ‘ (cf vere)” (21.30) 


Hardy-Opial Type Inequalities 265 


We add (21.29) and (21.30) to observe that 


Be [ st yreolae se fla Jost) |p) 
< a / (ef tet) a) - 
: (x flef wo) | on 


L.HS.(21.31) = [[fgllullflli (21.32) 


But it holds 


proving first inequality in (21.28). 
Since 1/q < 1 we get 


b w 
R.HS.@1.31)< 2-VP| f[22~a re / (< | a(t) [8at) du 


+e f'(e [io iora)ae] (21.33) 


1/q 


zs wigfe P(e f a (21.34) 


= |Ifllpliglla(o— a)"”%, (21.35) 


proving second part of (21.28). Sharpness is obvious, by all three parts being equal 
to c3(b—a)?, when f=g=c>0. 


Next comes 


Corollary 21.4. Let f,g € L2((0,1]). Then 


cf (2 f° ao srcoide) rua 
<4(r[‘(ef"rom)ae) (cf Pee) .atose< e130 


Inequality (21.36) is sharp, that is attained when f(t) = g(t) =1, all t € [0,1]. 


Proof. Apply Theorem 21.1 for p= q = 2 on [0,1], and xp = 0. 


We obtain the following Opial type (see [75], [6], p. 8) basic inequality which 
implies Opial’s inequality [195]. 


Corollary 21.5. Let f € C'({0,1]) such that f(0) =0. Then 


[isos (t)|dt < = 5 [ ropa Vs € [0,1]. (21.37) 
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Inequality (21.87) is sharp, namely it is attained by f(t) = 


Proof. We apply (21.36) for g(t) = 1, Vé € [0,1], and in the place of f we plug 
in f’. We then have by (21.36) that 


: If) F/ (lat 


adlieniaei Toad (21.38) 


- 0 10) 
e be ([ wav) - (f u'@er) (21.39) 


Ss 


= = [roar (21.40) 


2 


That is proving (21.37). Sharpness now is obvious. 


The extreme case follows. 


a a 21.6. Let f € Lo([a,b]), g € Li([a, b]), xo € [a,b] be fixed. Then 


“ef [we )s(Olat) fw yaw = ste.(m f° (ef weet) a) 


(21.41) 
for all s € (zo, 0). 
ae 
ef (c [i Bio ic yaw siiie(R (ef ipie) te), 
(21.42) 


for all s € [a, xo]. 
Both (21.41), (21.42) are sharp, attained by f(t) = g(t) =c>0. 


Proof. Obvious. 


To complete the chapter we present 


Theorem 21.7. Let 0 < q <1 and p < 0 such that ae ; = 1, a fixed xo € [a,b 
and s € (xo, b]. Assume that g € L,([a,b]), f € Lp([a,6]), f ts nowhere zero and 
lf[<kae,k>0. Then 


ef (ef iret) iruyidu 
Soy (® f (c k ; tet) a) (c if . | jioyrat) (21.43) 
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Inequality (21.43) is sharp, namely it is attained when f(t) = g(t) =c > 0, for all 
t € [zo, OJ. 


Proof. Let 19 < w <s. Here |f| >0 and |f| <kae., k > 0. Hence ¢ < Fal a.e 
—p > Oand k? < |f|? ae. Therefore 


z(w) := a |f(a)|?da > kP(w — 29) > 0, z(xo) = 0, (21.44) 


0 


and when w2 > wy, we derive 


2(we) — z(w1) = eis |f|Pda > k?(w2 — wi) > 0. (21.45) 


WI 


That is proving that z(w) is strictly increasing on [a, s], and z also is an absolutely 
continuous function there. 
Next, by reverse Holder’s inequality we obtain 


L [a (t)|at > (c i ; (ola) ee i) ; | f(a)Pat) ve eae 


= (c [ (ola) 4 an) YP fox to <w<s. (21.47) 


(0) 


It holds a.e. on [x0o, s] that 


z'(w) = |f(w)|? > 0 
and 


|f(w)| = (2’(w))/?, ae. on [29,5]. (21.48) 


(</ ‘ joF(Olat) isu) 


w 1/q 
> (< | (ola) (z(w))'/?(z'(w))/?, ae. on (a9, 8]. (21.49) 


i) 


Therefore 


Take now 79 <9 <w<s and 6 <_s. We observe that 


£ iE (c [we )F(Olae) Fw)law = tim € fc [i alt) flat) | uw) 


> lim c | ‘(e ‘l : tet) (tue) a (21.50) 


O\xo 0 


(again by reverse Hélder’s inequality) 
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lim ( i, ; (c ‘| (ola) i) i. lim (c ‘| “2()2(w)dw) Gey 
s w , 1/q s 1/p 

a (e[ (ef tet) a) lim (r-) | Aw)de(u) (21.52) 

(n J (e [° wows)aw) ym (=H) 

ove (® [ (< | : (ola) i) olor 

pau ( i: (c i. : tet) a) i: (c i | f(oyrat) as (21.53) 


proving (21.43). 
Sharpness same as in Theorem 21.1. 


IV 


l| 


I 


I 


The counterpart of Theorem 21.7 follows. 


Theorem 21.8. Let 0 < q <1 and p < 0 such that at ; = 1, a fixed xo € [a,b 
and s € [a,x%o). Assume that g € Lg([a,]), f € Lp([a,b]), f 1s nowhere zero and 
lf|[<kae,k>0. Then 


cf” (c i jf) Lf(w) deo 
> Q-Mp (e/[ (el tet) a) 7 a ora) (21.54) 


Inequality (21.54) is sharp, that is attained when f(t) = g(t) = c > 0 a constant, 
for all t € [a, xo]. 


Proof. Let s<w< ao. Here again k? <|f|? a.e. Therefore 


xo 
2(w) = zh | f(t)|Pdt > k? (xo — w) > 0, 2(x0) = 0, (21.55) 
and when w2 < w, we find 
z(we) — z(w1) = a |f(t)|Pdt > k?(w1 — we) > 0. (21.56) 


That is proving that z(w) is strictly decreasing on [s, xo], and z also is an absolutely 
continuous function there. 
Next, by reverse Holder’s inequality we obtain 


cf” aostolae> (ef iacoirar) (cf irorer) - 


= (c i (ol) "4 an))"P for s<w<2. (21.57) 


WwW 
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It holds a.e. on [s, xo] that 


z'(w) = —|f(w)|? <0, (21.58) 

—2'(w) =|f(w)|? > 0, (21.59) 
and 

|f(w)| = (—2/(w))””, (21.60) 


a.e. on [s,2o]. Therefore 


(c ia jaf) L#(w)| > (c i a(t) elu) —2"wy)?”, 
ae. od [s, vo). . (21.61) 


Take now s<w<0@< 2% and s < 0. We see that 


as jo f(0)ct) Lf(w) dew 


( 
aie (< / (c [ ‘ (f(a) loi) 


c | (c iM Jato)  ee@y! rae (21.62) 


(again by reverse Hélder’s inequality) 


f) x0 1/q 
> pes (=/ (< | tet) a) 


1/q 


1/p 


lim (¢ f° 2(-'w)au) (21.63) 


= (e/[ ic. tet) a) lim (-(R-5) [soya 0.68 
= (e/" (cf tet) - jim (Haro) (21.65) 


=2-1/P (® | “ (c i e (ola) i) : (21.66) 
= 9-1/p ( : *% (c ‘. ™ (ola) i) “ (c ‘i a s(olrat) He -uee 


that is proving (21.54). 
Sharpness is obvious. 


We give 
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Corollary 21.9. Let p,q >1 such that 5+ 4 =1, with f € Lp([a,0]), xo € [a,}] 
be fired. Then 


cf (ec in (F(a) [F(w)law 
ce [2 [Lee ett) — 0 val} (c [seva)”. 


(21.68) 


for all a<s<b. 


Proof. By (21.1) we have for all 7p < 5s < b that 


c[ (ec [ cI F(O)ld) LF(w)law 
Ee ae ([ (2 edt) aw) = ey rola) (21.69) 
= 9-1/p (= rer 6970) — 690g ra)]) (< i “\oPa)- "1.70 


proving (21.68). 


We finish the chapter with 


Corollary 21.10. Let p,q > 1 such that at ; =1, with g € L,((a, ]), here a > 0, 
and let r #0. Then 


ei) =(c | Oa) a 
a W a 

l-rp _ ,l-rp 2/p s w 1/q 
crn( oe) (x / (< | (ola) aw) 


(21.71) 
forall a<s<b. 
Proof. From (21.1) for f(t) = 4, we obtain 
cf L(c f Wola) ae 
s w 1/q s 1 2/p 
<g-l/p (=/ @| (ot) i) (| = ait) ; 
alla<s<b. (21.72) 
But 
aaa | gi-TP _ qi-TP 
— dt = ——__ 21. 
[ pe’ 1l—rp ; PLS) 


proving (21.71). 


Chapter 22 


A Basic Sharp Integral Inequality 


A sharp multidimensional integral type inequality is presented involving n-th order 
(n € N) mixed partial derivatives. This is subject to some basic boundary condition 
satisfied by the involved multivariate function. This chapter is based on [60]. 


22.1 Introduction 


This chapter is motivated and inspired by [16] and [123] about Ostrowski type 
inequalities; see also Ostrowski’s paper [196], 1938. Though the presented results are 
quite different from Ostrowski type inequalities, the working spirit is the same. T. 
Apostol’s book [62] was used as a reference for some basic facts related to integration 
and differentiation. 


22.2 Results 


We present 


Theorem 22.1. Let f €¢ C"(B), n © N, where B = [a1,b1] x --- X [@n, bn], a;, 
b; € R, with aj < bj, j = 1,...,n. Denote by OB the boundary of the box B. 
Assume that f(x) =0, for all x = (a1,...,u) € OB (in other words we suppose that 
f+ 45,°°-) = fC ++, 83,---) =0, for all j =1,...,n). Then 


m(B) O” f (@1, --; Ln) 
is |f(@1,.52n)| dry din < 5A a eee 


da,-+-+ditp, (22.1) 


where m(B) = Tj —aj;) is the n-th dimensional volume (i.e. the Lebesque 
measure) of B. 


Theorem 22.2. Inequality (22.1) is sharp (in the sense that equality can be asymp- 
totically attained). 


Proof of Theorem 22.1. Let (x1,...,%) € B,ie. aj <a; < bj, for all 7 =1,...,n. 
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The assumptions give 


f(@1,..,2 v= a. ee, a _— Arteta, abe 
bi vi 
f (Bi5<2,0n) — Sry fs oO” f Mstsva8 ee 


More generally, if we introduce the intervals 


and 


I5,.0 = [a;, 25] and Ij4 = [x,, by], j = Or 


we have 


f(@1,-,2n) = (- se a ie ay O “— $1, -+-,8 OEP Siyetisi) yk + d8n, (22.2) 
qt sEL 


O8n 


where each ¢; can be either 0 or 1. Adding up a for all 2” choices of (€1,...,€n) 
we derive 


o" f( S155. 
gn vay tn) = dee ‘+En peters 
Flervente) = Yo fof aan de 
(22.3) 
Next by taking absolute values in (22.3) and using basic properties of integrals 
(noting that the 2” “sub-boxes” Iy,-, x +++ x In,<, form a partition of B) and the 
subadditivity property of the absolute value we find that 


O” f (x1, ---, En) 
|f (21, +) 2n)| < =f Se ee 


true for all (21, ...,U%n) € B. Inequality (22.4) has by itself its merits. 
Finally by integrating (22.4) over B we establish the result. 


dz, ---d&p, (22.4) 


Proof of Theorem 22.2. Without loss of generality, to establish optimality of 
(22.1) it is enough to prove sharpness of the following inequality 


fie oe sf uc )| de (22.5) 


(this is obtained from (22.1) by taking n = 1 and [ay, b;] = [0,1]). Clearly here it 
is assumed that f € C'[0,1] with f(0) = f(1) =0. 
Let 0 < € < 1. Consider the function 


2 ee gi2 
Poe 0<aKe, 


flay=< 1, eens 1, 
20ers) se eae eS 1 
Clearly f-(z) > 0 on [0,1], and f.(0) = f-(1) =0 (in fact fe(ax) = f-(1— x), that is 
f-(x) is symmetric about « = 1/2). Furthermore 


We 
ae), 0<@K<e, 


f(a =< 0 e<a<l-g, 


7 
2O-F 9) l—ex<e#<l, 
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hence f! is continuous on (0, 1]. 
Next we calculate and find for f. that the right hand side of (22.5) is 1, while 
the left hand side of (22.5) is 1 — (2/3)e, i.e. (22.5) becomes 


2 
i Se Sy, 
ce 


Therefore, by letting e \, 0, we see that equality in (22.5) is asymptotically attained. 


Remark 22.3. Notice that lim. o f-(v) = 1 (pointwise) for all x € (0,1). In this 
sense equality in (22.4) is also asymptotically attainable. 


Remark 22.4. There is no function other than the trivial f(21,...,¢%,) = 0 that 
makes (22.1) an equality. Indeed, if there were such an f, then, by continuity (22.4) 
should be an equality for all (x1,...,u%n) € B, thus f should be constant which is 
impossible due to the boundary condition, unless, of course f = 0. 


Remark 22.5. The function f of Theorem 22.1 can be complex valued. 


Remark 22.6. The case n = 2 is quite interesting: Let f € C?([a, b] x [e,d]), a < b, 
c<d, with f(a,-) = f(b,-) = f(,c) = f(-,d) = 0. Then (22.1) becomes 


[Pf \e-nlaeau < Ca MnO PP dey stesuill ety 


Notice that the operator 20,, becomes the wave operator Oyy — Ore after a 45°- 
rotation of the axes x and y. 


Remark 22.7. It is a curious fact that inequality (22.1) fails badly in a variety of 
domains. For example, given a,b > 0, let D, C R?, k = 1,2,3,..., be the domain 


2k 2k 
De=3 GH) eR a St 
k oY ak Gok of? 


Notice that D, C B = [—a,a] x [—b,b] and we can make Dy, as close to B as we 
wish, by taking k sufficiently large. However, if f;, is the polynomial 
2k 2k 


zr y 
fe (2,y) = Gar + ye) 


then, of course, f, € C?(Dx) and fy; = 0 on ODz, but 


0? fic(&,Y) 
OxdOy 
hence (22.1) fails completely if D; is the domain of integration! 
We finish chapter with 


= 0, 


Theorem 22.8. Let f €¢ C"t?(B), n EN, B= [ai,bi] x... x [an, bn], a;,b; € R, 
with aj <bj,j=1,...,n. Assume that 


of of 
Baa" ae) = Ba £beane 0; 
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for all i,j =1,---,n. Then 


| hag eeare || dx,,dxq...dxy 
B 


< Miah ai) es ( i 


i=l 


Ort? Fry, Slee ,Ln) 
Ox,...032;...0%n 


day... a) . (22.6) 


Proof. We observe the following 


n 


OF f (@i.652n, n Of(r1,...,2n 
vce] =| ey i) ao 
i=l i a 
< (by (22.4), set instead of f the function ef) 
n 1 o” ($5) (a1, Ln) : ; 
2 i 0x1 ...02y, L1...dX@y 
1 n Ont? f(xy se tn) 
ae Aa ad | E81 ++ En | 22.8 
eee (/ OG 2000 Fs 0 ba, Ly vn) ( 


So we get true that 


; tis ( 
|V F(@1,-++5m)| <5 DO | 


1 
2.9) over B we get (22.6). 


Ot tai; aver Xn) 
Ox ...0x3... 02, 


a 


dz... azn , (22.9) 


Chapter 23 


Estimates of the Remainder in Taylor’s 
Formula 


Estimates of the remainder in Taylor’s formula are given. This chapter relies on 
[55]. 


23.1 Introduction 
The following theorem is well known as Taylor’s formula or Taylor’s theorem with 
the integral remainder. 


Theorem 23.1. Let f : [a,b] ~ R and n a positive integer. If f is such that f\” 
is absolutely continuous on [a,b], xo € (a,b), then for all x € (a,b) we have 


f(@) = Tn (fi ®0, 2) + Rn (f; 20,2) , (23.1) 


where Ty, (f;20,:) is Taylor’s polynomial of degree n, i.e., 
“Sf (wo) (a = #0)" 
Tn (f; 20,2) = > ole — 20) (23.2) 
k=0 
(note that f© = f and 0!=1) and the remainder can be given by 


Ry (f;20, 2) = =f (x —t)” forty (t) dt. (23.3) 


0 
For a mapping g : [a,b] > R and two arbitrary points xo, x € (a,b), define 


feral’, o> 
Xo 


Wl co 0}: = 


and 


ei ciaceee ut 16) 
tE [xo ,x] 
(tE€[x,x0]) 


Using Holder’s inequality, we may state the following corollary. 


275 


276 ADVANCED INEQUALITIES 
Corollary 23.2. With the above assumptions, we have 
[Rn (Ff; 20, 2)| 


awl [FOI ay FFM € La [a,b]; 


IA 


eal |r| 
n!(nqt1 q [ 


iff" € Lg [a, 8), 
p> ty ,le ob 

x—a|"tt n . n+ 
TED! | F° ies eee if f' 1) € Leo [a, b] fe 


xo,2],p 


(23.4) 
For some applications of (23.4) for particular functions, see [101]. 


23.2 Some New Bounds for the Remainder 


The following simple result comes from G.A. Anastassiou in [16]. 


Lemma 23.3. Suppose that the mapping f : [a,b] > R is such that f("-)) is 
absolutely continuous on [a,b] and xo € (a,b). Then for all x € (a,b) the remainder 
Ry (f; 20,2) in (28.1) can be represented by 


Ra (fire.2)= Goa f Eng (t) — f™ (ao)| (@-t)" 1 dt, n>1. (23.5) 


Proof. We apply Taylor’s formula with the integral remainder for n—1 obtaining 


x 


f (2) = Tra (fiaoa) + ay f 917 (at 


= Ty, (f; 0,2) — {= 0) pt (xo) + aan (a —2)"* f™ (at 


0 


=Ta(fia.a)+ oy f [2 © = £0 (eo)] (@— 9" a, 


(0) 


which produces the representation (23.5). 


The following theorem holds. 


Theorem 23.4. Suppose that f, x9 and x are as in Lemma 23.3. Then we have 
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the bounds 
|z—x0|"7* ile ~ || Ff) "(x ©0)|eo.0},a if f™ € Ly [a,}]; 
< _ [enzo 44 (n) _ f¢(n) f FO) © Lg [a,b], 
7 (n—1)![(n—-1)q41] ¥ lf f (oll eo,2,p if f q [a,b 


1; 


1 a 
p>, as 


[xo ,x],00 


(23.6) 


Proof. We have 


|Rn (f; 0, 2)| < 


wo f [7 = £ (wo)] (@- 9" i 


1 as ws 
<1 / fF (t) — f© (ao)| [a — e["7 de] := M (20,2). 
If f(™ € Ly [a,b], then 


M (xo, 2) S 


sup |z—t|"” 
(n ame 1)! tE[xo,2] 
(tE[x,x0]) 


[F™ — £ (ao)| 


and the first inequality in (23.6) is proved. 
Using Holder’s integral inequality, we have, for f € L, [a,b], that 


vl 
xo 


= age F on 


= ee, |x — &o 
(n—1)![m—-1)q4+1]@ 

and the second inequality in (23.6) is proved. 
Finally, we have for f( € Lx [a,b], that 


1 ¥ a 
Meo.2) Sess sup [F=f (2a)] | [ea a 
te [xox] (n a 1)! xo 
(t€[2,20)) 


| fe @ = 2 (eo) a 


I 


n-1 
x — Xo| 


| 
nl [xo,a],1 


a a 
M (0,2) < 5 (= 9 (ao) |" | f pe —11-* a 


|x = aN bei gq 
[xo,2],p (n— l)qt 1 


|= 1+2 i (x0)| 


1 
(n — 1)! 


[co] ,p 


~ (2 (xo) 


1 n 
= — |x — xo| 
n! 


[xo ,x],00 


and the theorem is proved. 
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The following result for Holder type mappings also holds. 


Theorem 23.5. Suppose that the mapping f : [a,b] > R is such that f™ is of 
H — r—Holder type. That is, 


f™ (t) — f™ (s)| < H|t—s|" for all t,s € (a,b) (23.7) 


and H > 0 is given. Then we have the inequality: 


HB(r+1,n) 


(n= |e —29|"*”, (23.8) 


[Rn (f; 20, 2)| < 

where B(-,-) is Euler’s beta function. 
Proof. As f\” is of H — r—Hdlder type, we may write 
1 iP 


Rn (fF; 20, t)| S$ ——>| 
Rn (F520 (n—1)! [Joo 
A ‘: : a 
<aI/ \t — xo|' |x — t} atl = N (00,2). 
Vibha, 


(=F (eo)| hea ail 23.9) 


Assume that xp < x. Then 


x 1 
N (ao, 2) =) (t — x)" (x —t)”* dt = (cay f ia Cees 3 anaes 
xO 0 

= (@ — 29)" B(r +1,n). 
A similar equality can be obtained if x < a9. Consequently, in general 


N (ao, 2) = |x — 20|""" B(r +1,n) 


and then, by (23.9), we deduce (23.8). 


Corollary 23.6. Suppose that the mapping f : [a,b] — R is such that f™ is 
L—Lipschitzian on {a, bj, i.e., 


f™ (t) — f™ (s)| < Llt—s| for all t,s € (a,b), (23.10) 


where L > 0 is given. Then we have the inequality 


é Besa 


[Rn (f; 0, 2)| < ——ne (23.11) 


Proof. For r=1 we have 


B(2,n) =| 11-)dt= CEST 


Using (23.8), we deduce (23.11). 
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We can now state the following result as well. 


Theorem 23.7. Let f,x9 and x be as in Theorem 23.1. Then the remainder 


Ry (f;xo,x) satisfies the bound 


|Rn (f; 20, 2) 
wtp fe le A aol FMM lees jo0 Me] FL OFD € Leo [a,b 
xv n- i he . eae 
7 cos Jo z—t|"""|t— aol 4 I Ff eM eeacaies dt if f' “ie L, (a, 5), 
Laka 
; p> 1, 2p + Gon 
Gan Seo le - #1" ila | ae at| if f°*) € Ly [a,b]. 


Proof. As f‘”) is absolutely continuous on [a,b] we may write that 


f () — f™ (a0) = fO*Y (u) du 


and then, by (23.5), we have the representation: 


1 x t a =. 
Ra (F208) =p Ce: (wav) (e-9) dt. 
By (23.13) we may write: 


1 x t ne 
[Rn (fsa0.2)l << ao] | fp (u) dul je — "a 
(n = 1)! xo x0 
Now, if f+) € Ly [a,b], then 
t 
i: pe (uw) dul < lé = xo IF : | : 
x0 &o,t|,co 
Also, by Hélder’s integral inequality we have (for p > 1, a + - = 1) that 
1 e Pp 7 
i FOF) (u) dul < |t— x0|# | port) (w) riy 
xo xo 
= |t-— xo|# ford 
[xo,t],p 
and : : 
fo) (u) du| < / pe (w)| du| = eer” : 
x0 xo [xo,t],1 
Consequently, we have 
|t PS Xo| eee lhadehise 
* (nt) 7 || fet) 
n ”q n+l 
[5 (u) du] < 4 |t—aol* ||f eer 


[xo,t],1 
Using (23.14) and (23.15), we easily deduce (23.12). 


(23.13) 


(23.14) 


(23.15) 
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23.3 Some Further Bounds of the Remainder 


Let us consider the Chebychev functional defined by 


b b b 
T (g,h) := —/ h(a) g (a) wo | h(a) ae | g(x)dx, (23.16) 


where h,g : [a,b] — R are measurable on [a, 6] and the involved integrals exist on 
[a, b]. 

The following identity which can be proved by direct computation is well known 
as Korkine’s identity: 


19.0) = aah [oe y))(g(x) —g(y))dedy. (28.17) 


The following lemma holds. 


Lemma 23.8. Suppose that the mapping f : [a,b] > R and xo, x are as in Lemma 
23.8. Then we have the representation 


Rn (f; £0, 2) 
= an fe (x0)| = eh 


«ff iaG ~ f(s )) ((x— 2)" — (w— 8)" deds. 


Proof. Applying Korkine’s identity, we may write: 


— f(s = 2 (ao) (= 9a 


«— XO 


—_,. f™ (x o)) dt —— f (e—0rat 


= Cas orl. es Cire fo (s )) ((2 _ or —(x£- Digs dtds 


which is clearly equivalent to: 


[ (4 © = 40 Go) = 9" a 


i) 


“ee ee) #0) (¢0) - ne ee 


n 


soma ff UP @- 1 @) (@- 0-9) ae 


from where we get (23.18). 
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The following theorem holds. 
[a,b] — R has the property that 


Theorem 23.9. Assume that the mapping f 
f(™ € Lg [a,b] and xo,x € (a,b). Then we have the inequality: 


|Rn (Ff; 20, 2)| 
L-2x 
<|[fo-Y:20, ee eater i 
n! 
(We =20!” /_ 1 on baja SIF 
7 ni/2n — 1 L— Xo [xo ,x];2 at 20,2) : 
(23.19) 
where 
hae LL roral 
‘ = rn i) t 
Peete en 
Proof. We have, by (23.18), that 
[Rn (Ff; 20, 2)| 
_ tt 1 
< |[p@—n. _ p(n) pau we ss 
<|[F 0,2 pr" (0) n! 2(n— 1)! |x — xo| 
fo (s)) [(@- 4" = (2-s)"] dtds| . 
(23.20) 


Using the Cauchy-Buniakowski-Schwartz inequality, we have 


[£0 0-1) [eo -@— 9] ate 
ld — Fo) (9))° ata 


IA 


[xo ,x];2 
oa 


(a — 29)2"-Y+ @aaie 272 
ae CES -( | 
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= Be 29| | ae - ([e:204])] 
: oa of ear i 
= ae 2a [ga ([s a0) ] 


n[n?—2n4+1 2 
le 801 | een 1) 


i 
2 


= ale [Pls aie ~ (M204])] Ss 
ars = ae 2 
—— Yaa fel (inal 
and then 
aa ex £ () — F (s)) [(@—" - @— 8)" | dts 


a 
2 


3 ae ®:a0.a])' 


tL — XO | 


2 (n—1) |x — xo|” | 
~ nl/2n—1 
Using (23.20), we deduce (23.19). 


23.4 Some Inequalities for Special Cases 
In this section we assume that x9,x € (a,b) and x > ao. 
The following theorem holds. 


Theorem 23.10. Let f : [a,b] = R be such that f™ is monotonic nondecreasing 
(nonincreasing) on |x, x]. Then we have the inequality: 


f (2) S (2) Tn (fi20,2) + [[ fs 20,2] - £ (eo)] (oot) (23.21) 
or, equivalently, 
f(x) < (©) Tn-1 (f; 20, 2) + (eto) ae sao ; (23.22) 


Proof. We use the following Chebychev inequality 
T (g,h) > 0 (<0) (23.23) 


provided that (g,h) are synchronous (asynchronous), i.e., we recall that the map- 
pings (g,) are synchronous (asynchronous) if 


(9 (x) — 9 (y)) (h(a) — h(y)) = 0 (<0) for all x,y € [a, (23.24) 
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As the mapping h(t) := (a — t)"~' is monotonic nonincreasing on [29,2], then we 
have, for f) nondecreasing, 

T(#™,(2@--)"*) <0 
and then, by (23.18) we conclude that 


Ry (f; 0,2) < essere =f (xo)| — (23.25) 


The case when f‘” is monotonic nonincreasing goes likewise and we omit the details. 


The following refinement of Chebychev’s inequality is known (see for example 
[129]) 


T (g,h) = max {|T (g,|hI)| ,|T (lgl,2)| 10 (gl, |AD|F = 9- (23.26) 
Using (23.9), we may improve (23.21) as follows. 


Theorem 23.11. Let f : [a,b] — R be such that f( is monotonic nonincreasing 
on |xo,2]. Then we have the inequality: 

2 xZ— Xo)” 

$2) ~ Toa (fi0,2) — [f°-9;29,2] S— 2 


> ao [ 7 (9) @— 1") at aie: voy f hare) au >0. 
(23.27) 
Proof. Apply inequality (23.26) for g = f™, h = (x—-)"~' to derive 
TF, (@=-)""*) > max {|i ,|B1l ,|Cal}, (23.28) 
where 
A, =T(F,|@- Yr") =7 (F,@- 7) 
=r ((7|e) = fro olor 
. (x a [, i o) a oat a 
and 
cam (=) = (6-9) = 


Now, using the fact that (see Lemma 23.8) 
f (2) — Tn (f:e0,2) - [[F-Y; 20,2] — £ (wo)] (—t) (23.29) 
_ (@= 20)", (6, eo 2) 


(n — 1)! 
then by the inequality (23.28), we may deduce (23.27). 


284 ADVANCED INEQUALITIES 


The following theorem also holds. 
Theorem 23.12. Let f : [a,b] — R be such that f\” is convex (concave) on xo, 2]. 
Then we have the inequality: 

1 
(n+1)! 


f (2) — Th (Ff; 20, 2) a f°- (26) (a — 220)". (23.30) 


Proof. As f‘”) is convex (concave) on [x9, 2], we may write that 


f£™ (t) — F™ (0) (<) Ff (ao) (t- 20), t € [20,2] 
which implies that 
[10 @) — £0 (vo)] @ =A (EF (Wo) (t= 20) (0-H, FE [toy a]. 


Integrating over t on [2,2] and using the representation (23.1), we may get 


Rn (f; 20,2) = (S) ao i f° (a) (t— 20) (w@— t)"™ dt 


( 
7 (n : 1)! fO-Y (ao) if (t — a) (a — t)""* dt 
= a DI ey) (xo) (a — zo)?*? B(2,n) 
= aa (xo) (a — zg)?*? 


and the inequality (23.30) is proved. 


23.5 Taylor-Multivariate Case Estimates 


Let Q be a compact convex subset of R*, k > 2; a := (21,...,2%), Xo i= 
(Zo1,-+-, on) € Q. 

Let f : Q — R be such that all partial derivatives of order (n — 1) are coordinate- 
wise absolutely continuous functions, n € N. Also, f € C"~1(Q). Each n‘” order 
partial derivative is denoted by fa := ae where a := (a4,..-,Q%), a € ZT, 
i=1,...,k and lal := ey a; =n. Consider g, (t) := f (ao +t(z—20)), t > 0. 
Then 


= (>: (2; _ Xoi) =) f (01 + t(z1 = Xo1) 5+++,L0k +t (Zr = Xok)) ; 


(23.31) 
for all 7 = 0,1,2,...,n—1. 
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Note that gs” (t) is given in a similar way. 
Example 23.13. Let n =k = 2. Then 
gz (t) = f (01 +t (21 — 201), Lo2 +t(z22—-%o2)), ER 


and 


gh. (8) = (21 — 001) ZF (ey + #(2 ~ 20)) + (22 ~ 200) ZL (a + 4(z ~ 20)). 


In addition, 


(0 = (a am) (FA (eo bee v0) + (22 s0a): (FE (eo + tle - ra))) 


a ass {ta =i ~ (Gone co 


deg Aa {(a <i et ies) = os | 
Hence, 


2 2 
of (8) = (21 — 201)? 55 (9) + (22 = 201) (22 ~ 202) 
1 


+ (21 — £01) (22 — Xo2) 


Ar 0x9 () 


Similarly, we derive the case for n,k € N for gS”? (t). 
Notice that, if || fallj.,,-] exists for all a such that |a] =n, then | 


gs | also 
[0,1] 


exists; ||-|| is any type of p—norm (p € [1, o«]). 
Therefore, we derive the multivariate Taylor Theorem: 


Theorem 23.14. With the above assumptions, we have 


Fe1yr54) = 96() =O + (2,0), (23.32) 
j=02 
where 
Ry (2,0) = f (f° ia (= (of (tr) — g”) (0)) atn ) dt;, (23.33) 
Ry, (z,0) = woth de eae ae (of (8) — g” (0) dO. (23.34) 


A simpler form is 


f (215 ---52m) = 92 (1) = > = + Ry (z,0), (23.35) 
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or 


ie (1 —0)"~! g™ (0) do. (23.37) 
‘JO 


Notice that gz (0) = f (ao). 
For a mapping f : Q— R, z,2o € Q, Q C R® compact and convex, we define 


: 
2 i LF (w)|? dy 
[xo,2]([z,x0]) 


Here des 2([z,00]) 8 8 k*’ multiple integral. Also, 


, pak (23.38) 
IIfllteo,zj0 = ess sup, [F (y)L, (23.39) 
y€[xo,2](yElz,20]) 


IF llicessztp datas 


where [xo, 2] = [Z, Zo] are line segments in Q. 
We first find estimates for R, (z,0) as in (23.37). 


Remark 23.15. Let ||-|| be any norm on the functions from Q to R 


Let FEI [aco 2] = max || falteo,21 Then 
ls” ol 
[0,1] 
a n 
= S> (zi — oi) ae F | (@o1 +t (21 — 201) ,---, Zon + t (2% — Lox)) 
i=1 ‘ [0,1] 
k n 
< (>: [zs — =) “WFelltcoz1° 
i=1 
that is, 
los (||, (lel) NS. (23.40) 


Here |[-|l/0,1)> II-lljeo,-] may be any kind of p—norm (p € [1, oo]). 


We now state the first result in estimating the remainder R, (z,0). 
Theorem 23.16. With the above assumptions, we have 


” if gf € L [0,1]; 


1 
(0! || 9 140,1] 
lin (2,0) <<) ate Se if gS € L, 0,1], 
EY) (n=1)pn—p+1) L,(0,1] : 
a Ly a= 1,p>1; 
A |g” nas. if g& © Loo (0,1). 
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Proof. We have 


——— ||” (0 


(0,1) 


That is 


(n) 
Io! 14[0,1] 


ln (2,0) ss ei 


(23.41) 


given that g$”) € Ly [0,1], the last is implied by all fa € L1 [z0, z]. 
Again we observe that 


[in (2,0)| < Goi | ‘ay 19s" (0)| a9 


sain f (oye) (f 
7 wai (f a-ayrrae) | 


a ees 
(n— 1)! (pn —p+1)? 


i 
uf” (| a8) 


Gz 


L,(0,1] 


L,(0,1] 


That is, 
=" 


L,(0,1] 


; |< (n—1!(pn—p+1)? oe 


where p,q > 1, ae el a 
Also it holds 


€ L, [0,1], the last is implied by all fa € Lg [xo, 2]. 


|Rn (2,0) < aol Ga9= las? (0) | a8 


~ (n-1 

i ; 1 (n) 
ne 1 —6)"~" do | n 
~ (n—1)! (/ ( ) ) I [0,1];00 

(n) 

0! [0,1];00 
a n! : 
that is 
os” 
[Fn (2,0)) < PAE if gl € 1 (0,1), (23.43) 


the last is implied by all fa € Loo [20, 2]. 
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Remark 23.17. Observe that 


where 20 := (%01,---;Zok)- 
Similarly, we find 


gf” (8) — gh” (0)] 
(n—1)! 


L1[0,1] 


|Rn (z,0)| S (23.44) 


given that gS” € L, [0,1] which holds when all fa € Li [zo, 2]. 
Also 
| Lq(0,1] 


0 
|Rn (z,0)| < GQonee ene: (23.45) 


where p,q > 1, as =-=1; gE £, [0,1], when all fa € Lg (xo, 2]. 
Furthermore we obiattl 


los”? (e Oa (0) 


nl 


IRn (z,0)| < tice if g) € Loo (0,1), (23.46) 


when all fa € Loo [2o, 2]: 
Suppose now that (for all a such that |a| = n) 


\fa (2) — fa(y)| <L-\|z7-yllh, 0< <1, (23.47) 


for all x,y € Q, L > 0, where ||-||,, is the 4; norm in R*. Here fa is any partial 
derivative of order n. Then clearly (for all @ such that |a| = 7) 


Ifa (@o + # (2 — 20) — fa (0)| $ L- #9 lz — oll? , (23.48) 


where ||z— oll, = 1 |z — 2oil- 

Thus, if z # xo, then for at least one i € {1,...,k}, we have z; # xoi, ie., 
lz — oll, # 0. 

So, without loss of generality assume that z # 20, which implies that 
||2 — xol|;, # 0. Hence by (23.33) 


|Rn (z,0)| 
1 ty tn-1 ! k ew | 
nr: 4 |Z x 
Zf / - / Sy Mean es tol — agli 18 | dite |... | ats 
6 6 0 as ay!::: ap! 
iT ai 1 ty ber 

= yy SRE a lie— allt - | (/ (f that)... ) dt 
lalen Qy+°* Ak: 0 0 0 


lz — oll 


k nm 
= soins a | ee es cy fete a 
(hs sx! eels Te Gan T+) 
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Consequently, we state the following result. 


Theorem 23.18. Let fa satisfy (23.47), then 


llz- oll.” 
[Rn (z,0)| <L- Tr, @+p" for all z€Q, |al=n. 
j=l 
Another matter to discuss: 
We have 
n-1_ (j) 0 
fences Osh a8 
j=0 J 
where 
1 ; = 1 1 
Raat 0) = eae ff ay? (of (0) — of (0)) a 
1 1 ; 0 ™ 
= 1-0)"" i "? (u) du | dé 
ao f a-or? (ff eo 
Furthermore 


|Rn—1 (2,0)| < anf (te)? ([ Ja” (w) a) dO. 


Now, if all fa € Loo [20,2], then gS” € Loo [0, 1], and thus 


7] 
flo? | au <9 | 
0 


Let p,q > 1 such that 4 + 7 = 1, then 


g 


Lx(0,0] 


0 0 Z p P 
gs” (u)| du < | 1?du | gs” (w)| du 
0 0 0 
1 
= 64 ||g™ 
I: L (0,6) 
where gS” € L, [0,1], when all fa € Ly [xo, 2]. 
Also, 
: (n) (n) 
s™? (u)| du < | ar ; 
foe? 9a so" 


where g$”) € L; [0,1], when all fa € Ly (xo, 2]. 
Thus we state the following result. 


Theorem 23.19. With the above assumptions, we have 


|Rn—1 (z,0)| 


(23.49) 


(23.50) 
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1 n— n 
ta Jo (1 8)" 8 fof 


io # gf € Leo [0,1], 
all fa € Leo [x0, 2]; 


Lo [0, 


1 1 _ gyr-2., . . (n) wate (n) 4: 1_ 
<i ey fg A— 9)" 8 |! mr) dO; if gz’ €Ly[0,1, 5+G=1, 
Pid > 1, all Te E Ly [xo, 2]3 
Sa a Gee eae | s “¢ (n) 
Tay Jo (1 — 9) |! bungee if gs” © L1 [0,1], 


all Sai E Ly [xo, Z| r 
(23.53) 


Remark 23.20. 
a) Using Lemma 23.8, we have the representation 


R, (2,0) = |(9f"-® (1) — gf") (0) — 93”) (0)| i 


(23.54) 
Next, suppose that g$”) € Lz [—1,2]. By Theorem 23.9 we get (0,1 € (—1,2)): 


eden (of? @) = 9"? ) - 96” (0 


| 


- (a af) |", (28.55) 


1 
| [0,1];2 (/ 


b) By Theorem 23.10, assuming that g3” 
(0, 1], we have 


n! 


(n)||? 
*  IIo,1);2 


where 


(n) 


g <2 
of if (of ae) 


) 


is nondecreasing (nonincreasing) over 


Peas aRk) 
ny) oY O=98 "9 ©) =a @ 
j=0 
That is 
Figs , 2k) 
n-1_(j) y= gl 
; ; 0 (ge = (0) aes 
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c) By Theorem 23.11, assuming that gs” is monotonic increasing on [0,1], we 


find that 


g® (0) (he aR Lp on ar) (23.58) 
d) At last, by Theorem 23.12, for gh convex (concave) on [0, 1], we derive 


n (3) (n—1) 
Flan) EN > Qh 0. (23.59) 
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Chapter 24 


The Distributional Taylor Formula 


We present a distributional Taylor formula with precise integral remainder. We give 
applications using it and estimates for the remainder. This chapter relies on [51]. 


24.1 Introduction and Background 


This chapter is motivated by the important works of R. Estrada-R. P. Kanwal (1990) 
[135]; (1992), [136]; (1993), [137]; and A. Durdn-R. Estrada-R. P. Kanwal (1996), 
[134]; B. Stankovic (1996), [234], and R. Estrada-R. P. Kanwal (2002), Chapter 3, 
section 3.2, [138]; I. M. Gel’fand-G. E. Shilov (1964), Vol I, pp. 146-151, and pp. 
331-345, [146]. It is also motivated by the seminal works of B. Ziemian (1988), [251]; 
(1988), [253]; (1989), [252]. 

All the above authors either give distributional Taylor type asymptotic expan- 
sions, or distributional Taylor formulae where the remainder is not precisely spec- 
ified and it is rather vague. Other times Taylor expansions are only for the delta 
function distribution. 

Author’s work with S. S. Dragomir (2001), [55], was also another inspiration for 
this chapter. 

Other stimulating works are the ones by V. I. Burenkov (1974), [77] and (1998), 
[78], see Chapter 3, both for Sobolev’s integral representation. But this chap- 
ter would have been impossible without the existence of the excellent monograph 
“Analysis” by E. H. Lieb-M. Loss, 2001, [178]. 

We are based mainly on the following result from last. 


Theorem 24.1. ({178], p. 143, Fundamental theorem of Calculus for distributions) 
Let f € Wien (R"). Then, for each y € R” and almost every x € R”, 


1 
f(e+y)-f@)= f y- Vf (a + ty) dt. (24.1) 
0 
Before using (24.1) we would like to give an equivalent result to Theorem 24.1 and 
some useful definitions, however for full details on basic distribution theory we use 


we refer the reader to [178], Ch. 6 pp. 135-169. 
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So we give the equivalent to Theorem 24.1 result. 


Theorem 24.2. Let f € Wice (R”). Then, almost every x, z € R” we have, 


1 
fe)-fe)= | (z-—2)-Vf (a+t(z—2)) dt. (24.2) 
Proof. Easily we see that (24.1) is equivalent to (24.2). 


Remark 24.3. Notice that (24.1) is true for any y € A C R” and almost all ¢ € A 
such that «+ y € A, where A is a compact and convex subset of R”. The null set 
of x’s (24.1) does not hold depends on y, f. Similarly (24.2) holds for almost every 
xz, z € A, where A is as above. 

In both cases f € Wien (R”). 

The following terms and definitions are taken from [178], pp. 136-144. 

Let © be an open, nonempty subset of R", n > 2, CS° (Q) denotes the space of 
all infinitely differentiable, complex-valued functions whose support is compact and 
in Q. The space of test functions is denoted by D(Q). The dual space of D (Q) is 
denoted by D’ (Q) which is all continuous linear functionals T : D(Q) — C, we call 
T’s distributions. 

By L?..(Q) we denote the space of locally p‘”—power summable functions, 1 < 
p <0. Such functions are Borel measurable functions defined on all of D and values 
in C and with the property || /'|| L»(K) < ©, for every compact set K C 2. Clearly 
LP. (Q) D LP (Q) and, if r > p, we have L? , (Q) D Lf, (Q). 

We must mention 


Theorem 24.4. (Functions are uniquely determined by distributions, see [178], p. 
138) Let Q C R” be open and let f, g € Li. (Q). Assume that the distributions 


loc 


defined by f and g are equal, i.e. 


[te [98 (24.3) 


for all ® € D(Q). Then f (x) = g(x) for almost every x EQ. 
By Vf we denote the distributional gradient of f, that is the n—tuple 
(1 f, Oof,...,Onf), where f € Li. (Q) —functions are an important class of dis- 


loc 
tributions. 
We denote by W,) (Q) the class of functions from Li. 
(weak) first derivatives are also in Lj... (Q). 
We further define, 1 < p < ~, 
Wiz? (Q) :={f:Q>C:f © LP. (Q) andd;f, as a distribution in D’ (Q), is a 


loc 


(Q) whose distributional 


L? (Q) — function for i=1,...,n}. 24.4 
loc 


We have W,? (Q) > Wy" (Q) if r > p. We can also define the Sobolev space 
Ws? (0) C WEP (Q): 
WwW? (Q):={f:Q—5C: f and 
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Of € L?(Q), i=1,...,n}. (24.5) 

Similarly we define W,"? (Q) , and W™? (Q) , m > 1. In these the Borel measurable 

functions f : Q — C and all of its partial distributional derivatives up to order m 
belong to L?,,(Q), and L? (Q) , respectively. Clearly W™? (Q) C Wire? (Q). 

We end this section with the known basic and useful results, usually given as 


exercises. We put them together. 


Theorem 24.5. Let f © W/%' (Q), Q is open subset in R”. Then the distribu- 


tional partial derivative D,,....r,f (a), «© € Q, remains unchanged almost every- 


ts a! 


where, when the indices r,,...,Tp are permuted, each r; is a positive integer <m. 
k -—1 
There are ( Be ) distinct distributional partial derivatives of order k in n 


dimensions, however there is a total of n* distributional partial derivatives of order 
k<m. 
We demonstrate the first part of the last theorem. 


Example 24.6. Let f € is '(Q). We see that 


loc 


je ca a 
Q wir Jo Ox OYOz ~— JQ OyOx Oz 
fe O° f 
==] aoe oO: (24.6) 


Similarly we obtain 


Lin Le 
q’ OxOzdy — Jeg Ox OzOY 
O*f O® OF 


— —— =- —— ®, VE D(Q). 24. 
¢ Oz0x Oy gq OyOzOx ” me a) 
However 
Pb BH 
Ox0yOz  AxOzZOY’ 
thus 
Oo Oe 
ee pea 24. 
[ I Frdyde Q I 9ndz0y’ 248) 
hence 
3 3 
Oe) SOS ee DIO): (24.9) 


9 Oz0y0x Ig OyOzOx ’ 
Therefore by Theorem 24.4 we derive 
Oty Of 
a Q 24.10 
OzOyOx OydOzOx’ Se a ( ) 


etc. 
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24.2 Main Results 


We present the main results. 
We start with 


Theorem 24.7. Let f ¢ W/' (R");m EN, n€ N—-{1}. Then for every y € R” 
and almost every x € R” we have 


Be 


+ s (II) f,,. OF, jm eta (24.11) 


Dyn Jmal r=1 


where y := (Y1,---;Yn), ©= (@1,---,2n)- 

Equality (24.11) is true for any y € A and almost every x € Asuch that x+y € A, 
where A is a compact and convex subset of R”. 

The above theorem is equivalent to 


Theorem 24.8. Let f € Wr" (R"); m EN, n € N—{1}. Then for almost every 
xz, z€R” we have 


+ oe (Iles -20) f - OF eit (Ts sa dtm 
0,1 
. (24.12) 
where z:= (21,.--,2n)- 
Equality (24.12) is true for almost every x, z € A, where A is a compact and 
convex subset of R”. 
Another useful equivalent form of Theorem 24.7 follows. 


Theorem 24.9. Let f ¢ W/"' (R");m EN, n€ N-{1}. Then for every y € R” 
and almost every x € R” we have 


eet se) = So) 3S hvl) (TL 


(0,1]”” ( On. Im (2+TT+) - OF md (2) dt, ...dtm 


(24.13) 
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Above (24.13) is also true for any y € A, almost every x € A: x+y € A, where 
A is compact, convex subset of R”. 
Similarly, Theorem 24.8 is equivalent to 


Theorem 24.10. Let f € Wee (R"); mE N,n€ N—- {1}. Then for almost every 
xz, z€R” we have 


t=1 | fa,--=1 i=l 
+ S- (ile, oid) f ( Lee (+ i-«-2)] 
Fiyenjm=l \i=1 [0,1)™ pel 
— OFF ion f (#)) dta ... dtm. (24.14) 


The last (24.14) is true for almost every x, z € A, where A is a compact, convex 
subset of R”. 
We demonstrate the validity of Theorem 24.7 by giving the following. 


Proposition 24.11. Let f € We (R”),n > 2. Then for every y € R” and almost 
every x € R” we have 


f(e+y)—f(x)=y- VE (2) 
n n 1 1 
+O ithe [ i ;.0;, f (w + tatiy) dtedty. (24.15) 


Ji=1je=1 
Proof. By Theorem 24.1 we have 


fletn-F@)= Dan f omfe+oy)ae. (24.16) 


ji=l 
Let ® € D(R"), then 


[ e@u@+y-f@lar= 


n 1 
| _O(2) Su i: d;, f (a + try) dtr > de. (24.17) 


ji=l 


Next we apply (24.17) for each 0;, f, j1 =1,...,n, to obtain 


[Put +t) - 9) fe) de = 


n 1 
i ® (x) > Yio | Ojo Oj, f (a + totiy) dtg dx. (24.18) 
a 0 


ja2=1 


298 ADVANCED INEQUALITIES 


That is 


[8 @) dat e+ ty) de = 


[.*@ [ans »S vf O55, F ( L+ totiy) zl dz. (24.19) 


jo=1 


Here all integrands are integrable and we can apply Fubini’s theorem. Therefore we 


derive 
1 
| & (x) (/ ay, (e+ ty) dts) de 
n 0 


-[@ (x) ase + Yu f i. OP, f (a + totiy) ut dv. (24.20) 


jo=1 


Next we apply (24.20) into (24.17) to find 
[ e@ue+y-fwlae 


“2 Sn ([.aeo{ Larosa} 


ji=l 


(24.20) 3 Vir (/_ 2 yar y+ so Yjo 


ji=l1 j2=1 


1 1 
i: | O54 (a + totiy) atzat| ax) : (24.21) 


So we find from (24.21) that 


[ s@rery-f@lae 


= fa aps yn On, f (2) + Ss 5 Vis Vir 


ji=l Ji=1 jo=1 


ee Ont (2+ tata) dad dx, (24.22) 


for every 6 € D(R”). 
Using now Theorem 24.4 on (24.22) we get (24.15). 
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We continue with the next step of the above established procedure of iteration. 


Proposition 24.12. Let f € We (R"),n > 2. Then for every y € R” and almost 
every x € R”, we have 


f(a@ty)—f(@) =y- VF (a is Se VirYi20 nnd (@)+ Y> Ui Media 
Ji,j2=1 J1,J2,J3=1 
+ Xe Yi Yi2 Vis ‘ 3 Dion f (a + t3tgtiy) dt3dtodty. (24.23) 
0,1 


J1,J2,J3=1 
Proof. Here we plug into (24.17) 0;,0;, f, for all ji, jo € {1,...,n}, to obtain 


[8 2n2n f e+ tatry) ~ 05.05. (@)] de 


=f ee 7>> Vis [e sede (a + t3tatry) dts dx. (24.24) 
j3=1 
That is 
4 ® (x) OL ef (a + totry) dx 
R7 
= i ® (x) |02,,.f Os Vis [e ond (w+ tatetiy) dts >| dx. (24.25) 
R” 


j3=1 
By Fubini theorem we derive 


i: ® (x) oll Of (a + totiy) tat) dx = 
me [0,1]? 


| ® (x) 05,4 y+ ss Yi3 i O ont (a + t3tatiy) dt3dtodt1 dx. (24.26) 
R 


j3=1 
Next we put (24.26) into (24.22) to get 


[e@uety-r@la= f e@|y-vi@+ YO ww 


JiJj2=1 


ind ie 3 wf OF oid (a + tgtotry) dtsdtgdt, | dx 


js=1 


=| ®@ y° Vi (x aie Vj Vjo9. x f(a y+ 


Jij2=1 
S- Yi Yi2 Yi3 / 8 O ion t (a + t3tatiy) dt3dt2dt1 dx, (24.27) 
J1,92,J3=1 0,1 


true for every ® € D(R”). By Theorem 24.4 we derive (24.23) . 
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We continue recursively as above but now on We ' (R”) to establish 


Proposition 24.13. Let f € Wie (R”),n > 2. Then for every y € R” and almost 


every x € R” we derive 
n 


flat+y)-f (x )= y Vf (x ye Vj, Vi20%, of (a ele o> Vir Viotis Oe, jojo t (&) + 
Ji,j2=1 J1,J2,J3=1 


n 


S- witnvindie | Ohinisid (e+ titatstay) dtidtzdtsdty. (24.28) 
J15J2193,ja=1 [0,1] 
Proof. Now we plug into (24.17) 03,,,,, f, for all j1, jo, j3 € {1,...,n}, to obtain 


/. 2 (x) [Fionn t (x an tstotiy) — Oe ion d (x)] dx 


-[ oa [a MH iajon d (e + tatgtotry) dts p dev. (24.29) 


ja=l1 
That is we have 


| O(a ) Oral (x oh tgtatiy) dx 
R” 


n 


1 
= | ® (x) O ond (x) + S- Via i OF jeisiet (x + tatstotry) dt4 dx. (24.30) 
R” ja=l 0 


Using again Fubini’s theorem we find 
[. ® (x) (/ FF ® nt (a + t3tatiy) tnd dx 


= b(2) |B af w+ Du f OF sian d (@ + tatgtotiy) dtadtzdtodt, | de. 
R” 
Ja=1 


(24.31) 
Finally we put (24.31) into (24.27) to derive 


[e@uwty-srela= f e@|y VIO + YO west 


ji,J2=1 
+ SS Vir YioVia {0% peje 
J1,92,93=1 
+ 3 Yja dea Tjstaint (x + tatgtotiy) dtadtgdtodty de, (24.32) 


ja=1 
for every ® € D(R”). 
Using Theorems 24.4 and 24.5 and Fubini’s theorem we establish (24.28). 
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Clearly by mathematical induction we establish 
Theorem 24.14. Let f ¢ W,' (R"), where m € N, n € N—{1}. Then for 
every y € R” and almost every x € R” we have 


Flirty) = fe J=y- Vi (x aS NRUisO, at (Se x) 


Ji,j2=1 
n n 
3 m—1 
a 5 Vir Yi2Vis Oj, jojad (x) tee : Yi Yj2 ++ + Yim (OF aa., eee af (x) 
J1,J2,J3=1 J1sJ25-+Jm—1=1 


n 
+ S- vintin tin f Of joimd (© + t1..-tmy) dtidte...dtm. 
51592553 .-5Jm=1 (0,1) 


(24.33) 
Writing (24.33) into a compact form we have (24.11). 


Remark 24.15. (on Theorem 24.14) 
1) Let f € W;2" (R°), for every y € R® and almost every x € R® we get 


loc 


flet+y)-f(x)=y- Vi (x te Vir Yjr9 in f (@) 


Ji,j2=1 
3 
+ ys YY i2 Vis is 3 OF soiad (a + tytgtsy) dt, dtodts. (24.34) 
J1,J2,J3=1 Ont 


2) Let fe We (R*) , for every y € R4 and almost every x € R* it holds 


Satay tt )=y: Vi (a oS Vir Vjr9 0 } (2) 


JiJj2=1 
4 4 
+ S- YjrVj0¥IaO% joint (x) or > Uji Vj2V53 Via 
J1,J2,j3=1 J1592,J3,J4=1 
4 
. a 7 Oy spied (a + tytotstay) dt, dtodt3dt4. (24.35) 


3) Let f € We : (R*) , for every y € R‘ and almost every x € R* we derive 


f(at+ty)-—f(x)=y- Vi (x es Vir Vjr9 ce f@) 


JiJj2=1 


4 4 
3 4 
ae > Vir YinVis Oj, jojgt (&) + D Yi Yi2Vis YIP}, jodsiat (#) 


J1,J2,J3=1 J1592,53,J4=1 
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4 


a 5 Y 51 Y52Y 53 Via Vis 
J1552593,J4,J5=1 


: A i‘ OF sy g (a + tytatstatsy) dt; dtodt3dt4dts. (24.36) 
4) Let fe We (R*) , for every y € R‘ and almost every x € R* it holds 


4 
f(ety)—f(@)=y-VE(@) + So) ynyi.OF5,f (@) + 


ji,J2=1 
4 4 
3 4 
S Yj ViaVis%F, joint (2) + 5 Vis Yin Vis Via}, jojaiad (L) 
S1,J2,J3=1 J1592593,J4=1 


4 
S 5 
+ Yin Yio YI3 Ya Ys OF aaisdated (x) 
51592593 ,J4,J5=1 
4 


ale ) Yi Y52Y 53 Via Vis Vie 
J1,52553J4,I5,Jo=1 


6 
ah P O injsiaisiot [ +|] iv) dt, ...dtg. (24.37) 


1=1 
Notice here that for example 
Of 5 
oO a, = —, etc. 
32034 f 023022023 Or4 aaa d da? 


24.3 Applications 


1) Let f e W™!(R"); m EN, n € N—{1}, y € R”. Consider the convolution 
operator 


(Lf) (y) := f(a+y) dz. (24.38) 


Rr 


Using (24.11) and Fubini’s theorem we obtain 


LAW) -(E0)= f Fervde- ff le)ae 


The Distributional Taylor Formula 303 


7 an iy VAR. br cc OL: 
. 2 (1s eee ( Haden (Tl ’ d Jam dtm. (24.39) 


w=1 r=1 


Using (24.13) we find 


enw-enO=¥| X (TTn) GC. ]+ Xo (Ths 


a ay" eos Hevimd » (TT) = Oft..im4)) (0) 


2) Let nonempty B measurable subset of R”, with Vol(B) # 0. Let f € 
Wire (R"); mE N, n> 2, y € R”, then it holds 


Inf (a@+y) da “ Sp On. f (a) de 
Fol(B) 7 fat -> De (1s z Vol (B) 


l=. ai 


dt, ...dtm. (24.40) 


i m te OFF dt (2+ fl tv) dx 
a a fies sa —— Fare — dt, ...dtm. (24.41) 


3) Let f ¢ Wi" (R"), m EN, n> 2. Then for y € R” and almost all x € R”, 
by (24.11) we derive 


m—1 n l 
P= |fe+y)—f@- > ( A, f (0) (i1-.)| 


1=1 


yor . flat] tw) being in L; ([0,1]""), as a function of t1,...,tm. 


n 


ar (iI yi: 


Fis JImal 


dt, ...dtm <0, (24.42) 


Om of (: +]] vs) 


J1---Jm? 
r=1 
If additionally we suppose that 


OF dim (24 I+) € Low ({0,1]"), 


r=1 
then by (24.42) we derive 


n 


ie (it. 


4) Let a, b € R", we say a < biffa; < b;, for alli=1,...,n. Lethe R",h>0, 
few (R"),meéN, n € N-{1}. We define the first LZ; modulus of continuity 
of f as follows: 


Je ene Aa erer) || eres (24.43) 


w1 (f,6), <= sup -. |f(a+h) — f (x)| dz, (24.44) 


0<h<s JR 
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0<d€ER", i.e. hy <6;,7= i rae 0) 
By (24.13) we obtain (for almost every « € R”) 


m n I 


i=1 


dt, ...dtm 


Consequently we have 


m n U 
[e+ —floldes wale a, f (| de) (116. 


+ 3 (i s,) 


lye Jmel 


dadt, ... dtm. (24.46) 


a on fe am sf (Ts a) - or F(a) 


We have derived the conclusion 


n 


m l 
Wy (f,5), s ss Da ||; jie ae pees (116. 
5 i=1 


+ 3 (IIs. Joan” or (am. af TL ‘) Cee Ee (24.47) 


jiyendm=l \=1 
We finish the chapter with 

5) Let f € W7' (R"); m EN, n> 2, yo € R" be fixed. Then for almost every 
xo € R” with the property a ad (o) = 0, for all J = 0,1,...,m—1, and all 


jis--- Ht € {1,...,n}, by (24.11) it holds 


f (20 + Yo) = 


ss (i ws] | On. oa. (» + II i) dt, wee dtm. (24.48) 
[0,1] 


r=1 


Chapter 25 


Chebyshev-Grutss Type Inequalities Using 
Euler Type and Fink Identities 


In this chapter we present Chebyshev—Grtiss type univariate inequalities by using 
the generalized Euler type and Fink identities. The results involve functions f, g, 
f™, g™, n ©N, and are with respect to || - lp, 1 <p < oo. This chapter relies on 
[41]. 


25.1 Background 


Here we mention the following inspiring and motivating results. 


Theorem 25.1 (Cebysev, 1882, [88]). Let f,g: [a,b] > R absolutely continuous 
functions. If f’,g' € Loo({a, b]), then 


chef reoaterte— (A f news) (A f° storte) 


1 / / 
< FFb- 2)? llf"leollg'llee- (25.1) 


Also we mention 


Theorem 25.1* (Griiss, 1935, [150]). Let f,g integrable functions from [a,b] into 
R, such that m < f(x) < M, p< g(a) <a, for all x € [a,b], where m, M, p,o ER. 


Then 
— [ seotayae- (+ [ sae) (4 [ower) 


7(M ~m)(o~ p). (25.1)" 


< 


Let B,(x), k > 0, the Bernoulli polynomials, B, := By(0), k > 0, the Bernoulli 
numbers, and By (x), k > 0, are the periodic functions of period one, related to the 
Bernoulli polynomials as 


Bi(z) =B,(x), O<2<l, (25.2) 
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and 
By(x#t+1)= Bix), «eR. (25.3) 
Some basic properties of Bernoulli polynomials follow (see [1, 23.1]). We have 
Bo(«)=1, Bi(a)=a- i Bo(x) = a? —x#+ -, 
and 
Bi, (x) = kBr_-i(z), kEN (25.4) 
B,(x +1) — B,(z) =ke®1, k>0. (25.5) 


Clearly Bj = 1, Bj is a discontinuous function with a jump of —1 at each integer, 
and By, k > 2, is a continuous function. Notice that By, (0) = By(1) = Br, k > 2. 
We need the general 


Theorem 25.2 (see [35]). Let f: [a,b] —~ R be such that f"-), n > 1, is a 
continuous function and f(x) exists and is finite for all but a countable set of x 
in (a,b) and that f™ € Li([a,b]). Then for every x € [a,b] we have 


2 (b— a)F-} z—a 
fle) = sends SO a, (FS a) (6) — FE (@)] 


ce ae [.(F=*) z B,(7=*)| FO (tat. (25.6) 


The sum in (25.6) when n = 1 is zero. 

If f—) is just absolutely continuous then (25.6) is valid again. Formula (25.6) 
is a generalized Euler type identity, see also [98], [171]. 

We need also Fink’s identity. 


Theorem 25.3 (Fink, [141]). Leta,b € R, f: [a,b] > R,n>1, f~» is absolutely 
continuous on [a, : Then 


Fe Ne D(a De 


b-—a 
: (n) 
ee _ zyn-1 
+ ekecl (a — t)"*k(t, x) f" (dt, (25.7) 
where 
t-a, a<t<a<b, 
a) ee ax<a<t<b. 38) 


n-1 
When n=1 the sum S~ in (25.7) is zero. 
k=1 


In this chapter based on Theorems 25.2 and 25.3 we present CebySev—Griiss type 
inequalities, see (25.1), (25.1)*, involving f, g, f™, g(™, n © N, with respect to 
ll - lb, 1 <p < cv, see Theorems 25.4 and 25.6 and Corollaries 25.5 and 25.7. 
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25.2 Main Results 


We present the first main result based on generalized Euler type identity. 


Theorem 25.4. Let f,g: [a,b] — R be such that f"—), g™—), n EN, be con- 
tinuous functions and f™, g™ exist and are finite for all but a countable set of 
a € (a,b) and that f(, 9g € Ly({a,b]). Denote 


a (bea r—a 
=> Oo 3 (FE Jere —f*%Ya@), (25.9) 


(Tj (x) =0), 
<= (b-a)F-} r—a 
Ty-1(2) = > Gray By (=) (g-Y(b) — g*-Y(a)), (25.10) 
(Ty (x) = 0), 


and 


b 
-$ [ eorh@) + onl w))ar. (25.11) 
1) If f™,g™ € Lo([a, 6]), then 


b— ayn { p*f [oy na 
ies = ( or Baa + B(5=*) Jat] 


x [I flleollg leo + IIgllooll Flee] - (25.12) 
2) If f™, g™ € L,([a, b]), where p,q > 1 such that at - = 1, then 


nue f(Cn-n(e2) 


x {Ifllolg lle + Iigllollf Ilp}- (25.13) 
When p = q = 2, it holds 


b—a)"-2 b n!)2 g{t—a a 
Acea)l < a / (| + 8 (==) Jar 


x {[fllellg lle + Igllall fo ll}. (25.14) 


3) With respect to || - ||, it holds 
(n! at 
oat Bon| + Be 


x a [Ig loo + llgllallF - (25.15) 


veo)" 
|A anes 
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Proof. We have by Theorem 25.2 that 


f(a) fa t)dt+Ti_j(x) + Ri (a), (25.16) 


= (=4)1 £L-—a 
Th (2) = OP, (F2) (pM) fq), 5.17) 


Riz) = a is |: (F—*) = B,(F=*)| FO (Bat, Va € [a,b]. 


(25.18) 
Similarly we derive 
wach fa t)dt + T?_,(x) + R§(z), (25.19) 
where 
7 (2) = SOO (F=8) 90) gM%a)), 25.20) 


(TJ (x) = 0), and 


R4 (2) := SS a >: (F=*) = B.(F=2) [aPC Ve € [a, }]. 


(25.21) 
Then 
fao(a) = 2 (2)PE_ (2) + o(a)RE(2), (25.22) 
and 
b 
g(a) (0) = 2 [gaya + se) TLs(o) + FeYREC), Ver € [ab]. (25.23) 
So that 
[ teraerde = 52 ( fate) (fs) 
b 
+ if g(x) TE aaes [ g(a)RI (x)da, (25.24) 
and 


f, Hertete= 5a f sore) (f stone) 


+f fOTs aeodes fF f(@)Ri(a)de. (25.25) 
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That is we get 


[romero re) (ne 


2 _ (x)TS (x yas f g(x)R}(a)dx 


b b 
7 1 fla)T2_,(x)dx + / f(a)R8(«)de 
Therefore we have 


[5 f(a) g(«)de — —— af sear) ([ atzae) 


b 
= i (f(x) T9_4(x) + g(x) TF_,(2)) dx 


b 
+ f (fe)RE@) + aleintienyteh 
A(gg) = a f(a)g(x)dx — = 


Lf) (fae 
1 


= a (f(x) T3_(@) + g(a)TY_,(x)) dex 


b 
= 5 f REA) + ol@RA(@))ae. 


1) We estimate A(,,,) with respect to || - ||.o. We have 


b b 
unl <5 [ iRa@lae + Halle | reid. 


But we see that 
xz—t L-a 
B* — By, 
(=) (=) 


n—-1 b 
f (b—a) 
Ri@|< So f 
b 
~f/t-t r—a 
B,(=*) - B,(F=* 


| f'™ (t)|at 


That is 


iRf(a)| < LP Nee altace | 
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(25.26) 


(25.27) 


(25.28) 


(25.29) 


. (25.30) 


(25.31) 
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Using (25.31) into (25.29) we get 


cpl < PX seco lao + lll Feo 


x ee a] . (25.32) 


Finally by [98], p. 352, we find 


v- n 
[Acta S = [I fllool' ‘IIo + [Igllooll F oo] 
tte [Ban + v( =*)ae), (25.33) 
proving the claim. 
2) We estimate A:y,,) with respect to || - ||p. Let p,q > 1: eg ; = 1. Then 
1 
Avo! S 5 [llflolRilla + ligllellRallal (25.34) 


Notice that 


f ne (b— gynna)) b 
REG < Se ( f 


eee 
= ale a 
Furthermore it holds that 


erie ere 
RA(@)IP < SE ay ( i 


+= *) | f(t) ies) 


1) | ||3. (25.35) 


1 — 
B,(t) - _ c—a “) 
Also it holds 


IRE (a) q < lee om (Uf 


ae) . (25.36) 


(25.37) 
Hence by using (25.37) into (25.34) we get 
1 1/q 
(b—a)" if [ z—a\|? 
——— Ss 
Aca — an! ‘ B,(t) By p= a dt )dx 
x {flog lp + Iglloll f Ip} (25.38) 


proving the claim. 
When p= q = 2, then 


sais [f(f (ao-m(5=3))s) 4] 


x {[lfllallg ll2 + llgllallf Ile}: (25.39) 
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Consequently by [98], p. 352 we derive 
1/2 
(b—a)"-2 i (n!)? 9f{t-—a 
A < ——|Bo,|+ B d 
IAiz.a) S$ Ga A Gry Bal + Bn | ga) | a 


x {[fllellg lle + Igllall fll}. (25.40) 


3) We estimate Ap) with respect to || - ||1. We observe that 


v<3([ F(a) | |R9 (a Nae lg(a)| (RE (a ya) (25.41) 


(fll RE (2) loo + llglalIRA(2)|loo)- (25.42) 


[Avy 


ne ue 


<5 


Next we observe that 


(b—a)"—1 


nl 


IRZ(2)lloo = (25.43) 


But we see that 


oe - | 


[Ri (2)| < ——— 


fee 
< Ca | go (ff 


IRA(e}Ilo < PPP pI, | | 
(by [98], p. 352) 


“ G2) reo 
- B,(F=*) ar) (25.44) 


B,(t) - By (F=*) ay (25.45) 


That is 


(Ba) acy (n!)? La 
< te ————. 2 ; 
Sp NP ce 4) nyt! Ban! + Bal 5 (25.46) 
Using (25.46) into (25.42) we find 
veo" 
Acro) a nae Ban| + B2( =) 
x fe 9 Hoo + Igllall fF loo}, (25.47) 


proving the claim. 
We give 


Corollary 25.5. Let f,g € C([a,b]) and f’,g’ exist and are finite for all but a 
countable set of x € (a,b) and that f',g’ € Li([a, b]). 
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1) If f’,g' € Lo([a, b]), then 


b - _ ,. f(x)g(x)dax — IE Gi f(a)de) OE u(e)dr) 


< C9 ays — In[3a + 2V'3(b — a) — 3] 
+ In[—3a + 2V3(b — a) + 38]} [Il fllollg’lloo + Ilgllooll f’lloo]- (25-48) 


2) If f',g' € Lp(|a, 6]), where p,q > 1 such that “ + " = 1, then 


ste ff reratoae- Ao (f serar) (ear) 
[eee 

x {Ilfllolg'ly + tll Fl} (25.49) 
When p =¢ =2, it holds 


: : i, f(a) g(x)dx — aE ([ f(a)dr) ([ seoae) 


< Sella’ a+ lalate}. (25.50) 


GG aa) er 


3) With respect to || - ||, it holds 


ste ff teratoae- go (freer) ( foerar) 


< ai {lal x + lalla f"lloo}- (25.51) 


Proof. By Theorem 25.4 for n = 1, etc. 
Next we present the second main result here based on Fink’s identity. 


Theorem 25.6. Let f,g: [a,b] > R, nEN, f"-Y, g@— are absolutely continu- 
ous on [a,b]. Denote 


FS (2) := (5 *) (See aii) | (25.52) 


ki b-a 
k=1 
(Fy (x) = 0), 
ee (k-1) (6) (a — b)® — g/k-)(a)(x — a)* 
Fo (2) = ( =) (te ee) (25.53) 


Chebyshev-Grtiss Type Inequalities Using Euler Type andFink Identities 313 


b . 
= ; / (9(x)FL_,(x) + Hort Coa (25.54) 
1) If f™,g™ € Loo([a,0]), then 
b—a)r+t 
IAcya)| S Cot [fll + |I9llooll Ff Iloo] - (25.55) 


2) If f™,g™ € L,([a,b]), where p,q > 1 such that 5+4=1, then 
aay ots 

(n—1)! 

x [IIfllolg ll + glloll £ Ie]. (25.56) 
When p = q = 2, it holds 
(b— a)” 

A = =e nee Dae =D 

Auol SG aa Jmte + iin? oA) 

3) With respect to || - ||, it holds 


Meal SA (lal + halal Fle): (25.58) 


2 a A 
Agra l < 27! (qn +.2)-/9(B(g(n — 1) +1,¢+1))/4 


[IIfllellg lla + Hgll2ll fla]. (25.57) 


Proof. Since f: [a,b] + R has f~ absolutely continuous over [a, b], by Theo- 
rem 25.3 we have that 


_1(2) + RE(2), (25.59) 
where 
Fem Sef BEY) (£2 Ol — 9) — FEM @e- a) 

ae | a ) ( =. ) (25.60) 

and 

b 

RI (a) := amneca | (a — t)"—1k(t, x) f™ (#) dt, (25.61) 

with 
k(t, x) := a i : : (25.62) 


b 
g(a) =f glt)at + FL (2) +R) (25.63) 
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b 
= oalo) [feat + gle) FL (0) + 9(@)RK(), 


n 


b 
f(x)g(@) = a g(t)dt + f(a) Fry (@) + f(@)Ri (a). 


Then by integrating we obtain 


[ sou 


That is 


Adding the last we derive 


Ag) =f ses nao (se yar) (f° a) i) 
a a (9(2) Fi_1 (2 )+ FoF Co) 


b 
=5 [ Gore) + ao) RA(e)) A , 


Next we estimate A(j_g). 
1) Estimate with respect to || - ||.o. We have that 


b b 
ral <} [I [ iRa@lae + Halle | rea]. 


But it holds 


RI (a) |dx < —H- * a a |a — t|"~1|k(t, x) |dt 
if = ea ah Cf i )ex 
[re Jee < ES +f cE ja — tet, o)|dt) a, 


(25.64) 


(25.65) 


(25.66) 


(25.67) 


(25.68) 


(25.69) 


(25.70) 
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Consequently we find 


Avro! < WeTWESo (/ ([ |x — uP1Ia(, 2) i) 


x [IF lloollg lloo + IIgllooll fF Iloo]- (25.71) 
We have that 
2 1 
| |x —t|""|k(t, 2) |dt = a [(e@ — a)"*2 + (b— 2)"*4], (25.72) 
and 
i ie a(t, a) lat | de = ee? 25.73 
2 Lee |A(t, x)| = Rint Din +2)’ (25.73) 
giving us 
b= n+1 
Acro) SFE [I,llckg lo + Nall Fe]. (25.74) 


that is proving the claim. 
2) Case of || - ||): Let p,q > 1 such that “ + ; = 1. Then 


1 
Acyl S 5 llfllell Ri lla + llgllplIRZ lla] - (25.75) 
But it holds 


q 1/q 
cs i i i 
Rie = oy (/ 1 
1 by pb Eo re q 1/q 
= =e =a) (/ (/ ja — e/"-*|k(t, a) | [Ff (lat) i) (25.76) 


7 woes UL (/ |x — us| a(t) 2a) “1 w) “a 


That is 
1/q 


(n) b b 
ie < le (f @ Ia (0) Pa) _ (25.77) 


We find that 
b 
: Ja — ¢|9- k(t, w)|%dt 


= B(q(n—1)4+1,¢4+1)[(x—-a)"** + (6-2) "*"], Ve € [a,b], (25.78) 


(/' (' |x — eH—DU R(t, 2) ea) is) 


= (B(q(n—1) +1,¢41))/22/4(qn +2)-/9(b— a)"*@, (25.79) 


i) 8 — t)"—'k(t, x) f™ (t)dt 


and 
1/q 
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Consequently by (25.79) and (25.77) it holds 


(n) 1/q n—1+2 
[Rly < PET [2(on +2) Blaln = 1) + 1,04)” (—a)""+#, (25.80) 


We conclude by (25.80) and (25.75) that 


oa a 1 
Ag l < 272? (qn + 2)7/9(B(q(n — 1) +1,¢41))/4 


(b- a) ta (n) (n) 
5 lela lle + Halel Fl» (25.81) 
proving the claim. 
When p= q = 2 we find 


Aggy) < 272 (n(n + 1)(2n — 1)(2n41)) 
x FEOF Ts lallo a + alll] (25.82) 
3) Case of || - ||1. We have 
Avra) < 5 (IFA IRE lc + [lglliRZ llc). (25.83) 
It holds 
LF Iloo ; 28 
IR£(a)| < aonea | |x — t"— a(t, x) lat, (25.84) 
and 
f IF loo : rt n-1 x 
IRlle $ a [fle — eh late ela ’ 
= faDea'* ? FP ( BS a log 
— WF Ilo i 
= Gay" (25.85) 
That is 
Gi CHa” 
Rb lloo <IIF lo payi (25.86) 
Finally by (25.86) and (25.83) we obtain 
Aral SIF lalla Ms + Half s)» (25.87) 


proving the claim. 


We end chapter with 


Corollary 25.7. Let f,g: [a,b] > R be absolutely continuous. 
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1) If f’,g' € Loo([a, |), then 


siz f seoatoae - AG f" serar) ( f ocayar) 


< PADI) pclla'leo + lallol fll: (25.88) 


2) If f',g' € Lp([a, 6]), where p,q > 1 such that “ + ; =1, then 


b A [ f(a)g(a)dx — oa hi f(a)de) ( ateaer) 


< 2°-F(g+2)-2(g+ 17 2(6—a)t" [If llpllg‘llp + llgllell flip]. (25-89) 
When p = q = 2, it holds 


— : f(e)g(a)dx — =e ([ f(e)de) (stove) 


s s75lllalale+ IIgllall lle}. (25.90) 


3) With respect to || - ||, it holds 


— i: f(e)g(a)dx — ona ([ f(e)de) (stove) 


< F (lll lo + Halll le): (25.91) 


Proof. By Theorem 25.6 for n = 1, etc. 
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Chapter 26 


Gruss Type Multivariate Integral 
Inequalities 


Griiss type multidimensional integral inequalities are presented involving two func- 
tions of any number of independent variables. This chapter is based on [27]. 
26.1 Introduction 


One of the most famous integral inequalities was given by Griiss [150] in 1935 and 
it can be stated as follows (see [187, p. 296}), 


te ff steate) ae - (i [reves] (i: [ae] 


< F(M—m)(N =n), 


where f and g are integrable functions on [a,b] and satisfy the conditions 
m<f(t)<M,  n<g(z) <Q, 


for all x € [a,b], where m, M, n, N are given real numbers. 

A great deal of attention has been given to the above inequality and many articles 
related to various generalizations, extensions, and variants of it have appeared in 
the literature; see Chapter X of the book [187] by Mitrinovi¢é, Peéarié, and Fink, 
where more references are given. 

Here we give the multivariate analog of Griiss inequality for as many as possible 
independent variables, given in two variations. Grtiss inequalities for functions of 
two variables were first given by B. Pachpatte in [200]. His paper is one of our 
motivations. Next we mention one of his results. We follow the notations of [200] 
exactly. 

Here R denotes the set of real numbers and A = [a,b] x [c,d], a, b, c, d€ R. We 
denote by G(A) the set of continuous functions z: A > R for which D2D z(x,y) = 
2 eeu) exists and is continuous on A and belong to L(A). For any function 
2(@,y) € Loo(A), we define ||z]oo = SUP, yea [2(@,9) |: 


319 
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We need the following notation 
k = (b—a)(d—o), 


Hy (x) = jo-a? 7 (=- =) 


F(a,y) = [ -9 [Hewat 0) fps 


d 
G(x,y) = fe c) i a(t,y) dt + (b-a) / g(a, 8) i 


M(2,y) = |9(#,y)|I|D2Diflloo + [f(a y)| | D2Diglloo, 


for f,g € G(A). 
Then we have 


Theorem 26.1 ((200]). Let f,g € G(A). It holds 


tf [sens (x, y) dy dx 
+ Gs | “Fle dvd) (if [senavae) 


~ a ff oer + See) aver 


ec: iF i M(x, y) Hh (0) Ho(y) dy de. 


Another motivation for this work is the approach in [60]. 


26.2 Auxiliary Result 


We need the following generalized Montgomery type identity. 
Theorem 26.2 ([23]). Let f: x [a;, b;] > R be a continuous mapping on x [a;, bi], 
i=1 i=1 


nm 
and Secor exists on X leis bil and is integrable. Let also (x1,..., @n) € 


x [a;, b;] be fired. We define the kernels p;: [a;, bi]? — R: 
i=1 

Si — Ai, 54 (ai, vs], 
84 — bi, 84 € (ai, da], 


Di(@i, $i) = { 


for alli=1,...,n 
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Then 


(i) fn a 
- [L@ — a;) f(@1,-+-,8i,--+,¥n)ds; 
i=1 \ j=1 a 
Ft 
ere i 
+ II (by — ax) f(@1,.--, 84, +++, 85,+--,2n)dsids; | 
e=1 \ k=1 Bee 5, 
bees (2) 
aa et ae 
bac) 
(b; a) | f(s1,.--,2j,-++,8n)ds1-+--ds;--+dsy 
j=1 eae sl 
Aj 
+(-u" f, f(si,---,$n)d81 +++ d8n =: 02m. (26.1) 
x [ai,bi] 
The above @ counts all the (i, 7)’s, i < j andi,j =1,...,n. Also ds; means ds; 
is missing. 


26.3. Main Results 


We present 


Theorem 26.3. Let f,g € C"(B), n EN, where B:= x [a;, bj], ai,b; € R, with 
i=1 

a; < bj, i = 1,...,n. Denote by OB the boundary of the box B. Suppose that 

f(x) = g(x) = 0, for all x = (a1,...,2%n) € OB (in other words we assume that 
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for alli =1,...,n). Call V, := [] (bi — ai). Then 


i=l 


1 
=f |f(a1,---,2n)| |g(a1,-.-,2n)| da1--- dx 


< sat [iat [Gieivisey a, 


ai erst 


hme Os, °° 7 


Co 


dz,:- -de,| : (26.2) 


Proof. Let (#1,...,2n) € B, ie, a < a < b;, for all i = 1,...,n. By the 


assumptions we obtain 


— fae aes O”" f(s1,.-.,8 n) 
flew...) = f one er ere -d8n, 


1 an 


bi n 
nA canara ae es [ a Asya ee sy dsp 
Os, °° 


In general we introduce the subintervals 


and 


Lio = [a;, V5] and Iii = (xi, di], i= 1, wee Ne 


Then we find that 
Fl Dives sita) = Dae a of 5 Asn MP ag. -d8n, (26.3) 
Wess fe Osis 


In, 


where each €; can be either 0 or 1. Adding up (26.3) for all 2” choices for (€1,...,€n) 
we derive 


YF Bis02.5hn) = ye (-1yetete f 


Eis ees5 en They 
O” f (81, --+58n) 
- ds, ::-dsp. 26.4 
| er a 


Next by taking absolute values in (26.4) and using basic properties of integrals 
(noticing that the 2” “sub-boxes” [y,-, ++: X Ine, form a partition of B) and the 
subadditivity property of the absolute value we find that 


O”" f(@1,---;2n) 
D Lge ees I | were 
f(t1,---1tn)/ S Qn OX, +++ OLy, eee 
Vn O” f 
= Oe MO ee Ome IN ks 
That is we have that 
V O” f 
...,2n)|< — | ; 26. 
Flan.) S35 fg aac. (26.5) 


Griiss Type Multivariate Integral Inequalities 323 


is true for all (a1,...,2n) € B. Similarly it holds 


eioneml= x a la (26.6) 
true for all (@1,...,%) € B. Therefore 
Vn anf 
Mf (o1y-.-52%m)/|o(t1y-«-2ta)1 < Floter,....40)| 5 + 6. 
and ss 
Plein talllolans---t) S BUlar--.t)l |g. 8.) 


Hence by adding (26.7) and (26.8) we see that 
lf(x1, eh ait ,Xn)| lg(a1, 2a an 


Vn Of 
2 eel | ——— 
= 9n+1 (ister »z I eeeeer is 


O”"g 
cacy Nee sell [\ 26.9 
+ fle---.20I |" 5—| (26.9) 
is true for all (a1,...,2,) € B. Integrating (26.9) over B we obtain (26.2). 


Remark 26.4. Inequality (26.9) has by itself its own merits. 
We also give 


Theorem 26.5. Consider the class of functions G := Le X la bi] > R continu- 
ous, n EN: the partial a exists on X (ai, bi and belongs to Loo (x [as, bil) 
with norm | + llo}. Here (a1,..-,tn) € lai, bi. Let f,g € G. Denote 
Yas= TL —a;), and 

- (xj — aj)” + (bj — 25)? 


Set 


Feast otitis } 
(2) 
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where £ counts all (i,j)’s, i<j, andi,j =1,...,n, also 
(a) / on bi pb; 
Go(a1,---,2Ln) --[>( II (by — Gr) ip 
e=1 Baae Me OG 
iJ 


heist 


Also define 
Mi Gigs hp) = Gl Bis ese5 2a) | lame 
+1f lei...) go r 
Then 
a Vad aon” ,%n)g(#1,.--,8n)da1 +++ dan 
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1 
< ae M,(a1,--.,2n) | |] Hy(«;) | dei-+-dan. (26.10) 
2Vi7 x [ai,bi] 
Proof. We define the kernels p;: [a;,b;]? > R: 


(2;, 84) = 8; — Ai, $4 E [ai, vi], 
Pi\ Li, $i) = 8; — bj, 54 € (x4, di], 
for alli =1,...,n 
We also have that 
/ ‘ |p;(25, 83)|ds; = Hj(2;), j=l,...,n 


From Theorem 26.5 ([23]) we get 


n—-1 
Vit (x1, xe bi) = S- Fj (x1, is on) + (—1)"*! i: f(s1, seey $n )ds1 or dsy, 
j=l x la bi] 


6) ae 
+ yf hen Li, $i) y EEL) ee (26.11) 
X [ai 


bi] ja Os1- -O8n 
And also 
n—-1 
Vng(@1,.--,2n) = Dy Gj(a1,...,2n) +(-1)"*" ie g(S1,--+;8n)ds1 +--+ dsy, 
j=l Xx loeb 


+f, [lp Xi, A) Pass 80) 5 ub ds. (26.12) 
x : -+ O8n, 


leeba] gaa 51 


Next we multiply (26.11) by g(a1,...,2n) and (26.12) by f(a1,...,a,) and we 
add the resulting identities, to find 


2Vinf(@1,---; ety 
n-1 
= |g(21,.--,2 DAI 1) eno) Gilet) 
j=l 
+ An(a1,..., SO eects (26.13) 


Here we have 


A Gise..5%,) = C1)" co Se a f(s1,---,8n)ds1--++dsy 
x [ai bi] 


+ flerss20) f, | Horo tn dy (26.14) 
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and 
“ Oo” f(s1, Sn) 
B ’ yen) = ) yen iL, 54 d d n 
(yi st) == loleaynvaite) J cag LL Pleo) GE das 
4i=1 
- O g(S1, Sn) 
? en a a9 PU d d. n 
tF(er " if. [ai,b:] Il» (21, 81) O81 -+: OSp, a : 
(26.15) 
We see that 
|Bn(21,---,%n)| < Mn(x1,.-.,2 {TL xj) |. (26.16) 
Next we integrate (26.13) over x [a;, b;] and we derive 
i=l 
1 
ae f(a1,.--,0n)g(@1,.--,%n)dx1 +--+ day 
V, x, las bi] 
1 n-1 
= F;(a1,... 
2V2 i, [aba] pone T1,. PD J (x1, 70 Zr) 
n-1 
+ f(ai,...,2n) ¥_ G; ((21,.--,0 ]eer4 on) 
j=l 
n+1 1 
al ( 1) ie f(a, , En Jax, din 
Vn JX fai,bi] 
~f, of Jeary +d 
> /, g(@71,-.-,%n)dx1--- dry 
Vn JX [aids] 
ae 
1 
+ na fe - peat (26.17) 
Consequently we obtain 
1 
T |Bn(a1,.--,Un)|da1-+- day. (26.18) 


< 
ni n 
QVie Sd & (aasbal 
41: 


At last using (26.18) along with (26.16) we have established (26.10). 


Remark 26.6. From (26.13), (26.14), (26.16) we get 


2Vnf (@1,---,2n)g(@1,---,Xn) — g(@1,..-,2n) 
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n 
< M,(a1,...,2n) | |] Hy(a;) | , for (w1,..-,2n) € X[ai,bi]- (26.19) 
.— 


We also give 


Corollary 26.7 (to Theorem 26.3). Consider the class of functions F := {f € 
C"(B), wheren Ee N, B:= x [a;, bj] such that f(x) =0, for all x = (a1,...,4n) € 


OB (the boundary of B)}. Let f € F. Let also g € C"(B). Put Vn := JT] (bi — ai). 
i=l 
Then 


1 
_|/ |f(a1,...,;2n)| |g(v1,...,2n)| da1--- dan 
n JB 
1 a" (fg) 


— ——— dx ,---dxp. 26.20 
~ 2? Jp]Oa1-+:OLn, at " 2620) 


(@1,..-,2n) 


Proof. Totally the same way as in the proof of Theorem 26.3 we find 


O”" f(@1,.--;%n) 


dx,:+-dztn, Vf EF. 
021 ++: O2n oe . f 


1 
Fle1,--.e)l sao f 
B 
Integrating over B the last one we obtain 


O” f(a@1,---,;Ln) 


Vn 
out nde a 
[ve +e )| dary dx 0x1 +++: OXy 


= Oi, des 


dx, -+++d&p, (26.21) 


true for any f € F. 
The inequality (26.21) was also proved in [60]. Clearly here f-g € F. 
Finally applying (26.21) for f - g we establish (26.20). 


Finally we have 


Corollary 26.8 (to Theorem 26.5). Case of n = 3. Here we consider the class 


3 


3 6: 
of functions G* := {f: X lass bil — R continuous: as 


3 
exists on x [aj, bi] 
i=1 
3 3 
and belongs to Loo( x [ai,b;]) with norm || - |}. Let (x1, 22,23) € x [ai bi] and 
i=1 ic 


3 
f,g € G*. Denote V3 := [[ (bi — ai), and 


i=l 


xj—a;)?+(b; -—2;)? 
2 So Se D au a fH hyn 
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Put 
3 3 
F, (21, £2, £3) = S- II (b; — aj as f( 1, $1, 03) d5; ’ 
i=l j=1 
wah 
3 3 bi 
Gi(ei,a2,03) = D>} [[ @, -a) f saa 
i=l j=1 = 
wah 
by bo 
Fo(21, 22,23) :-= —|(b3 — as) | f ($1, $2, 3)ds1 dso 
by b3 
+ (bz — aff f(s1,@2, 83)ds1ds3 
be 
fetal | venga) 
by bo 
Go(a1, £2, 23) := —|(b3 — a3 fe i g(81, $2, £3)ds1dso 
by b3 
+ (b2 — aa) | i g(81, 2, 83)ds1ds3 
ay a3 
bo b3 
+ (by — a) | i G(21, 82, 83)d82d83 | ; 
a2 a3 
of 
M = 081082053 
3(X1, 22, 13) |9(@1, £2, 23) 081082083 oo 
03g 
+ |f (x1, £2, £3)| 081082053 7 
Then 


by pho pbs 
val , f(@1, @2,%3)g(@1, £2, £3) dx dxrdxz 
V3 ay a2 a3 


1 por phe pbs 
a =/ / f (x1, £2, 23)da dxydx3 
3 Ja, a2 a3 
1 por poe pbs 
=| / i G(x1, 22, £3) dx dx2dx3 
3 Jay a2 a3 
mL LL 
-=s 9(%1, 22, £3)( Fi (#1, £2, £3) 
ave ay a2 a3 


+ Fo(x1,%2,03)) + f(x1,@2,03)(G1(a1, 22,23) + G2(x1, £2, 03)) dai dr2drs 
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1 by be bs 3 
= =a | / M3(a1, £2, 3) [| 4@,) dx, dx2dx3. (26.22) 
3 Jay az Jag j=l 


Comment 26.9. Theorem 26.5 clearly generalizes Theorem 26.1 of [200], that is 
for n = 2 the corresponding inequalities coincide. 
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Chapter 27 


Chebyshev-Gruss Type Inequalities on 
Spherical Shells and Balls 


We present Chebyshev—Grtiss type inequalities over spherical shells and balls by 
extending some basic univariate results of Pachpatte. This chapter is based on [46]. 


27.1 Introduction 


For two a uss functions f,g: [a,b] > R consider the functional 


sitede~ (cL f° reves) (2 faeyae), era 


where the ee ‘ntateals exist. 
In 1882, Chebyshev [88] proved that if f’,g’ € L[a, 6], then 


ITTF, DIS ab — 4)?|| fF llcollg' leo: (27.2) 
In 1935, Griiss [150] showed that 


T(f 


IT(f,9)| < G(M — A(T — A), (27.3) 


provided 6, M, A, [ are real numbers satisfying the condition —co < 8 << M < o, 
—0 <A<I< wo for x € [a, 8]. 

The purpose of this chapter is to extend above fundamental results over spherical 
shells and balls in RY, N > 1. For that we need the following machinery from 
Pachpatte [206] which also motivates this chapter. 

Let f: [a,b] — R be differentiable on [a,b] and f’: [a,b] — R is integrable 

mn [a,b]. Let w: [a,b] > [0, oo), a some probability density function, that is, an 
fee function satisfying few t)dt = 1, and W(t) = f w(a)dax for t € [a, b], 
W(t) =0 for t < a, and W(t) =1 a t > b. In [213] Peéarié has given the following 
weighted extension of the Montgomery identity: 


b b 
fla) = f w(t) f(eiae+ fo Po(e,t)s' (bat (27.4) 
where P,, (x,t) is the weighted Peano kernel defined by 


W(t), a<t<qa, 


Fatal) re -1, x<t<b. 2h?) 


331 


332 ADVANCED INEQUALITIES 


For some suitable functions w, f,g: [a,b] + R, we define 
b 


w(e)f(ehala)ae — ( f “w(e) (a)de) (/ “w(e)ala)ar), (27.6) 


and || - ||oo the usual Lebesgue norm on L..[a, }] that is, ||h|]oo -= ess supze jap) |h(4)| 
for h € L.o|[a, b]. Pachpatte Theorems 2.1, 2.2 ([206]) follow. 


T(w, fg) = / 


a 


Theorem 27.1. Let f,g: [a,b] — R be differentiable on [a,b] and f’,g': [a,b] -R 
are integrable on [a,b]. Let w: [a,b] — (0,00) be an integrable function satisfying 
fe w(t)dt =1. Then 


b 
IT(w, f,g)| S [Z'locllatle f w(x) H* (x) de, (27.7) 


a 


where 
b 
H() = f |P.)(a, t)|dt (27.8) 


for x € [a,b] and Py (x,t) is the weighted Peano kernel given by (27.5). 
Theorem 27.2. Let f,g, f’,g',w be as in Theorem 27.1. Then 


1 b 
IT(w, f,g)| S >| w(x)[l9(@)| IFoo + IF (@)| Il9lleo] H (ada, (27.9) 


where H(x) is defined by (27.8). 


27.2 Main Results 


We make 


Remark 27.3. Let A be a spherical shell C RY, N > 1, ie. A := B(0,R2) — 
B(0, Ri), 0 < Ry < Ry. Here the ball B(0, R) := {x € RX: |x| < R}, R> 0, where 
|-| is the Euclidean norm, also SN~! := {x € RN: |x| = 1} is the unit sphere in RY 
with surface area wy := Hy. For « € R% — {0} one can write uniquely x = rw, 
2 

where r > 0, we SN-}, 

Let F,G € C'(A). First we suppose that F', G are radial, ic. F(x) = f(r), 
G(x) = g(r), where r = |z|, Ri <r < Ro. Of course f,g € C1([Ri, Ro)). 

We notice that 


N He 
aor / sN-lds = 1, 
Ry = Ry Ry 
Le. w(s) = Soe. Ry, <s < Ro, is a probability density function. 
2 a 


Thus 


s N _ RN 
W(s) := if w(t)dt = ee for s € [Ri, Rol, 
v1 2 1 
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also W(s) = 1, for s > Ro; with W(s) = 0, for s < R,. That is W is the associate 
distribution function here. 
We introduce 
= W(s), Ry < s < Tr, 
Polt, 8) = oe -l, r<s<Ro. 


Peéarié in [213], proved a weighted extension of Montgomery identity, see (27.4), 


(27.10) 


which in our case is 


Re NsN-1 Re ; 
foy= fF (sr aF) feds [Pale fds, (27.11) 
and 
Re NsN-1 Ro ; 
ao) (sya) eras + Paks (si (27.12) 


Here we observe that 
(27.13) 
We denote by 


is fy F(a)G(a)dx 1 


-( a (f Fe ar) (fe jac), (27.14) 


the Chebyshev functional in this setting. 
We notice that 


Re Re 
— F(«x)dz = i ( foyer) dw = f(r)rN-tdr. (27.15) 
WN A WN GN-1 Ri Ri 
Similarly we find 
1 "2 
— | G(x)dxr = | g(r)rN 1dr, (27.16) 
WN JA Ri 
and 
1 es 
— | F(a)G(a)dz = f(r)g(r)r* "dr. (27.17) 
WN JA Ri 


Consequently we have 


- N oe N-1 
T(F,G) = (aya) f(r)g(r)r dr 


= (ara) ( es flryr’ar) ( atrwr-tar) =:T(w, f,9), 


(27.18) 
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as in Pachpatte [206], see (27.6). 
By Theorem 2.1 of Pachpatte [206], see Theorem 27.1, we obtain that 


a N Ro = 
PRG) <I" ( ae aae) fet EMar (27.19) 
Rk; a Ry Ri 
where 
Re r Ro 
A(r):= i |Pw(r, 8)|ds = W(s)ds + ii (1 — W(s))ds. 
Ri Ri r 
That is 
1 QIN N(R Ret) N . pN 
Bele (ar) aa) = tre) 
(27.20) 
‘me [R1, Rol. 
In general it holds 
OF 
Beil)! See 
|store 
IF| < ||VGlloo; (27.21) 
Or || 5, 
with equality in the radial case. 
So we derive that 
23 OF OG NI 
T(F,G)| < |} — — — 2122 
reo || [Sl acaaae 


Re 
en i, rNVarN +1 + N(RN*t + RYT) —r(N +:1)(RY + RY’) “dr. (27.23) 
Ri 


One calculates the above integral to find 
y= (25 a, Rae 


SR) + RH + RH )PCRY — BN) 


+ (RN + R2)?( RY? — RY*?) 


4N 
a tra oR ON aa Coa _ Bon) 


—2(N +1)(RY + RY)(RBN*? — REN), (27.24) 
We have established the first main result. 


Theorem 27.4. Let F,G € C(A) that are radial functions. Then 


NI 


IT(F,G)| < IV FlloollVGlloo CRN RNIN ED? 


(27.25) 
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We continue from Remark 27.3. 


Remark 27.5. By Theorem 2.2 of Pachpatte [206], see Theorem 27.2, under the 
same terms and assumptions. We get 


Ro 
PC) <5 (spear) feat a + LPC) a] Ya 
(27.26) 


We have derived the following result. 
Theorem 27.6. Let F,G € C!(A) that are radial functions. Then 


z 1 
TRG) < raw | leo [VF loo + |F(2)||VGlloo] H(\x|)dx, (27.27) 


H(\al) = 1 2|a|\"*" + N(RY** + Ro’*1) 
RY — RY N+1 


- [le +R], 264 (27.28) 
We continue from Remark 27.5 to transfer our results over the ball. 


Remark 27.7. Here we set R := Ry and let R > R, — 0. We suppose 
F,G € C'(B(0, R)) that are radial. Inequality (27.25) is clearly true when ||VF'|| 00, 
\|VGl|.o are taken over B(0, R) which is a larger set containing A. We consider here 
this modified form of (27.25). 

Let now 0 < Rin | 0, as n — o, ie. B(O, Ri1) >) B(0, Ri,2) BD: et 2) 


B(O, Rin)..., with (1) B(O, Rin) = {0}. That is, as Ry — 0 then B(O, R1) | {O}. 
n=1 


Hence 
R,-0 
XB(O,Ri) ~~? X{O0}- 
Let h be Lebesque integrable on B(0, R). Le. |hx B(0,r,)| < |h|- Consequently 
hx B(0,R1) aka hx {0}, pointwise over B(0, R). 
Thus, by Dominated convergence Theorem we get 
£ te hxpo,r,yde “23? £ oe Pxcovde 
That is 
ip hde = 0. (27.29) 
(0 Ri) 
Applying (27.29) we obtain 


ee F(«)G(a)dx 
jim, TFG) = Tee RY 


- WatRO EDF (= (ajar) (a. Gate), 
(27.30) 
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We also notice that 


; oo NR? 4 (N +1)? 
fim RHS.(27-25)) = [[VF loll VGlloo ays ae Pes + CN pay 
4N 
+ QN+) —(N+ 2)| : (27.31) 


So based on (27.25) and the above we derive 
Theorem 27.8. Let F,G € C'(B(0, R)) that are radial functions. Then 


SAO RY —~ WOBTOTTF (loon?) sm 2%) 


( 
NR? 4 (N +1)? 4N 
(N +1)? aie (N+2) (2N+1) 


< ||VF lool VGllcc -(w +2)}. 
(27.32) 
Similarly from (27.27) we obtain 


Theorem 27.9. Let F,G € C'(B(0, R)) that are radial functions. Then 


Ja00,R) F(x)G(a)da 1 
ACEO, BY WARE oo) (Jou 2) 


1 * 
< FVM BO AY Io my IPF le + PM IVC lc] (|2|)dx, (27.33) 


where 


Che 1 Q\a|\Nt1+ NRNt 
aaa N+1 


Next we treat not necessarily radial functions in our setting. We give 


Theorem 27.10. Let F,G € C1(A). Then 


[ Peccae - rw ie (/ (rw) ar) 


) = ele | , « € B(O,R). (27.34) 


1 


Vol(A) 
Re 
x : G(rw)r oe (27.35) 
x NI 
: oo ag (ho = AUN? 
NI 
< ||VF ll 0|| VG co (27.36) 


(Ry — RY)A(N + 1)? ? 
where I is given by (27.24). 
Proof. The functions F(rw), G(rw) are considered radial in r, Vw € SN~1. Also 
there exist 
OF (rw) OG(rw) 
Or? Or 


€O((Ri; Rs), vor SY. 
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As in (27.18), (27.19) and (27.22), (27.25) we get 


aid i F(rw)G( rN 1dr 
— rw)G(rw 
RY a RV Ri 


N a oe Ro 
= (ar) ( F(rw)r’—tar) ( G(r)” ) (27.37) 
RS —R Ri Ry 
<|—~ rw ‘| OG(rw) | NI 
[RiRo] | OP loot ,Re] (R3" — RY)S(N + 1)? 
NI 
“| 3 lz vo (RY — RN)B(N +1)? * i) 


Consequently we have 

N - N-1 
—_—_ —— F(rw)G(rw)r\ "dr | dw 
st A Jaw af, Feomistowee) 


1 Ae te o 
aE ee or) i (| (rw) ( G(rw)r*ar) dw 
WN Ry a Ry SN-1 Ry Ri 


OF OG NI 
< | =— To 27.39 
[Fl aarp my 
But it holds 
Ro 
| ( F(rw)G(rw)r"*ar) dw = | F(«)G(a)da. (27.40) 
sv-1\JR, A 
That is completing the proof. 
Next we generalize Theorem 27.6. 
Theorem 27.11. Let F,G € C'(A). Then 
Ro 
dx — (aa) | (/ F(rw)r*ar) 
RY — RY) Jgn-1 Ri 
Ro 
x ( G(rw)r*tar) dw (27.41) 
Ri 
<3 feel arl,_ + ella Jace 
1 
< 1 agit ce HN (27.42) 


where H is given by (27.20). 
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Proof. Acting similarly as in the proof of Theorem 27.10 and by (27.26) we have 


~—x) | © F(rw)G(rwyeX 1d 
—______ rw)G(rw)r Ir 
RY —_ RY Ry 
N 2 Ro Re 
-(qr—a — a) ( (rw) ( . nual 


1 N for it, 
2 RY — RY Ri 


Therefore we derive 


IA 


|G(rw) 


|= =|. + |F (rw) 


(27.43) 


ala | "ey )G( rN d 
wy( RN — RN) es a TW TW)r Tr WW 


1 N . Ro Ro 
— (arr) i. (/ 2 Uh G(rw)r**ar) dw 
WN Ry — RR, SN-1 Ri 
1 N Re N-1 
S| ah DN 
2wN Re Ry SN-1 Ri 


Mes |_| or dw, (27.44) 


which proves the claim. 


IG(r 


+ |F(w 


Next we give general results over the ball. 
Theorem 27.12. Let F,G € C'(B(0,R)). Then 


1 
= F(x)G(a)dx 


Vol(B(0, R)) 


N 7 N-1 " N-1 
— ae fh | Uf reer ar) (fo etree ir) 7.45) 
dF || \|aG NR? 4 (N +1)? 4N 
<|5- wl Resco (N +2) ane +3) 
NR? 4 (N +1)? 4N 
< IVF lolV Clears | gay + St a +). 
(27.46) 


Proof. Here put R:= R2. The functions F(rw), G(rw) are considered radial in 
r € (0, Rj, vw € SX-1. Also there exist 
OF (rw) OG(rw) 
Or? Or 


€C((0,R]), Vwe SX-}, 
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Then as in (27.37) and (27.38) we obtain 


( N ) ‘ N-1 
——r F(rw)G(rw)r" "dr 
RN — RN 


Ri 
N a as N-1 - Nat 
—| ——| F ~"d G ~d 27.47 

(rmap) Cf, Peewee) (f, etraretvar)) era 
< |= rw) OG(rw) NI 

yor! Or Noo fo,ny (RY — RN)3(N + 1)? 

NI 

<|F je RNS RY P(N + IP RY) (N+P ; (27.48) 


Taking the limit as R; | 0 to bok sides of (27.14), (27.48) we find 


oy is F(rw)G(rw)r® —!dr— (zr) ; 8 P(r)“ ( G(rw)r*tar) 


«22 126 
Or ||,, || Or 


NR? 4 (N41)? 4N 
_ WH)? aoe *"av+2) + GN 41) -(w +2). 
(27.49) 


Consequently one obtains that 


a pe (f° F(rw)G{rw)r"*ar) ds 


-1(3) f.. (fo Ferayrtar) ( [etre ar) | 


< | |% ue 4 (N+12. 4N 


worl. @elarent wey tren") 


(27.50) 
But it holds 


- (' F(rw)Glrw)r""dr du = los F(a)G(a)dz. (27.51) 


That completes the proof. 


We end chapter with 
Theorem 27.13. Let F,G € C!(B(0, R)). Then 


a (f° ne be il ay 


F(a)G(a)dx — 
po RN fon-1 


>| 
ae 
any ame 


i [G(@)] IV Flloo + F(@)IIVGlloc]H*(lel)dx, (27.53) 
B(0,R) 


aes (|ax|)da (27.52) 


Mar, 


a 
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where H* is given by (27.84). 


Proof. Here put R:= R2. The functions F(rw), G(rw) are considered radial in 
r€ (0, R], Wwe SN-!. Also there exist 


OF (rw) OG(rw) 
Or? Or 
Then as in (27.43) we derive 


(aoe) in F(rw)G(rw)r\ dr 
(gee) Ueno) foe 


R 
<2 es if r§—1|1G(rw)| 
2\ RN — RN Ri 


H(r)dr. (27.54) 
r co, B(0,R) 


Taking the limit as R; | 0 to both sides of (27.54) and after simplification, we find 


ia EUR) G UE rs rae (zr) ( | : F(rw)o®tar) ( | é G{rw)r®ar) 
: fe as ‘Tietrw SEI + |F(rw) Neale | (ar (27.55) 


<a 
where H* is given by (27.34). Consequently one obtains 


=> 
i -_ ( i ‘ F(rw)G(rw)r"*ar dus 
(ae ff e F(a) tan) ([° G(rw)rN— vr) |i 
sof. .[f'> liewl Sel sire |32] Jerre] 


(27.56) 


€C((0,R)), wes, 


IIs 2 


which proves the claim. 


Chapter 28 


Multivariate Chebyshev—Gruss and 
Comparison of Integral Means Inequalities 
Using a Multivariate Euler Type Identity 


In this chapter we present tight multivariate Chebyshev—Grtiss and Comparison 
of Integral means inequalities by using a general multivariate Euler type identity. 
The results involve functions f,g and their high order single partials and are with 
respect to || - ||,, 1 <p < co. This chapter relies on [34]. 


28.1 Background 


Here we mention the following motivating results. 


Theorem 28.1. (Chebyshev, 1882, [88]) Let f,g : [a,b] ~ R absolutely continuous 
functions. If f’,g' € L.o([a, |), then 


yf seoateyer - ( [seme] (FE foes) 


1 
S FyO- IF lloollg'lloo- (28.1) 


Also we mention 


Theorem 28.2. (Griiss, 1935, [150]) Let f,g integrable functions from [a,b] into 
R, such that m < f(a) < M, p< g(a) <o, for all x € [a,b], where m, M, p,o ER. 


Then 
b b b 
saz | Heateyae - as itor) (ts i aot) 


(M —m)(o — p). (28.2) 


Here B,(x), k > 0, are the Bernoulli polynomials, B, = By(0), k > 0, the 
Bernoulli numbers, and Bf (x), k > 0, are periodic functions of period one, related 
to the Bernoulli polynomials as 


B(x) = B(x), O<ae<1, (28.3) 


341 


342 ADVANCED INEQUALITIES 


and 
By(xt+1)= Biz), «eR. (28.4) 


Some basic properties of Bernoulli polynomials follow (see [1, 23.1]). We have 


1 1 
Bo(x) = 1, By(z) =2—5, Bo(z) = 2° —a +=, (28.5) 

and 
Bi,(x) = kBe-i(z), kEN, (28.6) 
By,(a +1) — By(a) = ka®1, k>0. (28.7) 


Clearly Bj} = 1, Bj is a discontinuous function with a jump of —1 at each 
integer, and By, k > 2, is a continuous function. Notice that B,(0) = B,(1) = Br, 
k>2. 

We make 


E! 
Assumption 28.3. Let f and the existing ) f alll =1,...,m; 7 =1,...,n, be 


I b 
vj 
n 


continuous real valued functions on [[le. bi]; m,n EN, aj,b; ER. 
i=1 
In [29] we proved a general Multivariate Euler-type identity, see next. 


Theorem 28.4. All as in Assumption 28.8 for mn € N, a € [a,b], i = 
1,2,...,n. Then 


1 
Floe1t25-+ 9) —=—— |, f(S1,---,8n)ds1...d8n 
II [ai bi 


i=1 
-Sala Sa, ans) 
j=l j=l 
where for j =1,...,n we have 


A= Al (03; @j415.+ 5a) = 


ii = «)) zy ale =F 


i=l 


Ov as 
x ie URL (Sisapies) $9215.bj Zig LH) 
II [ai,bi) \ Or; 
i=1 


ok-1 
— Bghat 81 $2,+++,5j7-1,4j,Uj41,--- =) ds, Aer ts) (28.9) 
J 
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When m= 1 then Al =0, j =1,...,n. 
A general set of suppositions follow. 


Assumption 28.5. Here m <€N, 7 =1,...,n. We assume 
n 
1) f: [[le:. b;] — R is continuous. 
i=1 


g! 
2) > 77 are existing real valued functions for all 7 = 1,...,n;1=1,...,m—2. 


3) For each j = 1,..., we suppose that 


on lf 
Aga Bly Bj Tits stp) 
J 


is a continuous real valued function. 
4) For each j = 1,...,n we suppose that 
oO” f 
g;() = Barn ener >Uj-1, *, Uj41, ae ,Ln) 
exists and is real valued with the possibility of being infinite only over an at most 


countable subset of (a;,b;). 
5) Parts #3, #4 are true for all 


j-l 
are continuous on [[l«: bj], for each (a5, %j41,---,2n) € [[le:. by]. 
i=1 i=Jj 
7) The functions for each 7 = 1,...,n, 


an™ a yee. 


san ar ay pies tae 2 
fs Ta ree) = ( ; aegis Ladin, oe dag (Iles). 
J 
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for any (%j41,---,;%n) € II (aj, bj]. 
i=jtl 
We give (see [29]) 


Theorem 28.6. All as in Assumption 28.5. Then (28.8) is valid again. 
Some weaker general suppositions follow. 


Assumption 28.7. Here m €N, 7 =1,...,n and only the Parts #1, #2, #6, #7 


of Assumption 28.5 remain the same. We further assume that for each j7 = 1,...,n 
and over [a;,b;], the function 

rane 

Aum (a1, eee Dj—-1,°,Uj41,-+- eDie) 


is absolutely continuous, and this is true for all 


(Ligier Vp eses La) | [a;, bi]. 


=: 


1 
j 


‘i 


We give (see [29]) 


Theorem 28.8. All as in Assumption 28.7. Then (28.8) is valid again. 

In this chapter based on Theorems 28.4, 28.6, 28.8 we present Chebyshev—Griiss 
type and comparison of integral means multivariate inequalities involving f,g and 
their high order single partials with respect to || - ||», 1 <p < oo. 


28.2 Main Results 


We present the first main result regarding Chebyshev—Griss type multivariate in- 
equalities, see also [27], [201]. 


Theorem 28.9. Let f,g as in Assumptions 28.3 or 28.5 or 28.7. 
Here Af, Ag as in (28.9), 7 =1,...,n. Denote by 


Arg) = ie a f PBR 


+P) Solon) ) [a], (28.11) 


here 
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= (x1, Sam ,Ln) € ] [lei 2il- 
i=1 
Then we have: 1) By assuming that g Eee Se cai E Leo [[la: bi] |, for gj = 
Oxy" Ox; i=1 
,n, it holds 
[T@:- a) - , 
i=1 = 
Aol = (b5 — a4)" 
j=l 
Oo” ft 
oo oo || pa : 28.12 
fll] gam | + alles 5 | ! (28.12) 
1 1 : 
2)Let pj,q; > 1: —+—=1;j=1,...,n. We further suppose that 
PI Qj 
ag anf (I 
mm? anm © Ly, [ai, bi] : 
Ox Ox" II 
It holds 


mat 
vel <u 44-0" 75 


ve U Bm (FREE) ~ Bolts 


j i — aj 
is. | 8 on" + |I9llp,; 
45 
When p; = qj; = 2, all j =1,...,n, tt holds 


Pj q;/P; 1/4; 

a) is) ! 

i \ (28.13) 
qj 


an f 


m 
Ox’ 


aril loll 5 


me 


3) By assuming again that 


-\)) (28.14) 
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it holds: 
i) Case of m = 2r, r EN, then 


LE (on 


j=1 


S30 
G3 9-70 Bs | |2- ae Be 
bj = 5 00, [aj 5] 


li cal |} (28.15) 


) 
oa 
ti) Case of m= 2r+1,reéEN, then 


1 n 
ar oe be igyertt 
| val Sapa | 43) 


2(2r +1)! | (G=*)| 
aoe ae ae 
Cae =) ery | eee 


[Avy 


+ llgll 


arg 
dus" 


Co 


ar+lg ar+l 
Il fll 7 + [lolli || aes (28.16) 
antl +1 dx’ +1 i 


iii) Case of m= 1, then 


af 
mil.|f 


(28.17) 


Avra S 7D {( — a;)(1 + 6; — a5) li 


Og 
FE ||_+ lob 


When m= 1 then Al = AS =0, j=1,...,n 
Proof. Since f,g are as in Assumptions 28.3 or 28.5 or 28.7 by (28.8) we obtain 


1 
Fle.t25+.+52n)-=—— |, f(51,---,8n)ds1...d8y, 
TI [a:,b:] 
[[@- a) i=1 


i=1 

SS Al (a Bs cyte) = BE ees Bas (28.18) 
j=l j=l 

and 
1 
g(@1,...,Ln) — =————— “y g(S1,---;8n)ds1...d8y 
II Be — a;) au8 TI [a:,d:] 
“2M (Lj, Lj41,-++,En) NB Gist afta: (28.19) 
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Consequently it holds 


f(@1,---,0n)g(@1,---,;Ln) 


1 
~~ Tn g(x1, ao f(s1, ,8n)ds1 dsp 
[[@: im aj) Tes 
i=l 
= g(a, ,En) S> Al (o3, Ln) 
j=l 
= Geeta) |: BL Geeta) ia (28.20) 
j=l 
and 
Fei, ,tn)g(21, ee) 
1 
~~ A f(x, , En) (e g(S1, Sn) dsy dsy 
[[e: = aj) file Pd 
i=l 
= F{2is , En) S 5 AS (a5, fin) 
j=l 
of (eijccayiy) | Yo Biya testa) | s (28.21) 
j=l 


By integrating the last identities we derive 


vs f(x1,...,0n)g(@1,-.--,%n)dx1...dxy 


= g(L1,--+;%n) SiC dz ,...d&p, (28.22) 
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and 


=|, f(%1,...,2n) [S256 dz1...dXn. (28.23) 
IT [a:,64] 


J ri : Ia a. 
$f, _ ray ( Seay 7 ») 
a(S Alo, oy) |e 
B 


+ 9(@) (> BE (Bye. =) i] =f. (28.24) 
That is 


Acta) =. (28.25) 


Next we estimate I. 
1) Estimate with respect to || - ||oo- 
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We have 


Tl < pe iin f, BY (231-1 tn) de 


ai bj 
{= 1 


ft lols J od 


404 
i= 


n j-1 
“> ac (6: =a; ) tite fi [Be asaik5 a) day nodany 


= i=l (aid: 
J 


+llalls f. BE (0j,...50n)|drg «de 


49% 
=I 


By Lemma 1 of [29], see there (58), we find 


Fics (bj — aj)™ 
[BE (23,...5¢n)| << 
m j 
x | @ TAY 
Ox? 


for all 7 =1,...,n. Similarly for g. 
Using (28.27) into (28.26) we derive 


s=2))) 


j 
oo, [J [a,b] 
4=1 


; dyed) 
ce, [I [aba 


3 b; — a;)”” 
j=l 


am f 


Ox™ (ZS, Uj+1s-- at) 


wake, ; 
TE tassba 
i=j41 


 ——— 
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(m!)? 2 { %-— 4% 


i. Dap |_ + lal ae |} (28.29) 
proving the claim (28.12). 
2) Estimate with respect to || - ||p, 1 <p < oo. Here p;,q; > 1: — + - = 1; 
od ee 
We have 
ns3o ip + [ally LBL las |- (28.30) 


The assumption implies 


J 
Bg Uitte En) ca, ( TT si) 
J w=1 


for almost all (@j41,...,2n) € II (a;,b;], 7 = 1,...,n. Then as in Lemma 2 of 
i=jtl 
[29], see (62) there, we obtain 


ma 7a —1/4; 

b= a;) qj jet 1 
py < 124s) a i) 
|B; mal (11: ) ( f 


j 
q> TI lai.bi) 


true for almost all (@j+41,...,2%n) € II (ai, bi], 7 =1,...,n 


i=j+1 
Thus we derive 


1/q; (b eo ag j-l —1/q; 

iam ja aj) hey 2 
U, ae gina : (SaaF* (Te) 
i, ff |Pn( 2E*) — Bate) 
Ttes.ed [Aso | "bs — a — 


gm OH 1/a5 
7 | \x2) (28.32) 
qi TH lex.ba 
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mk /j-1 Vay he PGE 1/4; 
(2238 (fin-s) Vie 
3 1 Dj 45/3 1/4; 
i (/ Ba(% =) — Bn(t;) a) is) 
aj 0 bj — aj 


amg 43 1/q; 
it bee Bg Lit + +1 En) dij41...d&p . 
1 [@i,0¢ j 


wv] 
i=j+l 45> II [ai,ba 
i= 


That is we find 


Og 
Ox'r 


Ge : 


J 


qi 


o™ f 


+ Ilgllos|| Fae 
Jj 


GG 


ie 
a 


ie pitt 
IT} < ee {{ —aj) % 
j=l 
When p; = q; = 2, all j = 1,...,n, then 
j=l 


Lv; — a; 

Bm | ~— | — By, (t; 
Dj 95 /P5 1/4; 

pe Gs 
z. 7 2 1/2 

J Li; — Aas 

By | 2 — | — Bn(t;) | dt; | dx; 

ULL (#(S=8) 200) aes) } 


bj — aj) 8 
! 
j=l,...,n. Similarly for f. 
is. | \ 

qj 

om 

is ! i} 

2 


+ Ilglle 


( 
Billa, S 
Pj a3 /P5 1/4; 
a) is) 
Using (28.34) into (28.30) we find 
proving the claim (28.13). 
Lox m-4 
es ea? (bj — aj)" ? 
. Ox? 


og 
0 


m 
v5 


(by [98], p. 352) 


351 


(28.33) 


(28.34) 


(28.35) 


(28.36) 
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Lat m+ { [? (Cm? » (24-4; se 
~ ad { {en 2 Gi (ean + (GME) ars) ! 
iris] v1 | (28.37) 


0 
Ox mm 
proving the claim (28.14). 
3) Estimate with respect to |] - ||1. 


+ Ilglle 


Oat 


We see that 
1 n 
ris3>-| f, IFPI BY (a5, n)|Az 
j=1 [la:.b] 
+f, lg (#)||Bi (Lpyaseye wie (28.38) 
I [ai ,bi] 
Es Il Fla 11-B7( n)Il + |lglla {BF ( MII 
= Li yee Lh n ((U5,..-,0n n . 
<9 = J oo, Ll lassbal gi. Jet oo; Tes bi] 
(28.39) 
By Lemma 3 of [29], (70) there, we have 
(b; —a;)™1 
|BE (aj, 0541, Sts ,£n)| < =a 
i=1 
o™ Lj; —- aj 
at ce Bj4ayer%)l) , [Bm — Bm = 8 (28.40) 
v5 J ji aj 00, [0,1] 


1, I] [a,b] 


The special cases follow: 
1)’ When m = 2r, r € N we have (see again Lemma 3 of [29], (71) there) 


b; — .\2r-1 
|Bi (@j,.<.,an)| S Uke a 


(2r)! ( le: e «)) 


i=1 


o2" ; — as 
Foe ea iBp4tys sey Bn) (1 — 27-7")|Bo,| + |277" Bay — Bar 2 I). 
vy j aa 7 — aj 
LU lar.bil 
(28.41) 
Consequently, when m = 2r, r € N, we have 
b; — age” oO" f 
Bf (x;,...,an 7 < (bj = a3)" 
| 5 (x5, 70 MM fess = (2r)! one 
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py = Bei Se 
b; = a; 


2)’ When m = 2r +1, r € N (see again Lemma 3 of [29], (72) there) 


[0 — 277°) |Bor| + 


| (28.42) 
s[aj,b5] 


(b; — aj)?" 
[Bi apycyee)| Ss aa 
(Qr + o( Te - «)) 
i=1 
gut 2(2r +1)! Ly — a; 
Sart septs eee) ; attics; | Bar+1 mots 
| Ox; 1 th fawba (277) (1 — 2-?") b; — a; 
i=l 
(28.43) 
Consequently, when m = 2r +1, r € N we have 
y 
EC ee ees le 
gwd? en 0, TT fa:.bi] = (2r +1)! On 
2(2r + 1)! Lj — a; 
TS Boy : 28.44 
= Fer) + || 52 a(¥ ay ees ( ) 
3)’ When m = 1, we get again from Lemma 3 of [29], (73) there, that 
1 Of 
IBY(aj,-..,¢n)lS TG Facts Pn) . 
J J ha. bs, 
[[@ = aj) 4s Uses e] 
i=1 
<i Be 
a (5%) (28.45) 
Thus it holds 
b; —a;)|| Of 
|BE(aj,---,¢n)ll TI [aasbi] = asta te [1 + bj — aj]. (28.46) 
ae j 


Similar conclusions follow for g. 
Using (28.42), (28.44) and (28.46) into (28.38)—(28.39) we derive: 
1)” Case of m = 2r, r € N, then 


i ~ 2r 
Ris Fan 2 {( — a;) 


c 50-28) Ban NO Boe Boe (2) 
b; — a; 


oO?" f 


Ilflla De 
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+ |Iglla 
lo) 


| \ (28.47) 
2)” Case of m = 2r +1, r EN, then 


T (bj — jer 
<A oe 


L; — QA; 
B Hs Jj J 
: 1G =) | 
00, [aj ,b5] 
u |} (28.48) 


ane 
| \ (28.49) 


) 
Assumption 28.10. Let f and the existing a. j =1,...,n, be continuous real 
vj 


md 


2(2r + 1)! 


lin] 


3)” Case of m = 1, then 


ar+lg o2rtt 
ay aur tt aig llg|la 


CO 


n 


r<t> {i — a)(1+ bj ~ a3) iri 32 


j=l 


of 


Og 
Fe + "elt aa: 


Co 


That is proving all the claims. 


When m = 1 our basic assumptions are simplified to 


n 
valued functions on [[le: bi 
i=1 


Assumption 28.11. Here 7 =1,...,n. We assume 
1) f: II a;, b;| > R is continuous. 


2) Boe ead j=1,...,n, we suppose that 
Of 

95(-) = 
3 Ox; 


exists and is real valued with the possibility of being infinite only over an at most 
countable subset of (a;,b;). 
3) Part #2 is true for all 


—— (1, ...,%j-1,°, 25 41,---,2n) 


n 

(Rina 3 ie ate as ) € | [lai, oi). Al 
t=1 
tAj 


4) The functions for each j = 1,...,n 


j F) j 
Qj (Tr) = ate 5) *,Ljt1) +++ hn) € Ly (Ite) 
J 
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for any (@j41,---,;%n) € II (aj, bj]. 


i=j+1 
Assumption 28.12. Parts #1, #4 of Assumption 28.11 remain the same. We 
further suppose that for each 7 = 1,...,n and over [a;, bj], the function 

f(x, oa »Uj-1; *, Uj41, le cis Cn) 


is absolutely continuous, and this is true for all 


(a1, oe) H5-1,Uj41,+-- on) E [[le. bi]. 

Aj 
We give 

Corollary 28.13. Let f,g as in Assumptions 28.10 or 28.11 or 28.12. Denote by 


1 
KGa) = = iE f(@)g(@)dx 
[[: _ ai) H lesb] 


i 1 
_ oe ee —— |, g(@)d@ |. (28.50) 
1 ad 


[[@ = ai) i= i [[@: = ai) TI lait] 


i=l i=1 
Then we have: 


1) By assuming that 5 ie E Leo (Tis. , for j =1,...,n, it holds 


i=l 


IK¢za)| S Z| S "(bj — aj) {4V3 — In[3a; + 2V3(b; — aj) — 305] 


j=l 


+In[—3a; + 2V3(b; a! ay) + 3b, |} 


| \ (28.51) 


1 1 
2)Let pj,q; > 1: —+—=1;j=1,...,n. Suppose also that 
Pj j 


II fF llc + II9lloo 


Ox; 


Og 
Ox 


Co 


qj 
Og of n 
La, { [laid 
dx,;' 02; 45 (Ili ) 


It holds 
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7 1 P; 43 /Pj 1/4; 
/ i; dt ; dx; 
aj 0 


Og OF 
is. ae 
qj 


: 28.52 

Ox; | ( ) 
4 

When p; = qj; = 2, all j =1,...,n, tt holds 


1 n 
IK(pa)1 S fia SO » {( a a;)°? 
1s ( 


Lj — Ay 


b; — a; 


+ Igllp; 


[[@: = aj) j=l 


i=1 


{4/3 — In[3a; + 2V3(b; — aj) — 3b;] + In[—3a; + 2V3(b; — aj) + 3d,]} 


iri \ (28.53) 
3) Assume again 


Ce Cone ee 
Be OE E La (I-61). j=l,...,n. 


Z| \ (28.54) 


zal + (Iglla| 


2 


It holds 


ie 1+6;-a; 0 
K¢p.9)| S os { opem al | 32 
jt ] [le bd 


i=1 
if) 


[oe) 


Proof. By Theorem 28.9 and 


=i (28.55) 


{4/3 — In[3a,; + 2V3(b; — aj) — 3b;] + In[-3a; + 2V3(b; — aj) + 3,]}, 


PNG res 


Remark 28.14. In the Assumptions 28.3 or 28.5 or 28.7. We further suppose that 
o! é! 

Le ee 

r; L,; 

for all 7 =1,...,n and alll =0,1,...,m—2. 


In that case Ai = 0, j =1,...,n, see (28.9). So if we consider f,g as above, we 
also find A? =0, j =1,..., 


(Garey ey (28.56) 
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In that case, see (28.11), it collapses to 


duo fe fee ae 


1 >\- >\ > 


i=1 
that is simplified a lot, etc. 


Remark 28.15. Let [c;, di] C [ai,b;], 2 = 1,...,n. Let us be a probability measure 


on (TL di],P ( [Ilq: a) , P stands for the powerset. 
i=l j=l 

Let f as in Assumptions 28.3 or 28.5 or 28.7. Then by Theorem 28.4, see (28.8), 
we have 


1 
Mom | f., , f@ az) -=—-—— f, sme 
TH lesa] T[@- ) au [a;,bi] 
t=1 
-»S— i. . Al dp (28.58) 
jot lends] 
= s Bh du] < | . | BI du. (28.59) 
Di at yy I les : 
When conditions (28.56) are valid then 
1 
M=|f. f@)qu@)-=—— f,eeyaz|. (28.60) 
I] teed] I] lasts] 


When m = 1 then again M is given by (28.60). 
We present the second main result, now is regarding comparison of integral 
means, see also [30]. 


Theorem 28.16. Let f as in Assumptions 28.3 or 28.5 or 28.7. Let 4 and M as 
in Remark 28.15, see (28.58). Additionally assume that 


as € Loo (Iles). j=l,...,n; MEN. 


ee 
id J i=l 


Then 
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1) 


] 2 eee 7 
( ( oat ats) ay )) faa (28.61) 


1 
2) Let pj,q; > 1: —+—=1, 7 =1,...,Nn, tt holds 
D; 


n j-1 ae! 
M< = + {( —a;)" 3 ( [[@- «)) 


gm qi 1/45 
x (I, Dow Pitty en) ; nz) ! =i Te (28:62) 
Tiled 7 45> II [ai,ba 


When pj = q; = 2,7 =1,...,n, it holds 


1/2 
/ Ln pie ee | =) Vala 
TI [esas] \ (2m)! oe TEN fl 
i=1 
2 
x, ae 
TI [eid] 
i=l 


3) (i) Case m = 2r, r EN, it holds 


o™ f 


agin be Bstly +++ En) 
J 


1/2 
nz) hats (28.63) 
2; IT [a,be] 


oO?" f 
@ Baar | »Uj41, iq) : ‘ncz)) 
Ute rd ‘ H ue [ai ,bi] 
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(1— 2777) |Bor| + 


0°? Bs 3 By (GF) | | =e (28.64) 
gy MG 6S 


(ii) Case m= 2r+1,r EN, it holds 


(bj — aj)" 


1 n 
"THe a) 


w=1 
orr+l f 
(/, Byatt 1 Bitdy Bn) ; incz)) 
Hike rd] J ts Tr [ai ,b:] 
2(2r + 1)! Ly — a; ef 5 
x (Qn)2(1 — 2-2") + Bor4i b ae =: bs. ( 8.65) 


(itt) When m = 1, tt holds 


1s J (1+; —a;) 
M5) ma 
a (b; — aj) 
w=1 
O 
(I SFO ajets stall] wz) =: Ls. (28.66) 
TH leva J 1, TD [ai,bil 


Proof. We rely on (28.59). 
1) Estimate with respect to || - ||. From (28.27) we obtain 


(bj — a3)" || O" Ff 
Bf. ta)) s So 
all j =1,...,n, any (a;,...,2n) € ] [lai bil: 
i<j 
Thus 
n |B du < ap {( a3)" m 
ve [ci,di] / ml! 2 Ox; 


i=1 


U; [es.ds] 
4=1 


proving the claim (28.61). 


(28.68) 
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Le 

2) Estimate with respect to ||-||g;. Here p; > 1, q; > 1: —+— =1; 7 =1,...,n. 
Pj Q 

By Lemma 2 of [29], see (28.62) there, we derive 


Bn (G=*) — Br(t;) 


b; — a; 


1 


IBI|< (bj = aj)" Tl" i 
Line m! ic. 0 


i=1 


j 
qs ue [ai ,b:] 


true for all (%j,vj41,.--,%n) € ] [lai bd. FS Vente: 


Hence we have 


1 po foot —1/4; 
ees [Bi |du < TE fea? (Te. «9) 
ci,d al . j=l a 


1 
iF [ci,di] ( / 
i=1 


ery tea) 


ince] (28.70) 


i=l 


am f 5 1/4; 
x @ ( Ayn Eitdy+ +1 En) : nz) \ (28.71) 
J les.05) a +11 [ai,b:] 


i=l 


proving the claim (28.62). 
When p; = q; = 2, 7 =1,...,n, it holds (see p.352 of [98]) 


Nd (bj — a;)™-? 
ae gy eat >I a; 3 


Multivariate Chebyshev-Grtiss and Comparison of IntegralMeans Inequalities 361 


j-l —1/2 (m!) 1/2 
b; — a; ite Bom + B2, (4) du(a 
(TI: ) ( or (ge |Bom| — (2) 
i=l 
2 1/2 
TI leas) 211 [ab] 


proving the claim (28.63). 
3) Estimate with respect to || - ||1. The special cases follow: 
(i) When m = 2r, r € N, by (28.4) we obtain 


a F [ci,di] : r)! ope een 
i=1 as — aj) 
t=1 


om 
Solos py. -1n) 


o2" an 
(/ Duar ( +) Uj+1) , Xn) 4 nz) c 2° )| Be | 
UH leeda] 1, II le bi] 
+ 2-7" Bor — Bo, (F <1) | \ (28.72) 
by — a; 38 


(ii) When m = 2r+1, r EN, then by (28.43) it holds 


- 1 “ (bj — a; 
_ |BL|du << ——— {ae 
“ Vee ; oie - ( | 


( iF [ci,ds] 
i=l 


1, [I [ai,d:] 
af 
2(2r + 1)! Li — a; 
= aay | G — ay , oe 


(iii) When m = 1, from (28.45) it holds 


orr+l 
Bg artt 1 B5tdy Bn) 


‘ncz)) 


i 


+ 


of 


Hg ae) 


( iF [ci ,ds] 
i=1 


proving all claims. 


; in(®) \ (28.74) 
1, TT lai] 
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We give 


Corollary 28.17. All as in Theorem 28.16. 
1) Let m= 2r,r EN. Then 


M < min{ Ly, Le, Ls, La}. (28.75) 
2) Let m=2r+1,reEN. Then 
M < min{ Ly, Le, Ls, Ls}. (28.76) 


Next we compare means when m = 1. 


Corollary 28.18. Let f as in Assumptions 28.10 or 28.11 or 28.12. Let as in 
Remark 28.15. Additionally suppose that 


(28.77) 
1 1 : 
2) Let pj,q; > 1: —+—=1,j=1...,n. It holds 
Pj qj 
n . (i 1/4; 
1 
M< {61a 4 (Te) 
j=l i=1 
1/p; 
1 Pj 
L;—-a 
( i. ( [este as) cz) 
Il [ci,di] 0 J I 
i=1 
qj 1/q; 
of = =e 
x o Bape Gdtdy +9 En) d(x) =:L5. (28.78) 
Teele! ai TL [as,bil 


i=1 
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When pj = q; = 2,7 =1,...,n, it holds 


. ; 
TI [ei,di] 
se 


Proof. By Theorem 28.16. 


2 1/2 
. nz) =: Ly. 
2,11 [ai ,bi] 


We end chapter with 
Corollary 28.19. All as in Corollary 28.18. Then 
M < min{L}, L4, L5, Le}. 


Proof. By Corollary 28.18 and (28.66). 
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(28.79) 


(28.80) 
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Chapter 29 


Multivariate Fink Type Identity Applied 
to Multivariate Ostrowski, Comparison of 
Means and Gruss Inequalities 


We present a general multivariate Fink type identity which is a representation for- 
mula for a multivariate function. Using it we derive general tight multivariate high 
order Ostrowski type, comparison of means and Grtiss type inequalities. The esti- 
mates involve L, norms, any 1 < p< oo. This chapter is based on [39]. 


29.1 Introduction 


The article that motivates the most this chapter is of A. Fink (1992), see [141], 
where he presents among others a representation formulae for a univariate function. 
We generalize this to multi-dimension, see Theorem 29.6. Using this multivari- 
ate representation formula we derive multivariate Ostrowski type inequalities, see 
Theorems 29.9-29.12. We continue the comparison of general multivariate integral 
mean to Riemann integral average, see Theorem 29.15. Then we present multivari- 
ate Griiss type inequalities, see Theorems 29.17, 29.19, 29.20. At the end we apply 
the general results to the cases: of a two dimensional function involving partials of 
order one, see Corollaries 29.23, 29.25—29.33, and of a three-dimensional functions 
involving second order partials, see Corollaries 29.36, 29.38-29.46. The results here 
are also motivated by the works of Ostrowski [196], Griiss [150], and of the author 
[16], [17], [24], [38]. We would like to mention the following inspiring results. 


Theorem 29.1 (Ostrowski, 1938, [196]). Let f: [a,b] — R be continuous on [a, b] 
and differentiable on (a,b) whose derivative f’: (a,b) — R is bounded on (a,b), i.e., 
IIflloo = sup |f/(t)| <+00. Then 

t€(a,b) 


1 2 / 
< oe (b—a)l| fi lloo 


poe f foes 


for any x € [a,b]. The constant 1/4 is the best possible. 


Theorem 29.2 (Griiss, 1935, [150]). Let f,g integrable functions from [a,b] into 
R, such that m < f(x) < M, p < g(x) <<, for all x € [a,b], where m, M, p,o ER. 
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Then 


29.2 Main Results 


m 
Here |] [a:,b;] CR”, mn eN. 
i=l 
We mention 


General Assumptions 29.3. Let f: |] [a:, 


i=l 
1) for 7 = 1,...,m we have that 


La . 
det! 1,%2,--- 


bi] — R. We assume 


p21 Spe Bikages i) 


is absolutely continuous in s; on [a;,b;], for every 


m 
(C109, 008 Lp C4443 45m). [[ la: bd. 
a 
2) for 7 =1,...,m we have that 
Bg 85,2; Lan) 
Oa" RC here e peeray ee 


j 
is continuous on J] [a;, 


b;] for every 
i=1 


(L411) +055 Lm) € II [a;, b4] 


i=jtl 
3) for each j = 1,...,m, and for every @= 1 n — 2, we have that 
ee ) 
—;(81, $2,-.-,8j-1,%j,---,2 
dx! 1,°2 g-1), 49 m 
j-1 m 
is continuous on |] [a;, bj], for every (x;,..-,2%m) € [] [a;, by]. 
i=l i=j 


4) f is continuous on [J [a;, dj] 


i=l 
We mention 


Brief Assumptions 29.4. Let f: |] [ai,b;] — R with xf for € = 0,1, 
i=1 
Paes 


m 
,m, are continuous on [J [a:, b;] 
i=l 


helt 
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We mention 
Definition 29.5. We put 


8, — Ay Qa; < 8; < 4 < 0; ; 
k(8;, 2) ={ a Zz) te 29 ES t SON bs i=1 


dale: 
8 — bi, aS a <3; < bi, 
We present the representation result of Fink type. 


Theorem 29.6. Let f as in General Assumptions 29.3 or Brief Assumptions 29.4, 


(w1,-..,2m) € | [[ai, bi] 
j=l 


Then 
flt1,...2m) =~ — f, CStery Sa asks Aan +YOTs | (29.1) 
AG; a aj) TH less] 
j= 
where fori =1,...,m we set 


ok 1 i 
x fo : (Feito nie} SEA Dis Wey ty Pen) (OE D5) 
yet 7509 a 


oft gs 


k 
= ro Rat ($1, $2, +--+, $i—1, Gi, Lig1,---, 2m) (Li — aj) )esrden sda} 
£4 pot 
7 


x eel. 82,--+,8j,%i41,--- , Lm) ds, dso sie is) : (29.2) 
er 


7 


When n =1 the sum > in (29.2) is zero. 
For the proof of T ion 29.6 we need Fink’s identity. 


Theorem 29.7 (Fink, [141]). Let any a,b € R, f: [a,b] 2 R, n> 1, f'"") is 
absolutely continuous on [a, die Then 


Ca 


: -1 (nr) (4 


ve Ya _ f° we-9") 
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where 


n—-1 
When n =1 the sum >* in (29.3) is zero. 
k=1 


Proof of Theorem 29.6. Here we apply (29.3) repeatedly. We have 


bi 
n 
fie stm) = 5 f($1,@2,---,@m)ds1 + T(1,...,2m), (29.4) 
17 a1 
where 
n-1 
OPP Fb is Cas on Bes) 

Ti(@1,---;@m): Sree" (a1 — 1)" 
1 (24 ron aa ‘)( aut (a1 1) 
ok-1 


Bhat (at Ba» tee jMan) CL < ot) 


1 bi asa a” f 
areca (a1 — 81) (S121) Bon (815825. Tm)ds1. (29.5) 


*h—DK 


But it holds 


n be 


F (S102). em) = f ($1, $2,%3,..-,L%m)ds2 


bz — a2 


n-1 
1 n—k ok-1 
+ tag SCS) (Feet 
k=1 ? 2 


ak-1 
= Babar (81 2, Ba, 6+; Lm)(L2 — oa) 
1 be 
+ Grate cag f, (27 80) Me0122) 
* aE ee éie5 Bp )dSe. (29.6) 


Ox, 
Combining (29.4) and (29.6) we obtain 


n2 


by be 
so.) = ————$ —_— , 89,23, ..-,2Xm)dsid 
FT big Basse hae) =a) i ; f (81, $2, £3 Lm) ds, dso 
+ To(%2,03,---,Lm) +71 (1,.--,%m), (29.7) 
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where 


Ti(e,%5,00),8e) = — k) 


by k-1 
x (/ (Serer basa a pln) Ce — by)* 


ok-1 
_ + (1, Q2,U3,-+-- Bin) (Be _ aa)*) in) 
2 


oo 
* Oak 


Next we observe that 


—— (81, $2,03,..-,Um)ds1dsq. (29.8) 


f ($1, $2,%3,---;2m) = f (1, $2, 83, @4,---,;U%m)ds3 


n-1 
1 n—k Ok-1 
mal(Zl a) (Saperlsn sabes 2m) —b) 
k=1 : 3 


ok-1 
to $2,43,U4,... , Lm) (x3 — «st)) 
x 


3 


1 ies ; 
ae. ee 

; (n — 1)!(b3 — a3) i. ee ee) 
eo” 

Sie ee (29.9) 
Ox? 


Combining (29.7) and ve we derive 
br pb2 pbs 
f(y Ba500, 8m) = ae Jee f ($1, $2, $3, U4,---,;@m)ds1dsods3 
I] (6 — aj) 


+ Ff Giewincesa nie ae (29.10) 


where 


br pb2 / Bk— lf : 
Ul i ( k-1 (81, $2, 63, 24,---,L%m)(x3 — 63) 


-< r Te Gs $2,03,U4,---,Lm) (x3 — es)*) ind) 
v3 
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: la aa (A ° 3) ( 2 3) 


= 


j=l 
O”" f 
X ——(81, $2, $3, 04,---,;U%m)ds1dsods3 |. (29.11) 
Ox, 
We also observe that 
ba 
n 
f(s1, $2, 53,U4, FF ,im) =I b f(s, $2, $3, S4,U5, Se ,Lm)ds4 
4—- 44 Ja, 
n-1 
1 n—k\ (or-'f ie 
+ (ra) » ( kl ) (Fats. $2, 83, b4, U5, aes ,Lm)(L4 — ba) 
af : 
= ager Sn $2, $3, 44,U5,---,Lm)(@4 — as) ) 
1 ba i 
aS —g,)\"—1k 
* Gi 1)\bs — aa) f. Ma a 
Oo’ f 
X az (81, $2, $3, $4,25,---, 2m) ds. (29.12) 
Ox) 
Combining (29.10) and (29.12) we obtain 
f(@1,%2,-.--,2m) 
n4 


=F iP f (81, 82, $3, $4, %5,---,U%m)ds ds2ds3ds4 
I] (0; — a5) deste 
j=l 


£UG (29.13) 


3 n—-1 _k 
T4(@a,£5,-..,2m) = (| (5) Fi 
II (b; = a;) k=1 i IT [5,65] 
j=l 


j= 
ok-1 
(Sts $2, $3, ba, x5, 2s ,Lm)(@4 — ba) 

4 


where 


Orrs F 
= Baht (s1, S82, 53,04,U5,... ,Lm)(L4 = a)*) ds,dsds3 
4 
c n—-1 
ae “) | fem 3 4 (a4 — 84) k(84, 24) 
(n- 1)! II (6 gy) STL asta 
jJ= 


oe” 
x os, $2, $3, $4,U5,---,;L%m)ds81 ds ds3 in) : (29.14) 
U4 
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etc. proving the claim. 
We make 


Remark 29.8. For i =1,...,m denote 


Ap Ciains oti) os (—— a - —) Be 
6 ) k=1 


b; — a; 
ok-1 
4 fi (Fetes a 4 S$ 15-0 BEA, ides » Lm) (25 = b,)* 
IT [a;,05] 
j=l 
OFF 


k 
a ore EE Gl ($1, $2,-+ +, $i—1) Qi, Lig1,---;2m)(Li — ai) ds,ds9...dsj_1 . 
dak 
a 


(29.15) 


When n= 1 then A; = 0,i=1,...,m 
Also we denote 


i-1 
Bi(wi, Viti, --)Lm) = (—-_} (/. (xi — si)" k( si, 24) 
(n = 1)! ‘ I] [as,bs] 


j=l 
x Ser 82,-++5 Si; Vit1,+--;€m)ds1 °° as) ‘ (29.16) 
That is 
eae Cea: ar OE (29.17) 


Thus by (29.1) we derive 


Efi +-42m) = f (21, -++;2m) 


“|, f(81,---58m)d81+++d8m — S> A; = S> Bj. (29.18) 
TT (6; — ay) * Blo i=1 i=l 
j=l 
Thus 
[ers os Pay) <¥ |Bil, (29.19) 


Next we estimate Hy via some Ostrowski type inequalities, see Theorems 29.9 — 
29.12. 
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Theorem 29.9. Assume all as in Theorem 29.6. Then 


> 
[By @isd.25%m)| = — = | 


(i=!) Orr 


so (DE Ses) 


ee ( : Nerf (n+ 3)20! 


Oa Sa Ae) 
grgh—>tl ——_gn-A-1p +2 
Proof. We observe that 


ni-1 fis 
Bs (——) fit 


(n—1)! [1 @—a,)7 © Liles 


\ V(@1,---,Lm) E Heats (29.20) 


j=1 


j=l 
X|=—= (81, $2,--., Si, Vi41,-+-,2m) inj) 

Ox? 

nin anf a) 

< | . i ar eo 
= (n— 1)!(0; =) Ba ( > Vi+1; tr ) 

bi 
x| Jax — 8,|"~"|k(s;, 24) |ds; =: (*). (29.21) 


We find that 
/ lee — sal" [B(ss, 2) ds 


I 


a 


Li bi 
i \xy = sil" M(siaa)ldss + f |x; — s;|"—"|k(s;, 3) |ds; 
a naa 


I 


a > (Ce lcuant (n+3)20t1 


A+2)(n-A+1) 


Al a fs eames gd 
(n-A+1) (A + 2) 


Therefore we get 


=i (29.22) 


nit 


) Say o a) 


OP fies 
ar Ca Piast chee gr) 
4 


Yi. (29.23) 


Co 
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Finally we find 


m nin anf = 
|Bp(Sry<e 4 2m)| sooo ste Vit, tm) Vio (29.24) 
i=1 aN ? a oo 


proving the claim. 


We continue with 


Theorem 29.10. Assume all as in Theorem 29.6, and 


anf Me 
Agr © boo [ [le 5 , t=1,...,m 
j=l 
Then 
Pele 2p 29 in = =| Bz 


gr Alp rte m 
ma | \ \ WU Gaijuies Beal [[lei.2s1. (29.25) 


Proof. From Theorem 29.9. 


Next we give 


Theorem 29.11. Suppose all as in Theorem 29.6, and let p,q > 1 such that 
a4 ; =1. Then 


3 ni-t 
|Ep(@1,--+52m)| < aa Waa eee” 
veo) (b; — ai) (TT (by —aj;)) hs 


x { ((x: =a)" + (0; — ay Bn —qtl,qt Lee 
ees 


nm 
Ox 


; V(aq).6+y 2m) E Lael (29.26) 


Pp j=l 
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Proof. We notice that 


i-1 nm as 
is (8 JJ cost 
(n—1)! 11 (6, — aj) i: , 
jJ= 


b; V/q i-1 ve 
x (/ [zi — ne no a) [[@; - 4) 
a j=l 
(by [242], p. 256) 


n'-1 


(n — 1)!(b; — «)(T1 0; = a)?” 


x {((0i = ai)" + (bj — 2)" )B((n — a+ 1g YF 


eo” 
ma iets Cay ttea\ Ns, (29.27) 


Pp 


proving the claim. 


We also present 


Theorem 29.12. Suppose all as in Theorem 29.6. Then 


zi fat ) 
PA Eiys 20 5te,) | S w{ max(x; — a;,b; — x4) id 


(bj — a5) 
j=l 
Of aN : 
Aaa : »ViA1,+-- tn) ; V(@1, Lian) € [ [lao] (29.28) 
i ; u 
Proof. We observe that 
i-1 
|B;| S 7 ___ ( sup |x; = si™"I8 81%) 
(n _ 1)! II (b; = a;) si€[ai,b:] 
j=l 
Sf 
(SP ahaa ia lr) 
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> ViAl,--- Qa) ry (29.29) 


1 


proving the claim. 


We give 
Corollary 29.13. Assume all as in Theorem 29.6. Then 


|E;(a1,---;2m)| < min{R.H.S.(29.20), R.H.S. (29.26), R.H.S.(29.28)}, 


where p,q>1: ‘ 


Proof. By (29.20), (29.26) and (29.28). 


We proceed with the comparison of integral means. For that we make 


Remark 29.14. Let [c;, di] © [ai,b;], i =1,...,m. Let p be a probability measure 


(Tea (Iie. ’ 


i=l i=1 


on 


P stands for the powerset. Then 


nm 
a Fle1,..42m)dn ~~ —— f, f(S1,---;$m)ds1 +++ dS, 
HU lewd II (bj = a;) Tile bj 


155] 


j=l 

= | Aas Den) ap 
é=1 ° II [eed] 

=| fn Byles ssstmdul < fe, [By eay..-s4m)l (29.30) 
I] les.di] II [cid] 


We conclude 


Theorem 29.15. Suppose all as in Theorem 29.6, and one € Lot [a;,3]), 


t=1,...,m. Let [c;, di] C [ai, bj], 2=1,...,m and p be a probability measure on 
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i=l I] leeds] 
3 _ 
= Of nt 1 1 i, 
t=1 
n = bj im (b; Xi) du 
Ss {ea 2( II les.d3] 


n+3 m grtl| 
n-1 eee | ech ( DF tena a pe 
—1)"-A- I= 
a oa ) ) A eae) 
r —A+1 oo Ad prt? a gh—>-1q 
a citer xidu db; ** f fa 


i] IL ley-45] * 
j=l 


= Ta + 7. . (ay, - - . (29.31) 


“3 


Proof. We use (29.25) and (29.30). 


Similar results to (29.31) can be derived by integrating against js the inequalities 
(29.26) and (29.28). 
We continue with Grtiss type inequalities 


Remark 29.16. Let f,g: [J [ai,b;] —~ R as in Theorem 29.6. Then by (29.1) we 
i=1 


obtain 


fle1,--4%m) =~ — ff, f(81,-+-58m)d81 +++ dm 
) I] [a;,b 


I (b; — a; jrb5] 

j=l 

so SRC renee (29.32) 
41=1, 


where TY as in (29.2), and 


nm 


Gi, cg Cin) = ie g(S1,---;$8m)ds1 +++ dsm 
IT [a;,b5] 


TI (b - a3) “i, 


+ S279 (ai, i41,+-+50m),V(1,--.,2m) € [] [a,b]. (29.33) 
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Therefore 
f(a1,--.,%m)g(1,---, 2m) 
nm 
= ale.) f f(81,--+,Sm)d81 +++ d8m 
TI] (0; — a;) Ti la5,bs) 
j=l 
+ g(%1,...,%m) (3246-5) 3 (29.34) 
i=1 

and 


f(@1,---,2m)g(@1,---;Lm) 
nm 
= gta em) fe g(S1,---;$m)ds1 +++ dsm 
[I (6; ~ 43) fie, 03 


+ f(a1,...,2m) (>. TH.) ) (29.35) 
i=1 
Consequently after integration we get 


iE f(ti,---,%m)g(@1,.--;Um)dx1 +++ dtm, 
II [aj ,b;] 


j=l 
a —o ie g(@1,---,%m)dt1--- dtm, 
TI (0; — a;) Ti las.) 
j=l 


+ iP co Siew sin) © T! (a, Weed om) dx, ma -dLm.- (29.36) 
[aj ,b;] : 


j=l 
Similarly we have 


ts f(@1,---,%m)g(@1,---;@m)dx1 +++ dtm, 
II [aj ,b;] 


j=l 


n™ 


=~ mM ie f(@1,---,¥m)dx1 +++ dtm, 
II (b; = a;) I [aj ,b5] 


j=l 
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By (29.36) and (29.37) we obtain 


We conclude that 


a 


and 


uv 


(29.38) 


(29.40) 


(29.41) 
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We call and observe that 


x Fo ant?) ~2 [PaaS Oo 2) 
ie) (Sate | 

= aso 22 Beem) 

és le (x BS (ai... »)] | = TUF 9). (29.42) 


Clearly we obtain that 


m i-1 
1 
AgalS5 lait S(T — aj) 
t=1 \j=l 
IT [23,65] 
m i-1 
t=1 \j=1 Hi faz,2a] 


(29.43) 
We state the established Griiss type result. 


Theorem 29.17. Let f,g: [[[a:,bi] — R as in Theorem 29.6. Then 
i=1 


if fod? — — _ le faz 
Tiles TI (6; — ay) \o Fits 


1 (af 
x hs gdx fe ( Al (ti,..,m)) 
Th fa.bs 2 | TT faj.bs] » 


j=l 
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m i—1 
<3lvin{>-(ILe — a; ie [Be leon) 


+ ing S(T - «0 fi, ta Read y (29.44) 


i=1 \j=1 Tiles i] 
We make 
Remark 29.18. Let p,q > 1: ae ; = 1. Suppose 
BI, BIEL, | | [lab] ]), i=1,...,m 
gat 
From (29.42) and Hélder’s inequality we obtain 
Ifa) 
1 m 
<5 ¥(/, oan SCENE i BB 
i=l : 9999 


+f, LF(P)IIB9 (wis... 2m) ld 
II [a;,b;] 


>|! | ( Bt ( \eaz) 
<s g i. By (@i,..-,Lm iz) 
oa cas CIRCE 


w=1 : 5999 
me 1/q 
+Utln( fog, LBPei--.tm)/a) (29.45) 
MM las.bs] 
1 m i-1 1/q 
- {3 |(II@ -«0) la 
t=1 L \j=1 
1/q 
x re |Bi (ai, ,@m)|Tdx; dX m, 
I] [a;,b5] 


1/q 
Hl fi nis |B} (xi,.--,2m)|tdars--- tem \ \ (29.46) 


We have established the following Griiss type result. 


Theorem 29.19. Let f,g: []j2,[ai,bi] > R as in Theorem 29.6. Let p,q > 
ile steel. Assume 


BiB? €L,| [[loj,0)) |. 4=1,-..0m: 


&. 
| 
e 
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Then 


if (ay, bm (= Alli. a) 
(Ile. -«))) | loll» 


j= 


x ie [BI (aj,...,%m)|%da;-++ dtm 


1/q 
+ Isl fi BP. --tm)[taes dem y \ (29.47) 
TI [a5,b5] 


j=i 


We derive the last Griiss type result. 


Theorem 29.20. Let f,g: [];2,[ai,bi] + R as in Theorem 29.6. Assume aa 


n 
one j= 1,...,m are continuous. Then 


Ox? ? 
i Ce ie fde 
Tiles] ae) HT lesa 


x |, gd | — | 
TH (as. 21d TL 
7) AS (ai,... mn] a] | 
2(n — 1)! moe Bre "lah 


Proof. Use of (29.45). 


Ons 
Ox? 


u 


a 
v; 


ral \ (29.48) 


29.3 Applications 


I) We treat the case of n = 1, m = 2. Let [a1, 61] x [a2, be] C R?. 


General Assumptions 29.21. Let f: [a1, bi] x [a2, b2] — R. 
We assume 
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1) for 7 = 1,2 we have that f(s1,22), f(a1, 2) are absolutely continuous in s; € 
(a1, bi], $2 € [aa, bg], for every x2 € [a2, ba], x1 © [a1, bi], respectively. 

2) ge (s1, £2), ge (s1, 82) are continuous on [a1, bi], [a1, 61] x [a2, be], respectively, 
for every £2 € [ag, ba]. 

3) f is continuous on [a1, bi] x [ae, 2]. 


We mention 


Brief Assumptions 29.22. Let f: [a1,i] x [a2,b2] > R with f, 2 ara 
continuous on [ay, bi] x [a2, b2]. 
We give 


being 


, ae 


Corollary 29.23. Let f as in General Assumptions 29.21 or Brief Assumptions 
29.22, (21, £2) E [a1, b4] x [a2, ba]. Then 


1 
f(v1, 22) = — | f(si1,82)dsidsg+T, +7, (29.49) 
(b1 — a1)(b2 — @2) Jfay,b1]x[a2,b2] 
where 
1 ” a 
Ty — Ti (21, £2) => (h — a) K (sini) oA (51,02) 
a1 
= Bi(x1, 22), (29.50) 
1 i pe of 
To = T: = K — ds,d 
2 2(£2) (b; _ @i)(b2 = Ps) [ (S22) a7 (s1, 82) $1459 
= Bo(z2). (29.51) 
Proof. By Theorem 29.6. 
We need 


Remark 29.24. Denote here 
by bo 
Ey (#1, 22) = f(r1, 22) — =e f (81, 82)dsidso 
(by = a1)( bz — az) 
= By + Bo. (29.52) 
That is 
|B (a1, @2)| < |Bil + |Bal. (29.53) 
We give the following special Ostrowski type inequalities. 
Corollary 29.25. Suppose all as in Corollary 29.23. Then 


1 by be 
E = ee ee emer! d 
| f (21, £2)| f (#1, £2) (6; — a1)(b2 — a2) iy. 4 f (81, $2)dsids2 
< FAtaa)| lat + bi ea(ar + by) 
x1 oo, [a1 ,b1] (b1 1 a1) 
of | [a3 + b3 — w2(a2 + be)| 
6 Gs [ag + 3 ~ ta(ae + bo)] 
x2 oo, [a1 ,b1] x [a2,b2] (be —- a2) 
V(a1, 22) E [a1, 01] x [a2, ba]. (29.54) 


Proof. By Theorem 29.9. 
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We continue with 


Corollary 29.26. Suppose all as in Corollary 29.23, and 2 € Loo([ar, bi] x 


ae eo 
[a2, b2]). Then 

at + b? — x(a, + b1) 
: Ee Sia PANG Ot) 
|E's(x1, £2)| wast [SEL |x HC by — a4 ) 

2 b2 = b 
+ ee \ V(a@1,@2) € [a1, bi] x [a2, by]. (29.55) 
2 — a2 


Proof. By (29.54). 
Next we have 


Corollary 29.27. Suppose all as in Corollary 29.23. Then 


by be 
f (a1, £2) os Cerne en f( 81, $2)ds1ds2 
(by = ar)( be — a2) 
gd ee ee ee 
(by < a1) 3 Ox 2,[a1,b1] 
i — Cea Oe 
(bo ~~ az) by ~ ay 3 Ox2 Si aaa 
(29.56) 
for all (21, @2) E (a1, 64] x (a2, ba]. 
Proof. By (29.26). 
We present 
Corollary 29.28. Assume all as in Corollary 29.23. Then 
by bo 
= ds\d 
f(x1, £2) oan )(b2 — aa) ae f (81, $2)dsi dso 
af 
= max(21 — a1, 61 — 21)|| 5>—(-, £2) 
by i= Ox, 1,[a1,b1] 
1 of 
+ —_—- max(22 — a2, be — x2) ——(-,° 5 
(by ae ay) (be = az) 0x2 1,[a1,b1] x [a2,b2] 
(29.57) 


for all (21, 22) E (a1, 64] x [a2, ba]. 


Proof. By (29.28). 


We finish Ostrowski type inequality applications for n = 1, m = 2 with 
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Corollary 29.29. Assume all as in Corollary 29.23. Then 


1 by be 
f (£1, £2) = i f ($1, $2)dsids2 


(by — a1)(b2 — a2) Ja, 
< min{R.H.S.(29.54), R.H.S.(29.56), R.H.S.(29.57)}, (29.58) 


for all (21, 22) € (a1, 64] x [a2, ba]. 
We proceed with the related comparison of means. 


Corollary 29.30. Suppose all as in Corollary 29.23, and 2 gf ; -, of E Leg ({a1, bi] x 
[a2, bal). Let (ci, di] C [a;, bi], i= 1,2 and pw be a probability measure on ({e1, di] x 
[c2, d2]), P([e1, di] x [c2,d2]). Then 


1 

,r2)du(r1, ————n ,89)dsid 
fi I les, ao i a (b1 — a1)(b2 — a) iF ice ae 
Grea CO Fa at) ) 

< |— —~ |, | db) - du) — du — 
~ || Ory 4 (bi — a1) ae [cj,d3] aa aaa tl re ee 
ral Gara (Fa an) 2 ) 

a (pe | eee ee du \ — ; du — 
Ox2 i (bz — a2) Es TI [e743] i TI [es.4s] sna Me 


(29.59) 


Proof. By (29.31). 
We present the Grtiss type inequalities for n = 1, m = 2. 


Corollary 29.31. Let f,g: [a1, bi] x [a2,b2] x R as in Corollary 29.23. Then 


A fade - > | Pee 
eae MWe aj) j=l mae 
1 
«[f, gat })< 3 | et fe Bier. 2)|derdes 
I] [as b5] Ant [a5 ,b5] 


bo 
+(-a) f |Bs wn)it} i nf fe. Bile. aa)lderde, 


| jxbj 
bo 
+ (61 — 41) i tC} : 


a2 


(29.60) 


Proof. By (29.44). 


We continue with 
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Corollary 29.32. Let f,g: [a1, 61] x [a2,b2] > R as in Corollary 29.23. Suppose 


2 


Bi, BY eL2| [Jiao], *=1,2. 
ji 
Then 
— 1 — 
J. {gd 2 == — J. fda 
HM les,bsl TT (6, = a;) HM lesb] 
jJ= 


1 1/2 
x ie glx < 7 lou (B{ (21 ta))*der dea) 
H less] 188 [aj ,b5] 


+lstla( f. (B9(e1, «2)) dren) "| 
TI [as.bs] 


Doe7 


«| varmanftaa( 4 (BE (x2) yeaee) “+i 7 “exceaytana) ht 


(29.61) 


Proof. By (29.47). 
We also give 


Corollary 29.33. Let f,g: [a1, 61] x [a2,b2] — R as in Corollary 29.23. Suppose 
Sn? Bee 1,2 are continuous. Then 


1 
I ; fod — =———_ i : fda 
II [aj ,b;] : - II [aj ,b5] 
aes J J j=l 


<H—a)| : oo 


Of Og 
loc * zi. |} aa 


3 
II) Here we treat the case of n = 2, m = 3. Let [] [a;,b;] C R®. 
j=l 


x ie glx 
: leastal 


+ (bg | 


Proof. By (29.48). 


3 
General Assumptions 29.34. Let f: |] [a;,6;] — R. 
j=l 


We assume 
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1) that PE (81,02, 03), ge (1, $2, 23), ge aa) are absolutely continuous in 


$1, $2, 83, respectively, for every (x1, 22,23) € Il [a;, by]. 
j=l 
a? a a . 
2) We have that Seg (51522523), ag (51) $2, 03), Sag (51, $2, 53) are continuous on 


3 3 
(a1, bi], [a1, 61] X [@e, b2], [] [a;, bj], respectively, for any (#2, x3) € [] [a;, by]. 
j=l j=2 
3 
3) f is continuous on IT [a;, by]. 
j=l 


We mention 


3 
Brief Assumptions 29.35. Let f: [][a;,0;] —~ R with 7 £ for 0 = 0,1, 2; 
j=l 


3 
j =1,2,3, are continuous on |] [a;, bj]. 
j=l 
We present 


Corollary 29.36. Let f as in General Assumptions 29.84 or Brief Assumptions 
3 
29.35, (#1, £2,203) € [I [a;,bj]. Then 


j=1 


3 


8 
f(@1, £2, #3) => 3 ie f(s1, $2, 83)ds dsods3 + ST. (29.63) 
I] (0; — 4;) a) =" 
j=l 
Here for i =1,2,3 we put 
T, = Ti( = : 
1 = 41101, %2, 73 Gia) 
x (f(b1, #2, @3)(a1 — bi) — f(a1, a2, e3)(a1 — a1) 
by a? f 
+ i, (v1 — 81) k(s1, 21) 53 (s1, 22, %3)ds1 4 (29.64) 
ay 1 


bi 
none (f(s1, ba, 3)(22 — b2) 


— f (81, @2,@3)(x2 — a2))dsy 


Ty = Th(x2,23) = 


oe? 
+ iP (x2 — Cn er 82, %3)ds1d82 p, (29.65) 
[a;,b;] 0x3 
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4 
T3 = T3(x3) = 


7 a oe (f (81, 82, b3) (a3 — bs) 
HL; -a)) im 
ail 


— f(s1, 82,43)(3 — a3))dsidse 


o2 
+ J. a ao = s3)k(s3,03) 5-9 “pes )da deat} (29.66) 


We need 


Remark 29.37. We denote 
(b1, 22, £3) (#1 — b1) — f (a1, £2, €3)(e1 — a1) 


A; = Ai(21, 22,23) = , (29.67) 
by — ay, 
By= By (x1, £2, £3) 
1 bi i 
= —— — 81)k — d 29.68 
(b; Gs) [ (a1 $1) (s.m)aa ($1, %2, U3) S1, ( ) 
also 
q i b b 
Ap =A = = 
: a\a4) (b1 — a1)(b2 — az) : (f(s. athe eae Pe) 
— f (81, a2, %3)(%2 — a2))ds1, (29.69) 
2 
By = Bo(xr2, 23) = —————_ L2 — 82)k(so,x 
2 2( 2 3) (b; — a1)(b2 — ida) iP a 2 2) ( 2: 2) 
Gai 
2 
x sa aoe aauaes, (29.70) 
Bo 
and ‘ 
A3 = A3(r3) = ——— |. (f(s1, $2, bs) (#3 — bs) 
1G; a9) “Re 
(s1, 82, @3)(a3 — a3))dsidso, (29.71) 
4 
Bs = B3(x3) = —— |, (x3 — 83) K (83, 73) 
II (6; — a5) HT le3,Ps] 
j=l 
Of 
x x? (81, $2, 83)ds1dsods3. (29.72) 
Clearly here 
T;=A;+B;, 1=1,2,3. (29.73) 
We also denote : 
Eis(@1, 22,03) = f (£1, 22, £3) —- G——— 
I] (6; — 5) 


j=l 
3 


3 
x i f(s1, $2, 83)ds1dsods3 = So As = es, B;. (29.74) 
i=1 


IT [2;,65] =i 
1 
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Therefore 
3 
|Er( X1,X2,23)| <2 |Bil (29.75) 
We give 
Corollary 29.38. Assume all as in Corollary 29.36. Then 
af ee gi-1 
E < ae tee 
Examen sd (See | Go 


Proof. By (29.20). 
We continue with 


Corollary 29.39. Suppose all as in Corollary 29.36, and 


2 3 
a ~ | [1 fes.4s , i=1,2,3. 
gi-1 
|E's(a1, 22, 23)| < 7 a 
2 |'o22.,. [aa 


Obi =a) ae a? - =4\1= 5a} 
«|( 3 p> ” — FHS—H 


xra>—* — gl Aprt? = 
= ( 5 —— , V(«1, 22,23) € | [la;b (29.77) 


g=l1 
Proof. By (29.25). 


Then 
3 


Next we give 


Corollary 29.40. Assume all as in Corollary 29.36. Then 


3 i-1 
|E¢ (v1, %2, @3)| s 3 (—_-___ 
i=1 C\(b, — a) (bj — aj) 


j=l 


e ( (x; — a4)® + (B - 2) | 
30 


for all (#1, 22,23) € TT alagsb5: 
Proof. By (29.26). 


OPN 
aoa (3) 


\ (29.78) 
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We also present 


Corollary 29.41. Suppose all be in Corollary 29.36. Then 
gi-1 


|E'¢(x1, £2, 23)| < 3 ———— (max(z; — a4, 0; — 
EN] (65 23) 
j=l 
0? a 3 
x Le ; V(x1, ©2, £3) € | [la;, 45] 
Ox: rat 


Proof. By (29.28). 
We give 
Corollary 29.42. Assume all as in Corollary 29.36. Then 


389 


(29.79) 


|E; (a1, 22, 23)| < min{R.H.S.(29.76), R-H.S.(29.78), R.H.S.(29.79)}, (29.80) 


for all (a1, 72,23) € Thj=1[a;, 55]. 
Proof. By Corollary 29.13. 
Next we do the comparison of means. 
Corollary 29.43. Assume all as in Corollary 29.36, and 
a . 
“1 E Loo | [][o;,5;)], #=1,2,3. 
7 g=1 
Let (ci, di] © [ai, b;], 7 = 1,2,3 and p be a probability measure on 


3 3 
Then = = 


8 
i f(@1,%2,%3)dp — 
I] [es-4s] 


3 3 
lal (b; — a;) j=l 
g=l1 
3 


— ye ie Aj(2i, +, 03) dp 
i=l pty [e;,d5] 


3 PY 
Of Qt 1 ( | 
———— | - | ; bp aya 
< LF {mas la (* fe 
ao [cj ,d5] 
—a; (x; — aj) *ay) + a 
Sr [c7,45] ae (A + 2)(3 — A) 
cae one x du aa Be at Adu 


Tl, [cj, d;| TI, lendsl 
“a BoA) +2) jt 


Proof. By (29.31). 


| F (sts §2, 83)ds1dsods3 
II [a;,65] 


(29.81) 
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We continue with the Grtiss type inequalities for the case of n = 2, m = 3. 


3 
Corollary 29.44. Suppose all as in Corollary 29.36 for f,g: [| [a;,b;] +R. Then 
j=l 


re fodx — a re fdx 
IF [aj,b5] un [a5 ,b5] 


II (6; — a;) 
g=l1 
— 1 = ° f 
x} fs gdz | — 5) fs 9(@)( 55 AT (ai, -,03) 
I [a;,b;] II [aj ,b;] i=l 
j=l j=l 
3 
+ f(®) 62 Af (xi, »))| a] | 
t=1 
1 3 /i-1 
< 5)lsin{ 3-(The -99 f, Pf oir) 
i=1 \G=1 HT les,ba] 
3 /i-1 
+fln} >>( (b; — aj) i |BY (xi,-,23)|dx;-- ars) y . (29.82) 
i=1 \jG=1 Hi le3,ba] 
Proof. By (29.44). 
It follows 
Corollary 29.45. Let f,g: TIj=1la;, 83] — R as in Corollary 29.86. Suppose 
3 
BI, BY €L2| [J lab) |], 1=1,2,3. 
jai 
Then 
— 8 — 
3 fgdx — >-——— | ] ; fda 
Tle] 11 (6 a a;) HT les.bal 
j= 


—— 
aa 
0 
ee. 
= 
| 
a 

a. 
Nate 
pair 
a 
~ 
w 
—“—aN 
= 
Nn 


1/2 
+ irie( f, i one -,@3))? dai -- an) \ \ (29.83) 
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Proof. By (29.47). 


We also have 


3 ; 
Corollary 29.46. Let f,g: |] [a;,6;] ~ R as in Corollary 29.36. Suppose ne 
j=l i 


og i=1,2,3 are continuous. Then 
il (bj — aj) 


iu re 
j= 
1 3 
x Ii od Hf, am( Al (ai-.22)) 
Th fa.bs 21S TT fas.bs] s 


rae pan 
zl} 


alee : (b; — a;) isn 3 
Proof. By (29.48). 


Finally we give a second inductive proof of Theorem 29.6. 
Another Proof of Theorem 29.6. 
We have that 


_ 


2 
x; Ox? 


a 


P( Lips Sees) 
-~"— |, F(81)-++5 8m Bm41)d81+++d8m + > ~ Ti, (29.85) 
[I (6; — aj) % H less] i=1 
j=l 
where for 7,...,™m, we put 


Ce oe er ee (—_) + ("5 a 


ory 
fo : (Sts «oe 5 SG-1, bj, Li41, arity Lm, Lm+1) (Li = b,)* 
a 5999 L 


oNty : 
Oxk-! (81500-98821; OF; Ligys s+5 lms 8m) (Ti = aj) ) a5, dina 
nit eos 
er ee é (x; — 8;)"1k(s;, 2) 
(n — 1)! T] (bj — @;) Ti fes.ba) 
j=l 
oe” 
a Flee nitien sini od) (29.86) 
vy 
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But by Fink’s identity, see (29.3),we have 


f(s1, Spend) 


n bm41 
— roe / ff (81, +++ $m; $m41)dSm41 
m m Am+1 


n-1 
1 n—k ok-1 
7 rt S ( il ) (FF tors.--ssinsPmes)(tmey —bmaii)* 


(bm+1— @m41) ae On 
eae 
= (s1, see, Sm, Om+1)(Lm+1 Ere, mas) 
Oar 
1 oe n-1 
"Geary (hs Sasa) in a) [- (Dinghy Sada) 
Oo” f 
k Sm+1,Um+1 Ban (81s +2+9Sm; 8m41)d8m41- (29.87) 
m+1 
Next we put (29.87) into (20.85). We obtain 
f(1, ou fGen) 
m bm41 
nm nr 
rs — —/} —/ Ff (81, +++) 8m; 8m+1)dSm-41 
TE (bj — aj) 9 Ei fas.2y) ( Omta — mtt) Jams 
jal - 


n-1 
1 n—k\ ( O8-1f 
+ S ( k! ) ( (s1, s++,5m) bm+1)(@m+1 = bia)” 


(bm41 — @m41) rae Of 
ok-1 
oo. see, Sm, Om+1)(Lm-+1 = tmaa)*) 
Ont 
1 a ne 
+7 ft x —s = 
(nr — 1)!(Om+1 — m4) James mt — Sti) 
a" f m 
k (snas mst) aan (8h -++55m, 8m41)d8m41 ds, eos dsm + S- T;. 
Pm+1 i=1 
Therefore 
F (#15 oy et) 
intl m+1 
— |. f(81,--+5$m41)ds1...d8m4i + yt, 
I] (0; — 4;) ney pa) a 
j=l 
where 
nm n-1 


Tim+1 = Tm+1(@m-+41) = eel 
HT (;~ a) 
j=l 


Multivariate Fink Type Identity Applied to Multivariate Inequalities 393 


ok-1 
ie (Ft tors... Pmes) (mss = baa” 
Ti leg b5] Olm+1 
ok-1 
ts, .- Sms Om+41)(Lm41 = tai) ds ...A8m, 
mt+1 
nm pa 
= =e = m+1 (ean — Sm-+1) 
(n—1)! [I (6; — a;) AL eae) 
j=l 
gn 
k (maa, mat) =ueae ee -++5Sm; 8m41)ds1 ois dSm41- 
Tmt. 


That is proving the claim. 
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